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We describe all families of star-shaped n-polygons with prescribed perimeter and area ; they are leaves
of a foliation F *) on the space P; of star-shaped polygons. By the way, we study some geometric
properties of convex polygons, for instance their inscriptibility in a circle and their regularity in relation
with the perimeter and the area.

We denote by E an Euclidean vector plane equipped with its canonical affine structure and an orientation
given by an orthonormal basis. The word ‘isometry’ means a transformation of E which preserves the distance ;
necessarily it is an affine transformation of E. The origin of E is denoted O. For A, B € E we denote AB the
vector B — A. Let n > 3 be a natural integer.

0. Introduction

A figure of the plane is just a part of it. But usually this name is given only to a one having a certain peculiarity :
we see it all (it is bounded) or at least we understand how it is made to guess its behavior when it escapes our
view, like a straight line... and its outline has a little regularity. A polygon is an example of such figure : it is
bounded and bordered by a finite number of segments called sides or edges. To each polygon, one can associate
invariants, among which are two real numbers that play an important role : the perimeter and the area.

The polygons of the plane are numerous and their shapes and sizes are varied. So the question of their
equivalence therefore arises naturally. But in which sense ?

From the set point of view, two polygons ¢ and g’ are always equivalent : there is a bijection of E which
sends one on the other. But as we are in a Euclidean plane, we would like this bijection to preserve at least one
of the properties related to the affine Euclidean structure. There are several notions of equivalence; here are
some of them (those that will interest us directly). We will say that p and ¢’ are :

1. isometric if there exists an isometry f : E — E such that f(p) = p’. We can superimpose them; and
we can still do that without going out of the plan if p and @’ are directly isometric, that is f preserves
the orientation;

2. similar if there is a similarity f : E — E such that f(p) = ¢’. In a way, one of them is an enlargement
of the other (as for the photos);

3. equivalent (shortly) if they have the same area. In this case, we can always go from one to another by
cutting and geometric gluing;

4. isoperimetric if they have the same perimeter.

The isometric equivalence is the strongest and implies all the others. So it is too rigid to be ‘useful’ : two
isometric polygons differ only in the positions they occupy in the plane. It is rather the equivalences 3 and 4
that will occupy us here.

This paper takes its origin from the following question (x) : Are there two non-isometric triangles with the
same perimeter and same area? It led us first to the construction of a foliation F *) on the space of triangles :
each leaf consists of triangles having same perimeter and same area. Then we made a more general study for the
space of star-shaped polygons; this space contains convex polygons for which some properties related to area
and perimeter have also been studied. Some of them are certainly known, but little absent in the ‘geometric
literature’, which motivated us to insert them in this text.

() It was asked by Geoffrey Letellier to his teacher Valerio Vassallo who put it in turn to the first author.
The latter has built for this purpose the foliation F on the space of the triangles. But just to the question
asked, Geoffrey himself responded by constructing a one parameter family of isosceles triangles having the same
perimeter and the same area (his example is given in subsection 5.6).



In all this paper the integer n we consider is equal or greater than 3.
1. Spaces of polygons
A non degenerate polygon (or n-polygon) of E is an element p = (M, ---, M,,) of E" such that :
(i) for ¢ # j the point M; is distinct from M; ;
(ii) for any k € {1,---,n}, the oriented angle My = (M Mjy11, My My_1) has its measure in |0, 27 [\{n}.
By convention, we set My = M,, and M, y; = M;. The orientation of the angle M} is the same as the

orientation of the trigonometric circle centered at the point Mj,.

The points My, and the segments My M1 = [My, My11] are respectively the vertices and the sides of the
polygon . If M; and M; are two non successive vertices, that is [i — j| > 1, we say that the segment M;M; is
a diagonal of the polygon.

Recall that a polygon is said to be :

- equilateral if all its sides have the same length ;
- inscribable if all its vertices are on a same circle;
- regular if it is both inscribable and equilateral.

The set of all n-polygons of the plane E will be denoted ﬁn. Centered elements of ﬁn are polygons for which
the center of gravity is the origin O of E; their set is denoted Py, ..

Let f be an isometry of the Euclidean plane E. The image ¢’ = (Mj,---, M}) = (f(My), -, f(My)) of a
polygon p = (Mq,- -+, M,) is a polygon of E such that :

(1.1) Mj =My and ||[M{M)|| = |[FEIE| for (k,6) € {1,---,n)>.

So we have a natural action :

(1.2) Tsom(E) x By — Po, (f, (Mi, -+, My)) —> (F(My), -+, (M)

where Isom(E) is the group of the affine isometries of E. The quotient space of this action will be denoted :
(1.3) Py = Py /Isom(E).

1.1. Definition. The elements of P,, are called geometric polygons of E.

A geometric polygon of E is said to be equilateral (resp. inscribable) if it admits a representative which is
equilateral (resp. inscribable).

For an element o = (M, ---, M,) of ﬁn, we will use the following notations :

< My,---, M, > is the equivalence class of (My,---, M,) in Py,
s
(14) -Tk:MkMk+1 = HM]CM]C+1|| for kE{l,---7n—2},

ty = M, My = ||M 30| for ke {1,---,n—1}.
The positive numbers t1,x1, -, Tp_2,tn_1 are the lengths of the sides and to,t3, -+, t,_o are the lengths of
the diagonals from the vertex M,, (see the picture bellow for the case of the hexagon). We have (n — 2) lengths
of type z and (n — 1) lengths of type t.
Since an isometry preserves the distance in the Euclidean plane E, (t1,z1,t2, 22, -+, tn—2,Tn—2,t,—1) does
not depend on the choice of the representative (M, - -, M,) of the geometric polygon < My, .-+, M, >.
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For any triangle (M, M,,, Mi4+1) with 1 < k < n — 2, the lengths of the sides tx,xy,tx+1 satisfy the
inequalities :

(1.5) 0 <z <t +tkt1

{O<tk<xk+tk+1
0 <tpyr <xp+tx

that is, the triplet (t, g, tpy1) is an element of the open set V3 of R® consisting of the triplets (z, y, z) satisfying :

O<y<z+z

{O<x<y+z
O<z<x+y.

Moreover, one can verify by induction that, for the lengths of the sides of a polygon, each length is strictly
smaller than the sum of the others.

For instance, we have the following nice :

1.2. Theorem [Pen]. For any natural integer n > 3 and any n-tuple w = (uq,---,uy) of positive real numbers,
there exists a unique inscribable geometric polygon < My, -+, M, > such that MMy, = ug for k € {1,---,n}
if and only if, for any j € {1,---,n}, we have the inequality :

u; < Zuk

=y

1.3. Definition. A n-polygon p = (M, -+, M,,) of E is convex if, for any k € {1,---,n}, the oriented angle
M\k = (MMpy11, M My_1) has its measure in |0, 7[. It is called star-shaped polygon with respect to the vertex
M if, for any vertex N € {My,---, My} the segment [M N] is contained in o and for any k € {1,---n — 2} the
angle MkZW/n\M;H_l has measure in 10, 7[. Of course, any convex polygon is a star-shaped polygon with respect to

any of its vertices.

Star-shaped polygons form a subspace 73; of ﬁn, invariant under the action of Isom(E) (on ﬁn)
One can easily see that any element of ﬁ; is isometric to a unique star-shaped polygon p = (M, -+, M,)
with respect to M,, such that :
M, = M is the origin of E,
(1.6) M; has coordinates (¢1,0) with ¢; > 0, -
for any k € {1,---,n — 2}, the measure of the angle MM, M1 = (M, My, M, My11) is in |0, 7[.

P will denote the space of the star-shaped polygons satisfying these three conditions.

My

M,

* Mg
M
The measure of theangle J[;/’\[?\[ 4

is 0. So it is not allowed.
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Now consider the open set V,, of R™ and the open set 2, of R*"~3 given as follow :

. Y, = {(u1,~-~,un) €0, +oo[": V5 € {1, -+ n}, uj <325 Uk}

Qn - {(tlaxla' o 7tn—23xn—2;tn—1) € R2n_3 ok S {]-a e, — 2}7 (tkaxk7tk+1) S V3}



It is easy to see that : (i) Q3 = Vs; (ii) for any natural integer n > 3, the open sets V,, and 2,, are convex
cones respectively in R” and R*"3.

Let £, : P} — Q,, be the map defined by :
En(p) = ['n(< My, -, M, >) = (tla Z1,t2, T2, -+, tnh_2, zn—2ytn—1)

where the real numbers t1,21,t2, 22, -, ty—2,Tn_2,t,—1 are given by the formulaes (1.4). The proof of the
following proposition is almost immediate (it is a simple consequence of the definition of the map £,,).

1.4. Proposition. The map L,, is a bijection and identifies the elements of P} to the elements of 1.

From now on we will identify the geometric star-shaped polygons to the points of the convexr cone §2,, by using

the bijection L,,.

This identification P ~ , will enables one to study easily some properties of the space of geometric
star-shaped polygons.

Let ¢ : X — Y be any map where X and Y are nonempty sets. Any nonempty subset of X of the form
0~ ({y}) will be called the level set (level line, level surface, level manifold...) of ¢ at level y € Y.

2. The geometric inscribable polygons for » > 4
We denote by I',, the set of geometric inscribable polygons of E which we will see as a subset of the open set
Q,,. (Recall that any regular geometric polygon is inscribable.)
2.1. Remark. The fact that a polygon (M, ---, M,,) is inscribable is equivalent to the fact that each one of the
n — 3 quadrilaterals : Q1 = (M, My, M2, M3), -+, Qn_3 = (My, My,_3, My,_o, M,,_1) is inscribable.
2.2. Lemma. A convezx quadrilateral (A, B, C, D) is inscribable if and only if the distances a = AB, b= BC, ¢ =
CD, d= DA and e = BD satisfy the following relation :

(2.1) ad(b? + ¢ — %) + be(a® + d* — €2) = 0.

Proof. Let a and 8 denote the measures respectively of the angles A and C. Then (by the cosine’s law of
Al-Kashi) :
O<a<m 0<f<nm and a®+d?—2adcosa = e =b* + ¢ — 2becos .

We deduce : s o
_ a“+d°—e
cosq = =
b2 cr—e?
cos B = =5,

On the other hand, the quadrilateral (A, B,C, D) is inscribable if and only if o« + 8 = 7 or, equivalently, if
cos 8 = —cos . Hence :
b2+ 2 —e? a? + d? — €?

A, B D) inscri 1 =
(A, B,C, D) inscribable <= She 50d

which is also equivalent to ad(b? + ¢ — €2) + be(a? + d? — €2) = 0.
Remark 2.1 and Lemma 2.2 make possible to realize I';, as a level set of a differentiable map. More precisely,

consider the maps © : R> — R, v, : 2, — R and v : Q,, — R defined by :

O(u) = wyuz(uj + uf — ud) + ugus(ui + uj — u3) for u= (ur,uz,us,us,us) € R’,

’yk(w) = G(tkyxkatk+1,xk+17tk+2) for k € {1, e n — 3}
and :
’}/(W) = ('71((&1)7 e a’Yn—3(w)) where w = (t17x17t27 to 7xn—27tn—1) € Qn-
2.3. Proposition. The set I',, of geometric inscribable polygons is given by T',, = v~1 ({0}). Moreover, this set
is a differentiable submanifold of dimension n of the Euclidean space R*" 3.

Proof. Let w = (t1,1,....,tn—2, Tn_2,t,—1) be an element of €, represented by a polygon (M, - -, M,). Then
we have the following equivalences :



wel, < (M,, Mg, Mj+1, My12) is inscribable for 1 <k <n—3
<= @(tk,xk,tk+1,wk+1,tk+2) =0 forl1<k<n-3
— Y(w)=0for1<k<n-3
— vy(w)=0
—=wert({0}).
Now we will prove, by induction on n > 4, that the map -y is a submersion at each point w of €,,.
e The case n = 4. We have v = ; and the map :

v:Q — R, w = (t1, 31, b2, 22, 13) — Y(w) = iz (13 + a5 — 13) + tswa (1 + 2F — 13)

0
is a submersion at each point w € 4. Indeed, %(w) = —2ty(t1w1 + taxe) # 0. So Iy = v~1({0}) is a
2

codimension 1 submanifold of the open set €4 and then a submanifold of dimension 4 of R”.

e Heredity. Suppose that, for a fixed integer n > 4, the map -y is a submersion at each point of €,. If to each
element w = (tl, T,y tp_2,Tn_2,tn_1, mn,l,tn) € Q41 we associate :

W' = (t17x17 e 7tn727$n72atn71) € Qn

w' = (tn—van—Qatn—lvxn—latn) €y

then we can write w = (W', 2,—1,t,) and y(w) = (y(w'), y(w")) . Note that here we are using the same notation
~ for three different maps. The Jacobian matrix of the map ~ : Q2,41 C R*~1 5 R"™? at each point w € Qnt1

is given by :
AW 0

(22) (B(w//) O(LL)N)

where :
0 o o o 0
W) W) e FHEW) W) s W)
d o) ) ) d
) R W) W) W)

AW =

OYn ¢ OYn—: OVn— OYn s OYn—:
) ) ) ) )

which is the Jacobian matrix of the map ~ : Q, € R*™® — R"™3 at the point w’,

00 00 00 00 00
"y __ - 1 11 11 1 — " 12
B) = (04,0, 50 @, 52, 52 @) and O = (5o 5o W)

By the induction hypothesis, the matrix A(w’) has rank n — 3. On the other hand, the two partial derivatives :

%(w”) = 20p1tp—2Tn—o + ity (22 5+ 12 5 —12_))

g—i(w”) = 2UptnoTp_o+ Ty (22 5+ 12 5 —t2_))

do not vanish simultaneously since otherwise we will have :

00 00
0= xn,17(w”) — tna—us(w”) =20, 1t o(x2 | —t2)

which implies x,_1 = t,. Taking into account this equality in the relation g—i(w” ) = 0 we obtain :
0 = tn I:(ifn,Q + tn72)2 — t72171j|

and then z,,_s +t,_o = t,_1. This contradicts the inequality t,_1 < x,_2 + t,_o since these are the lengths of
the sides of the non degenerate triangle (M, 11, My_o, My _1).

The Jacobian matrix of the map 7 : Q,41 € R*"™' — R™ 2 is then of rank n — 2. The proof by induction
is then over.

We deduce that, for any n > 4, the map v : Q, € R* ™3 — R"™? is a submersion and then the nonempty
set T, = v~ ({0}) is a codimension (n — 3) submanifold of the open set €, of R*"~®. This implies that T',, is
a submanifold of dimension n of R*" 3,



3. Equilateral and articulated polygons

3.1. Equilateral geometric polygons

A polygon < My,--+, M, >~ (t1,21,t2,%2, ", tn_2,Tn_2,tn—1) € Q, is equilateral if and only if we have
MMy = M, M-, MoMs = M, M,,....M,_sM, 1 = M, M; and M, _1M, = M, M, which we can express also
by the equalities x1 = t1, 3 = t1,..., Tn_o =t; and t,_1 = t1.

Then one can see the set &, of equilateral geometric polygons as the level set A 1({0}) of the map A\, :
Q, — R"! defined by :

(3.1) An(ti, 1, b2, Tn_2,tn—1) = (21 — t1,Z2 — t1, ..., Tp—a — L1, ty—1 — t1).

Proposition. The space &, of equilateral geometric polygons is a convex differentiable submanifold of dimension
n—2 of R¥"73.

Proof. )\, is the restriction to 2, of the surjective linear map X,L : R73 5 R ! defined as follows :

An(t1, 1, t2, o, tp—9, Tn_9,tn_1) = (x1 —t1,x9 — t1, -+, Tp_o — t1,tn—1 — t1). Then it is a submersion at
each point of €,,. This shows that the level set :
(3:2) A0 = QN {0}

is a closed submanifold of dimension n — 2 of §,,. It is convex as intersection of convex sets.
3.2. Articulated geometric polygons

An articulated polygon is a mechanical system consisting of n rigid rods [My, Ms], [My, Mas),....,[Mp_1, M,],
[M,,, M;] articulated at their extremities My, - .-, M,,. The lengths of the rods uy = MiMs, -+, u, = M, M;
define an element u = (u1,- - -, u,) of the open set V,. Then the set of articulations is the level set ¢, *({u}) of

the map Q,, ¢ R*"™3 2% V), given by :

(33) Qn(t17x17t27x27 e 7tn72yxn72atn71) = (15171'2, Tt (En727tn717t1)'

Proposition. The map q, is a surjective submersion whose each level set is a convex differentiable submanifold
of dimension n — 3 of R*"™3. These level sets are leaves of a foliation Fy of dimension n — 3 on the space €,
whose leaf space is V,,.

Proof. The map ¢, is the restriction to the space €, of the linear projection R*"~3 %y R™ defined by :
E]Vn(tlv T1, "y tp_2,Tp_2, tnfl) = (:Cl, Lo,y Tp_2,tn_1, tl)'

It is a submersion at each point of §2,,. The fact that g, is surjective is a consequence of Theorem 1.2. Thus we
have a codimension n foliation F, (and of dimension n — 3) on the space €2, ; its leaves are the level sets of the
map ¢,. The open set V,, is the leaf space of this foliation.

For any u € V,, the set g, ({u}) = Q, N g, ({u}) is a closed submanifold of dimension n — 3 of Q,. It is
convex as intersection of convex sets.

4. The area and perimeter foliations
4.1. We define the maps p: Q, — R, A:Q,, — R and ¥ : Q,, — R? by :

p(w) = perimeter of w
(4.1) A(w) = area of w
U(w) = (p(w), Aw))-

M
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For any w = (tlaxlvt% T 7tn72;xn72atn71) € Qna we have :

pw)=ti+x1+x2+ -+ Tp_o+t,1

(4.2)
Aw) = 33/ fwr) +- -+ 33/ flwn-2)

with :
wg = (tk,osk,tk+1) eViforke {1, N — 2}

area of wy, = 11/ f(wg) for k € {1,---,n — 2} (Héron’s formula)

flay.z)=(@+y+2)(—z+y+2)(z—y+2)(z+y—2) for (z,y,2) €V.
Setting s(x,y,2) =« + y + 2z, we obtain for any v = (z,y,2) € V :

f(v) = s(v) (s(v) = 2z) (s(v) = 2y) (s(v) — 22) .

On the other hand, the maps p, A and ¥ are clearly differentiable with gradient vectors Vp(w) and V.A(w)

given by :
0, 0, 0, 0,
Vp(w) = (Z2(), 22 w), 725 (), 52 (@) = (1,1,0,1,+,0,1,1)
_ Vfw) . Vfwno2) \ _ [ Vfw1) V() fwn—2) Vf(wn_2)
VAW) = (8\/f(w1)’ ’s\/f(wn_Q)) - ( 8 flwr) 70 8 flwn—2) )
where the logarithmic derivative % is given at each point v = (z,y,2) € V by :

Vf(v) Vs(v) V(s—2x)(w) V(s—2y)(v)  V(s—2z)(v) .

flv) — s(v) s(v) — 2z s(v) — 2y s(v) — 2z
We then deduce : L oy . ) ) )
f(v) 871(,0) = s()  s(v)—2ax + s(v)—2y + s(v)—2z

1 0f)y— _1_ 1 _ 1 1
f(v) Oy (U) - s(v) + s(v)—2z s(v)—2y + s(v)—2z

—_
i~
<

_ 1 1 1 1
f(v) E(U) — s(v) + s(v)—2x + s(v)—2y ~ s(v)—2z"

This gives the partial derivatives of A :

DA _ V/f(w1) 1 1 1 1
Th(w) - 8 (s(wl) - s(wy)—2t1 + s(w1)—2z1 + s(wl)—2t2)

M(w) _V fw1)

1 1 1 1
oz 8 (s(cul) + s(wy)—2t1 - s(wy)—2z1 + s(cul)—2t2)

A _ Vf(wn—2) 1 1 1 1
Otp_1 (UJ) - 8 S(W7L72) + S(Wn72)_2tn72 + 3(W7L72)_2In—2 B S(‘-’-’n72)_2tn71

and for k € {2,---,n—2}:

M(w) _ AV f(wk-1) 1 1 + 1 o 1
Oty - 8 s(wr—1) = s(wk—1)—2tK_1 s(wip—1)—2TK_1 s(wr—1)—2tx
f(wk) 1 1 1 1
+-3 (s(wk) t oo =2z T sen =261 s(wk)—Ztk)
QA _ V) 1 1 1 1
By, (w) - 8 (S(wk) + s(wi)—2t,  s(wi)—2zy + S(wk)—thH) :

4.2. Theorem. We have the following assertions.

(1) The perimeter function p and the area function A are submersions on ),,. Then the level sets of p (resp.
of A) are leaves of a codimension 1 foliation F,, (resp. Fg) on §1,.

(2) For w € Q,,, the differential d¥(w) is of rank 2 if w is not a regular polygon and of rank 1 if w is a regular
polygon. Then the map VU defines a codimension 2 foliation F on the open set b, of R* ™3 which consists of
non regular polygons w of .

Proof. Let w = (t1,21,"*,tn_2,Tn_2,tn—1) be an element of Q,, and (M, --, M) one of its representatives
as a satr-shaped polygon.



Point (1)

(%) For any w € Q,,, dp(w) # 0 since %(w) =1+ 0. Then p is a submersion on €,,.

() For any w € €, g—;‘(w) # 0 or g—é(w) # 0. Indeed we have the implications :

=0 a4 a4 2 2
et = —(w)+ 77— (w) =0= + =0=1t+21=0.
24 =0 Oty Oy s(wi)  s(wr) — 2ty

But the equality t; + 21 = 0 can not be satisfied. Then dA(w) # 0. This proves that 4 is a submersion on €,,.
Point (2)
(%) If the sides of the polygon are not all equal, there exist two successive sides having M as common point and
different lengths. One can suppose that M = M;. In these conditions, the lengths t; = M, M7 and =1 = M1 M,
7] 0
are different. This implies —A(w) # 8—:2((,0) since we have the implication g—;‘}(w) = g—é

oty

Jacobian matrix of the map ¥ at the point w is :

(w) = t; = x1. The

1 1 0 1 cee 0 1 1
J(P,w) =
MW W Hw 2w - AW 2w W)

and then it is of rank 2 since the 2 x 2-matrix of J(V¥,w) consisting of the two first columns is invertible.
(%) Suppose the polygon is equilateral. We consider two cases :

e The condition (C) below is satisfied.

The partial derivatives g—f}(w), a?il (w), %("J)
() are not equal, k € {1,---,n—2}
or
at least one of the derivatives %(w), ke {1,---,n— 2} is not zero.

The matrix J(¥,w) has rank 2 since it admits a matrix of order 2 which is reversible.

e The condition (C) is not satisfied. In this case the following condition non(C) is satisfied :

The partial derivatives 22 (w), -24-(w), 24 (w)

oty 7 Otn—1 ? Oz,
non(C) are all equal for k € {1,---,n — 2}
and
gTA;(W)’ ke{l,---,n— 2} are all zero
and we have :
(4.3) T (T, w) = ; , ) | a
2w ) 0 Fw - 0 P 2w

This implies that J(¥,w) is of rank 1. We shall prove that, in this case, w is regular polygon.
04 94
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For k € {2,---,n — 2}, we have (w) which implies :

Oxp—1

() (o)

Thus, taking into account the fact that the sides xj are all equal in this case, we obtain by factorization :

642722 (th—1 — thr1)(th—1 + th1) (th—1thr1 — 23 + t2) (t—1tps1 + 25 — t2)
A

=0

where :
A= (:L‘k —tp — tk+1)(xk —tr + tk+1)(55'k +tp — t}c+1)(l’k +tr + tk+1)
(th—1 — g — ti)(tp—1 — @k + t) (tpo1 + @k — tr) (t—1 + T + tr).



Thus (tg—1 — tre1)(te_1tes1 — 5 +62) (tg_1tpy1 + x5 —t3) = 0.

(%) If ty—1 — tg+1 = 0, taking into account the relation gT“i(w) = 0, we obtain :

2 _ .2 42
th =T +thyq-

This implies that the two triangles (M,,, Mx_1, My) and (M,,, My11, My) are rectangular respectively at My _1
and Mp 1. Consequently the quadrilateral (M,,, M1, My, My 1) is inscribable (My_1 = § = Mj.41).

(%) If tp—1tps1 — x% + t% = 0, the convex quadrilateral (M,,, My_1, My, M}+1) has the following properties :

My_1 My =z, = MMpy1 (The polygon is equilateral in this case.)

2 2
ty =y, — tp—1tpt1

— t2 -2 —a? 2 —tp_1tpy1—ti_,—a
o bl T T lk—1te41 =t 4~ % tpqattr—a
(4.4) cosMy_q = e = TR = N
— 2 2 2 2 2 2
cos M ot T T etk —t 0 Tk tpoidtpg
k+1 = 21Tk 2tp 1Tk - 2z

M/;;l = ]\i,;l (by the equality of the cosines).

The triangle (Myg_1, M,,, My11) is then isosceles at the M,, and t;_; = ¢x+1. This implies, like in the preceding
case, that the quadrilateral (M,,, My_1, My, Myy1) is inscribable.
(%) If tg_1trs1 + xz — ti = 0, then the convex quadrilateral (M,,, My_1, My, My11) is still inscribable since it

satisfies the relation cos ]\4/;;1 = —cos ]\/Tl;l. Indeed, we have :

2 =tp_1tpr1 + 23

T te—th_ R
(4.5) cos M_1 = T ST =tp4r1 — tp—127
COS]\Z\ — ti_ti+1_7¢i xi+tkfltk+1_ti+1_’”i — th—1—tki
k+1 2tpp1 T 2tp1x 2x

We have proved that, in all cases, the quadrilateral (M,,, My_1, My, My4+1) is inscribable for any k €
{2,---,n — 2}. Then the polygon (My,---,M,) is inscribable. Since the latter is equilateral, it is necessarily
regular.

Finally the singular points of the map W are the regular polygons and this map induces a submersion on €2
whose level sets are leaves of a foliation F.

5. The example of triangles

It is the situation where we see things more concretely and where the drawings are more visible. The way to
treat the topic in this section will be slightly different from the others.

5.1. The space of non degenerate triangles

To give oneself a non degenerate triangle (in any Euclidean finite dimensional space) is to give oneself three
real numbers x > 0, y > 0 and z > 0 such that :

r<y+z
(5.1) {y<z+z
z<x+y

which represent the lengths of the sides. Exceptionally in this section, we shall denote a triangle by (zyz) instead
of (X,Y, Z) where the points X, Y and Z are the vertices. Indeed it is well known that (xyz) is isometric to
(2'y'2)if e =12, y =y and z = 2’. (For the moment we will make the difference between a triangle and another

obtained by permutation of the three numbers representing it even if, geometrically, they are the same!) From

now on, A will be the half perimeter A\ = %
The set of non degenerate triangles is thus the open set Q3 C (R%)? given by (1.7). We will describe it

explicitly. To inequalities (5.1) are associated three equations defining respectively three planes :

Uy ={r=y+2z}
(5.2) Yo={y=z+z}.
Y3={z=x+y}



In the slice {x +y + z = 2A} of Ri, Y1, Yo and X3 are the sides of an equilateral triangle in Ri whose vertices
are Xy = (0,\, ), Y\ = (A,0,A) and Z) = (A, \,0) (see the picture bellow); the interior Py of the convex hull
of these three points represents the space of triangles (xyz) whose perimeter is 2\.

When X varies to ', we obtain another Py/, image of Py by the homothety centered at the origin and with

ratio k = ’\71 Thus, the space Q3 is foliated by these Py ; Q3 is in fact the open cone with vertex the origin and
basis anyone of these plaques Py, for instance P :

(5.3) Q3= (J AP ={MX: XeP et \cR}}.
reRY
2\
X
Y
2\
Zy

2\

For a particular situation which will appear thereafter, we recall the following result which we have already
established in the general case of polygons.

For a given family of triangles with prescribed perimeter, the maximum of the area is realized by the equilateral

triangle.
5.2. The perimeter foliation F,

Each Py (where A € RY) is the level set p(x, y, z) = 2) where p is the perimeter function p(z,y, z) = z+y+z.
We have also seen that the level surface Py is the interior of the convex hull of the triangle XY, Z».

Thus we have a foliation F, on Q3 whose leaves are the surfaces Py (A > 0). Of course, F,, is trivial since
isomorphic to the product P; x RY.

5.3. The area foliation 7,

The function A : (R} )® — R’ which associates to a triangle (zyz) its area is given by Héron formula :

(5.4) Ay, 2) = i\/(:r Tt ) r ) m gt )@ty —2).

The foliation F, by which we will be interested is the foliation whose leaves are the level surfaces of this function.

e The surface at level s of the function A on the open set Q3 is exactly the surface at level s2 of the function
® = A2. The benefit of working with ® instead of A is that there is no more square root, which simplifies
the calculations, among others that of the differential which plays a fundamental role. We consider then the
function :

1
(5.5) O(z,y,2) = gaty+2)(-z+y+2)(@—y+2)(z+y-2)
e The differential of ® has the form :

1
d®(z,y,z) = E{A(fa y, z)dx + B(z,y, 2)dy + C(x,y, z)dz}
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where the functions A, B and C are given as follows :

A =(rty+)e—y+2)aty—2) - (@+ty+t2)(z—y+2)(r+y—2)
Fat+y+2)(—rzt+y+2)(r+ty—2)+(@+y+2)(—z+y+2)(r—y+2)

(5.6) B =(z+ytz)z-—y+2)(@+y—2)+@+y+2)(z—y+2)(z+y—=2)
' —(@t+y+2)(—z+y+2)(z+y—2)+(@+y+z)(—z+y+2)(z-y+=2)
C =(z+tyt)z—y+2)(@+ty—2)+@+ty+tz)(z—y+2)(r+y—2)

+xz+ty+2)(—z+ty+2)(z+ty—2)—(e+y+2)(—x+y+2)(zr—y+2).

An easy but long computation shows that these three functions A, B et C are zero simultaneously only if
z =y = z =0, which can not happen since (0,0, 0) is not in 5.

o If we fix the perimeter 2, the area function a is maximal, and so is the function ®, when z =y =2 = %/\;
at this point ® is equal to ;‘—; These are the values taken by the function ® on the open half line A whose
equation is x =y = z.

Now let 2} be the open set Q3 \ A. At u = (z,y, ) € Q, the differential d,,® has rank 1; then the set level
of ® passing through this point is a regular surface A, in fact an algebraic surface of degree 4. Its equation is :

(zty+2)(—z+y+2)(z—y+2)(r+y—2)=16®(u).

Let G be the subgroup of Isom(R?) (the full group of isometries of the Euclidean space R®) generated by

the rotation whose axis is A and angle %’r and the reflection o with respect to the plane of equation z = y.
(The restrictions of these elements to the plane of equation z + y + z = 2\ is the group of isometries of the
equilateral triangle X,Y\Zy.) It leaves the space 3 invariant and also its boundary 93, the half line A and

the open sets (23 and 3. Then it acts on Q3 and fixes each leaf of F, ; the same applies to the foliation F,.
5.4. Let ¥ : Q5 — (R”)” be the function :

U(z,y,2) = (p(z,y,2), (2, 9,2)).

Up to a multiplicative factor, the matrix of its differential at u = (z,y, 2) is :

d“‘P:(A(lw B 0<1u>)

where A, B and C are the functions given by (5.6). It can be shown that these functions are equal only if
r =y = z; then, for u € QF, d, ¥ has rank 2. Thus, the level sets of U are regular curves, leaves of a foliation
Fi on 3.

5.5. On Q3 we have a singular foliation F = F,, N F,. Its leaves of dimension 0 are the points of the open half
line {(%)\, %)\, %)\) : A € Ry }. The other leaves are of dimension 1; each one has equation ¥(u) = constant in
the open set Q5. These curves define (by restriction) a foliation on each plaque Py (leaf of F,). To see what it
is, this plaque is projected orthogonally on the plane z = 0; we obtain the foliation drawn on the picture below.
We will explain what all this means.
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The interior of the triangle XY Z is the projection (which we denote by ©,) on the plane z = 0 of the set Py
of triangles (x\yxzx) with perimeter 2A. Note that the boundary of Py is an equilateral triangle while XY Z is
an isosceles and rectangle triangle. The foliation F on P, is isomorphic to the foliation on the picture via the
diffeomorphism f : Py — ©, defined by f(z,y, z) = (z,y,0) with inverse f~!(z,y,0) = (z,y,2)A —x — y).

e The point w with coordinates (%)\, %)\) corresponds to the equilateral triangle (xzz) with maximal area.
As we easily imagine, an equilateral triangle may never be deformed to an other one having the same perimeter
and the same area.

e The curves at the interior of O, are leaves of a foliation of ©) \ {w}, each leaf corresponds to the set of
triangles having the same area. It has A(2A — z)(2\ — y)(z + y) = 8¢ as equation where ¢ is a constant varying
in the interval ]0, % [

e The piece UZ of diagonal corresponds to isosceles triangles (for which « = y). In each leaf, there is exactly

the projections of two isosceles triangles (xxz) and (z'z'2’).

5.6. Geoffrey Letellier constructed two lines of isosceles triangles : (zayxzx) and (z)yiz}) where A € R’ with
Ty =Yy = %/\, Zy = %)\ and =) =y} = %)x, z5 = g)\. They are such that, for any A € R :
(zazrzn) and (z)z) 2} ) have the same perimeter 2.

Pt 322
(zazrzyn) and (xh ) 2} ) have the same area oV

(zrzazy) and (z)x)\2}) are not isometric.

For instance, the two isosceles triangles x = y = 11, z = 6 and 2’ = 3/ = 8, 2/ = 12 have the same perimeter
equal to 28 and the same area equal to 12+/7.

e Finally one can see on the picture that all the situation is invariant by the reflection o (symmetry with
respect to the diagonal = y) while that on the triangle Py is invariant by the full group G. &

6. Some results related to the perimeter and the area
The following well known classical results are among the most beautiful theorems that we can cite in Euclidean
elementary geometry of the plane.

6.1. Theorem (Isoperimetric inequality). Among all the convex polygons with prescribed perimeter, the reqular
polygon is the one whose area is mazrimum.

For a sketch of proof, see for instance [Han]. In the same order of ideas, we also have the following theorem.
Its proof is not difficult but it is a bit long and not immediate. (And the reader can even attempt to reproduce
it himself!)

6.2. Theorem. Among all convex polygons whose sides have given lengths, the inscribable polygon is the one
whose area is maximum.

Using the analytic expression of the function “area” A : w € 2, — area(w) € R, we prove the following
result related to the two theorems above. (It was also partially established, by a different method, in [Khil.)

6.3. Theorem. We have the following results.

(1) For any real number L > 0, the differentiable manifold p=1 ({L}) consisting of all polygons with perimeter
L, is diffeomorphic to a convex open set Q, 1, of R?"™* and the restriction AL Qn . = R of A to Q,, 1 admits
a critical point at the unique reqular polygon wy, of perimeter L.

(2) The convex polygons whose sides have given lengths form a differentiable manifold diffeomorphic to an
open convex set of R" 3 and the restriction of the function A to this open set admits a critical point at its

unique inscribable polygon.

Proof. Recall that, for any w = (t1,21, -, tn—2,Tn—2,tn_1) € Oy, we have :

p(w) = perimeter(w) =t + 1+ + Ty + tph_1

Aw) = area(w) = 1v/F@n) + -+ VT on2)
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with :
w = (tg, Tk, tgy1) € Vior ke {1,--- ,n—2}

flz,y,2) =(x+y+2)(—r+y+2)(c—y+2)(r+y—=2) for (x,y,2) € V.
Setting h(v) = 21/ f(v) for v € V, we obtain :

A(w) = h(wy) + -+ - + h(wp—2)

for any w = (tlvxlv e ,tn—ann—Q;tn—l) € Qn
Point (1)
Let L €]0,4o00[. For any w = (t1,21,t2, ..., tn—2, Tn—2,tn—1) € Oy, we have :

p(w):L(:)tl:L—xl—---—xn,g—tn,l

Then, by considering the affine map T : R*"™* — R?*" ™% = R x R*"~* given by :

u= (21,12, tn—2,Tn_2,tn—1) —> T'(u) = (t1(u), u)
where t;(u) = L — 21 — -+ — T2 — t,_1, we see that p~1 ({L}) is naturally identified to the convex open set
Q. =T (Q,) of RZ",
For any u = (z1,t2,- -, tn—2,Tpn—2,tn—1) € Oy, 1, we have :

Ar(u) = h(ti(u),z1,t2) + h(ta, 2, t3) + - - + h(tp—2, Tpn—2,tn_1).

Set t; = t1(u) and wy = (tg, T, tp41) for k € {1,---,n — 2}. The partial derivatives for any (x,y,z) € V are :

m(—12+y2+z2)

%(w,y, 2) = 2¢/(z+y+2)) (—a+y+2) (z—y+2) (a+y—2)
(6.1) oy (@92) = me))(Zi(fi;i;i)w)(ﬂy,z)
5@ w,2) = 2\/<x+y+z))<Z—(;:-i;(i—)y+z>(x+y—z>

AL (u) = 52 [h (11 (w), 01, 12)] = = F(wr) + G2 (w1) =

(t1—1)(t1+z1—t2) (t1+z1+t2)
2\/(t1+951 +t2)(—ti+z1+t2)(t1—z1+t2) (t1+z1—t2)

ﬁffl (u) = 3,5?71 [h(ti(u), z1,t2) + h (th—2, Tn—2,th—1)] = _%(Wl) + %(wnﬂ)

and for k € {2,---,n—2}:

%’?: (u) = % [ (te—1, @1, k) + b (b, Tps trg1)] = G2 (whe1) + G2 (w)
(6.2)
Gk (u) = 52 [h (tr(u), m1,t2) + h (b, s thr)] = — F2(wr) + 2 (wr)

(%) If the sides of the polygon are not all equal, there are two consecutive ones with a common vertex M and
different lengths.
By changing the numbering of the vertices, one can assume M = M;. In these conditions, the lengths

0A
t1 = M, My and x1 = M M> are different and this implies 3 L
Z1

(%) If the lengths of all the sides are equal, then t; = #1 = 29 = ... = ,_2 = t,,—1 and a necessary condition
for this polygon to be a critical point of Ay, is 85?; (u) =0 for any k € {2,---,n— 2}, or :

(u) # 0 and that u is not a critical point of Ap.

oh
a(tk_l,xk,tk) = _%(tk7xk,tk+1) pour tout k € {2,---,n — 2}.

This implies :

oh > (oh ?
(az(tk_l,xk,tk)> — <ax(tk,xk,tk+1)> =0 for any k € {2, cee,m— 2}
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The development of this relationship leads to next equality :

(trprte—1 4+ 27 — 12) (begrte—1 — 2p + 67) (beg1 + te—1) (brg1 — te1) 2785, _

0
Dy

where :
Y= (tkg1 +xp +tg)(tesr + 2k — te) (tpr1 — Tk + b)) (tgr1 — i — tg)
(th—1 + @ +te)(th—1 + 2 — tr) (th—1 — g + tg) (tem1 — 21 — tg).
Thus (tg+1 —te—1)({trt1te—1 — xi —i—ti)(tkﬂtk,l + xz — t%) = 0. The proof ends as that of the Theorem 4.2. We
thus obtain the inscriptibility of all the quadrilaterals (M,,, My_1, My, Myy1) for k € {2,---,n — 2} and then
the inscriptibility of the polygon (M, ---, M,). But since the latter has all its sides of the same length, it is
necessarily regular.

Finally the singular points of the map A; are the regular polygons of ), , that is, the unique regular
polygon wy, of perimeter L.

Point (2)

Let v = (¢1,%1,"**, Tn-2,tn—1) € V, and let F), be the set of convex polygons whose sides are t1, T1, - -, Tp_2,
t,—1. We have seen (by the Proposition 3.2) that this set is a submanifold of €2,,, diffeomorphic to a convex
open set of R"73.

On the other hand, the area function F, ARis given, for t = (to,t3, - ,tn—2) € F,, by :

(63) A(t) = h(flaflatZ) + h(t27T27t3) + -+ h(tn—27§n—27gn—l)~

Setting :
wy = (t1, @1, t2)

wi = (tk, Tk, tgy1) for k€ {2,--- ,n -3}

Wp—2 = (tn72afn727infl)a
one can express the partial derivatives of A as follows :

oA 0 Oh Oh
o, t) = o [h(th—1,Tr—1,tk) + h (tk, Ty thg1)] = a(wkq) + %(wk)

A critical point t € F,, of the area function must satisfy :

Oh Oh

P ipr) + D) = 0 and then (?j<wk_1>)2 - (g;mf ~o.

Setting wi—1 = (u,v,w) and w, = (w, s,7), we obtain % = 0 where :

2 _ rsw? + s2uv — uva)

a= w? (rguv + rsu? + rsv
2 _ s2uw + uvw2) .

(—r2uv + rsu? + rsv? — rsw
and f=(r—s—w)(r+s—w)(r—s+w)(r+s+w)(-u—v+w)(u—v+w)(—u+v+w)(u+v+w)or:
[(rsu? + rsv? — rsw?) + (s?uv — wow? + r?uv)|
[(rsu® 4 rsv? — rsw?) — (s*uv — wow? + r?uv)| = 0.
This implies :
(rsu2 + rsv? — Tsw2)2 — (SQUU — uvw? + r2uv))2 =0
or :
rs(u? +v? —w?) = fuv(r? + s — w?).
Then we deduce :

cos My_1 = £ cos M1

which implies that the quadrilateral (M,,, My_1, My, Myy1) is inscribable for any index k € {2,---,n — 2}.
Hence the polygon t is inscribable.
Conversely, if t € F), is inscribable then, one can prove easily that t is a critical point of the area function.
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