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Worksheet n°1 : mesh, base-flow, global modes, adjoint global modes
0/ Very short reminder on finite elements
Let us solve the following problem:
U — (Ot + 0yyu) = f
u=donly
au+ bo,u = conly,

We consider test functions 1 satisfying &t = 0 on I;. After multiplying the governing equation by the test-function, we take
an integral over the complete domain:

JJi(u = (Bgpu + 8yyu)dxdy = [[ Ufdxdy
Integrating by parts, we obtain:
uu + 0,ud,u + d,,ud,u )dxdy — J (un,0,u + un,0,u)ds = JJ ufdxdy
If (itu + 0,10 ayudyu)dxdy — [ (iin,o tinydyu)ds = [[ tifdxd

The boundary term is zero on I[; because of & = 0. Therefore, taking into account the boundary condition on I},,, we have:
a
JI (tu + 0,210,u + 0,110, u)dxdy — fr i (c - 5u) ds = [f iifdxdy
Rearranging:

If (itu + 0,10, u + 9,110, u)dxdy + 2 Yuds = [[tifdxdy + | iicds
y=ry b
Im m

Using for example P2 elements for u and i, we obtain the following discretized form (taking into account that u = d on [;):
Au=0>b
1/ Generate mesh

In folder Mesh:
FreeFem++ mesh.edp

2/ Base-flow
The base-flow is solution of the following non-linear equation:

1 . . -
5 (wo, wo) + Lo = 0, N(wywy) = (" VuZJ(;uZ Vul)' L:(—;L-\(()) V(P)

with the following boundary conditions:
(up=1,v9=0) only,
(ug =0,v9=0) onl,4y
(—ponx + v(nxaxuo + nyayuo) =0, —pony + v(nxaxvo + nyayvo) = 0) on I,

(6yu0 =0,vy = O) on [
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The Newton iteration is based on successive solutions of:

8u-\7u+u-\76u)

1
v, + L)ow = —EN(W, w) — Lw where WV,, 6w = ( 0

with boundary conditions such that w 4 dw satisfy the above mentioned boundary conditions.

Hence:
dudyu + 6vdyu + udyéu + v, 6u + 9,6p — v(axx&c + anyu)
= —UdyU — VOyu — Oxp + v(axxu + 6yyu)
Sudyv + 6v0yv + U0, 6V + v0,,6vV + 0,6p — v(axx6v + 6yy6v)
= —u0,vV — v0,v — 0yp + v(axxv + ayyv)
—0x0u — 0,,6v = 0,u + d,v
with:

(bu=1-u,é6v=-v)only,
(bu = —u,6v = —v) on Iy
(=8pny + V(1,05 8u + 1y 0y 8u) = pry — v(ncOru + 1y 0yu), —8pny, + V(1,05 8v + 1y, 0y 5v)
= pn, — v(n, v + ny,0,v) on Tpyy)
(0y6u = —0d,u,6v =—v) only

Show that the weak form of these equations is (with W as the test-function satisfying i = ¥ = 0 on I}, and I,,4;; and ¥ = 0
on Flat)

I (ﬁ(Suaxu + 6vdyu + ud,du + v6y6u) + 1‘7’(6u6xv + 6v0,v + ud,6v + vay(Sv) — Op (0,1 + 0, V)
+ v(0,110,6u + 0,110, u + 0,70,6v + 8,70, 6v) — Pp(0,6u
+0,6v) )dxdy = [ (—(udyu + vo,u) — ¥(udyv + voyv) + p(0,il + 9,)
—v(8,10,u + 0y1id,u + 8,V0,v + 8,T0,v) + P(d,u + dy,v))dxdy

After discretization (taking into account all the Dirichlet boundary-conditions), we obtain:

AdSw =D
In folder BF:
vi param.txt // target Reynolds number, here Re=100
FreeFem++ init.edp // generate initial guess solution, here zero flowfield
FreeFem++ newton.edp // compute base-flow
FreeFem++ plotUvvp.edp // show base-flow at Re=100

3/ Global modes

The global modes are the structures such that:
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ABW + (W, + L)W =0, B= (é 8)

where (2, + £) is the linearized Navier-Stokes operator:

00, ug + DO, Uy + Uyl + V0, Tl + 0P — V(Dyll + 0y, 1)
(Woy, + L)W = | 00, + DOy + UgOyD + Vg0y D + 0P — V(0yx D + 0y, D)
—(a, + 9,9)

(NWO + L) acts on a subspace of functions W satisfying the following boundary conditions (/*\)
(t=0,7=0) onT;, and I}, ,;;
(—pny + v(ny 0,0 + nyydy2) = 0, —pn,, + v(n, 0,0 + n,0,0) = 0) on T,y
(ayﬁ =0,7 = 0) on [,

Show that the weak form of these equations is (with W as the test-function satisfying?i = ¥ = 0 on [}, and I}, and ¥ = 0
on Flat):

If (ﬁ(—ﬁaxuo — DOy Uy — UgBy Tl — 190y T1) + (0P — V(0,100 + By 11Dy T) + V(—00, vy — DOy vy — U0y D — vy D)

+ (8, 9)p — v(0, 00,0 + 0,0,0) + p(0,0 + ayﬁ)) dxdy = Aff (@ + v9)dxdy

With a finite element-discretization:

In folder Eigs:
FreeFem++ eigen.edp:
4/ Definition of adjoint operator.
The adjoint operator (I, + £) is the operator satisfying for all @ and i the following relations:
<W,( Ny, + L)W >=< (N, + L)W, w >
Here W is in the subspace satisfying the boundary conditions (A*)

Determine the adjoint operator (]\7‘,[,0 + E)and the boundary conditions (F;) that W satisfies.

Solution:
—Uo Oy Tl — Oyl + U0y ug + DO, V) + 05 P — V( Oy Tl + By ih)
(Wow, + D)W = | —u0,¥ — v90,, ¥ + 0y ug + T0yvg + yP — v(0xx ¥ + 0y, D)
— (0,0 + 0, 7)
(it =0,7=0) onT;, and I}, 4;;
(—ﬁnx + VO, lin, + vdytin, = —tiugn, — dvyn,, —pn, + vo,on, + va,vn,,

= —Dugn, — ﬁvony) on Iy
(0, =0,5=0) onTyy

3
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5/ The adjoint global modes are solution of the following eigen-problem :
ABW + (W, + L)W =0
with the above mentioned boundary conditions.

Show that the weak form of these equations is:
II (a(uoaxa + 0y Tl — TW0xug — DOy vy) + (0P — V(0,058 + 0,10, 11) + V(ugdy T + v00) T — TUdyuy — Toyvy)

+ (0, 0)p — v(0, V0,7 + 0,70, 7) + p(0,1 + ayﬁ)) dxdy

- f u(fugn, + fwony)ds - f V(Pugny + ﬁvony)ds = Aff (iiii + ¥9)dxdy
r

out Tout

After discretization, we obtain:
AW = ABW
Complete program eigenadj.edp (look for ??? in this file) to compute the adjoint global modes.

6/ Compute the angle between the direct and adjoint global modes to evaluate the non-normality of
the mode. Check bi-orthogonality of direct and adjoint global modes.

7/ Modify program eigen.edp to solve the eigen-problem:

where A* designates the transconjugate of matrix A. Compare W' and .

Show that: (u* — 1)Ww"*Bw = 0. Interpret the results.

8/ DNS simulations. We consider the Navier-Stokes equations in perturbative form: w(t) = wy +
w'(t):

{atu’ +u' Vug+uy-Vu' +u' -vu' = =Vp' +vAu
vV-u = 0
A first —order semi-implicit discretization in time yields:
un+1 . n
ot U™ Vuy tug - VUt u™ vt = —ptt 4 yayntt
V- un+1 — 0
This may be re-arranged into:
unt1 un
+ U™t Vug + uy - VU + vpt —vAutt = — —
At At
V- un+1 — 0

Show that the weak form with W as the test-function is:



denis.sipp@onera.fr MEC651-Adjoints

un+1
II (ﬁ( T U™ 9pug + v Oy + ugdyutt + voayun“) — (0, Wp™ + v(0,U0,u™tt + 0, Ud,untt)

n+1
+ 17< AL +u™19, v + v,y + ugd, v + voayvn“) — (ayﬁ)pn“

+ (0,90, v™ + 8, V0, v 1) + p(a,untt + ayu"“)) dxdy

5191

uu™ 2%
= EERRE—— n. n _ — (" . n
I < AL a(u™ - vu) + AL v(w" - Vv )> dxdy

After spatial discretization, we obtain:
Awn+1 — b

In folder DNS,
FreeFem++ init.edp  // Initial condition = real part of unit energy eigenvector in ../Eigs
FreeFem++ dns.edp  // Launch linearized DNS simulation

Octave plotlinlog(‘out_0.txt’,1,2,1) // plot perturbation energy as a function of time
Octave plotlinlin(‘out_0.txt’,1,3,1) // plot u-velocity in wake as a function of time
FreeFem++ plotUvvp.edp // Plot flowfield after 100 time steps

9/ Perform a linearized DNS simulation with a unit energy adjoint flowfield as initial condition.
Compare perturbation energy as a function of time with results obtained in 8/ Relate this result to
the angle computed in 6/

10/ Perform a non-linear simulation to observe saturation.

11/ Vary the Reynolds number, find critical Reynolds number with stability analyses and observe saturation amplitudes
with non-linear simulations as a function of Reynolds number in the range 40 < Re < 100.



