denis.sipp@onera.fr MEC651-Gradients

Worksheet n°2: Lagrangian technique, sensitivity to base-flow modifications, sensitivity to steady

forcing

1/ Lagrangian technique

Consider the following problem:

State:w =w(x)on0<x <1
Control: f = f(x)on0<x <1
Constraints:

wo,w = aw + vOy,w + f
w(0) =1
a,w(l1)=0

Objective functional:

1
() = SW() f) = fo (W —wo) 2 + I2f2)dx

where wy is a target field and [ a scalar constant.

Compute 2—; = V7 such that §7 =< V(J,8f > with (a, b) = f01 abdx.

2/ Sensitivity to base-flow modifications

2a) Theory

Consider the following problem:

State: [W, ]

Control: wy

Constraint: ABW + N, w + Lw = 0
Objective: I(wy) = 1

d7 . « .
Compute o VoA suchthat 61 =<V, 1, 6w, > with <wy,w, > = I (wiu, + vivy)dxdy

Solution:

l

normalization condition: _U [W*Bw]ldxdy = 1
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_[%a g 0] [-aa. -9, 0 0
and: Ny = |0,0 9,0 0f + 0 -0, —0"0, 0
0 0 O 0 0 0
2b) Implementation
In folder Mesh:
FreeFem++ mesh.edp // generate mesh
In folder BF:
FreeFem++ init.edp // generate initial guess solution, here zero flowfield
FreeFem++ newton.edp // compute base-flow
In folder Eigs:
FreeFem++ eigen.edp // compute unstable direct global mode
FreeFem++ eigenadj.edp // compute unstable adjoint global mode
FreeFem++ norm.edp // compute scaled unstable adjoint global mode

Complete program sensbf.edp (look for “???” in this file) and represent real and imaginary parts of
Vi A-

Observe that these vector fields are not divergence-free.

2c) Divergence-free gradient

0y

with ¥ = 0 on the symmetry line.
—Oxl,b) v

The symmetric divergence-free gradient VWOA|Pmay be expressed as: VWO/1|P = (

Find the equations governing 1 by writing that:

< VW0/1|P, Sug >=<V,,, A, u, >

-(35,2»)'

for all divergence-free u, = (

Solution:
—Oxx ¥ — ayyw = ax(vvol) - ay(vuol)

1 = 0 on symmetry line

dA dA .
Ny 0y — Ny, 0y = (d_vo) ny — (d_uo) n, on all other boundaries

Complete program sensbf-incomp.edp and represent real and imaginary parts of i and V,,, 1 . Compare to V,, 1.
3/ Sensitivity to steady forcing
3a) Theory

Consider the following problem:
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e State: [wy, W, 1]
e Control: f
1
=V (W, wo) + Lw, =
e (Constraints: {2 (wo, wo) wo=f
ABW + N, W + L = 0
e Objective: J(f) = A(Wo(f))

Compute V¢A such that 4 =< V¢4, 6f >.
Solution:
Ved = W
vaowo + L = Vip,4
3b) Implementation

Complete program sensforc.edp and represent real and imaginary parts of V¢A.

4/ Model cylinder by considering §f = —u,. At the end of sensforc.edp, compute control map:
64 = =V - uy. Represent real and imaginary parts. Interpret results.

_(x=06)2+(y-0.6)2
5/ We would like to check the validity of Vf/l. For this, we consider a steady forcing of the form: f = ee 0.22 ,
g=0.

Compare the curves A(¢€) and A(e = 0)+< Vfl,f(e) > for various values of €.

For this, in GradientsCheck:

FreeFem++ forcing.edp // generates steady forcing for given epsilon
vi newton.edp // ADD EFFECT OF STEADY FORCING IN NEWTON ITERATION
FreeFem++ newton.edp // compute new base-flow which takes into account forcing
FreeFem++ eigen.edp // computes new eigenvalue
vi eigshift.edp // ADD EVALUATION OF EIGENVALUE SHIFT BY GRADIENT
FreeFem++ eigshift.edp // compare eigenvalue shift given by gradient and finite
// differences
6/ Appendix
Operators:

N(W1;W2) = (ul V2 -(l)_ w2 Vul)' L= (:;A(()) VOO)’ B= ((1) 8)

Base-flow :
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%N(WOJWO) +Lwy =f
with:
(up=1,v9=0) only,
(ug =0,v9 =0) onTl,uy
(—ponx + v(nxaxuo + nyayuo) =0, —pony + v(nxaxvo + nyayvo) = 0) on [yt
(8yu0 =0,vy = 0) on [y
Direct global modes:
ABW + (N, + L)W =0,
with:

Q0 tty + DOy ug + gD + Vody Bk + 0, P — V(Dyyl + 0, 11)
(W, + L)W = | 00, + DOV + ugOsD + 190, D + 0, — V(0xx D + 0y, D)
—(02 + 0, D)

(t=0,7=0) onTj, and I}, 4;;
(—pny + v(ny 0y + nyyd,2) = 0, —pn,, + v(n, 0,0 4+ n,,0,0) = 0) on T,y
(Byﬁ =0,7 = 0) on [,
Adjoint global modes:
ABW + (N, + L)W =0
with:

— U0y tl — Vo 0yl + U0,uq + TOx Vg + 0P — V(0yll + 0y 1)
(Now, + L)W = | —ug0, ¥ — v90y, ¥ + Tdyug + T0,vg + yP — v(0xx T + 0y, D)
— (0,0 + 0, 7)

(it =0,7=0) onT;, and I}, 4;;

(—ﬁnx + vo,tin, + vo,lin, = —tiugn, — dvyn,, —pn, + vo,on, +va,on,,

= —Pugn, — ﬁvony) on [y



