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3a) Solution:
ow' +Ud,w + Wow' = —00,W — UOysrxW'
In linear form:
Ow' = —=Ud W' —N0yeW' — U0ysrxW' = LW
Normal modes:
= elnkx
Lw = Aw
A=—coco = —inkU + nn2k? — un*k*
Therefore, if n = n,:
o, = nm?k? — un*k*
w, = —inkU
0g=0,wy=0,w, =1
o, = 0,w; = —ikU,Ww; = ek
o, = un’k* — un*k* = un?k* (1 — n?) < 0 for all n>2
w, = —inkU
4a) The adjoint operator is defined as:
(W1, Lwy) = (Lwy, wy)

Lw = —U0,w — N0xxW — U0xxxxW



L L

f w1 (0 Lw, (X dx = f WD) (—Udwy — NBaewy — Hderews)dx

0 0

L
= f(_le(x)axWZ - UW1(x)axsz - .uwl(x)axxxxwz)dx
0

L
= f(U(’)xwlwz + no,,w 0,w, + ,uaxwlaxxxwz)dx
0

+ [_UW_1W2 - 77W_1axW2 - .UW_16xxxW2]3

L
= f(Uaxwlwz — N0y Wi Wp — .uaxxxxwlwz)dx
0

+ [_UW_1W2 — NW10x Wy — UW1Oxxx Wy + N0xW1 W, + [0, W10y W)

- - L
- .uaxxwlaxwz + .UaxxxW1W2]O
Hence:
L= U0xW — N0xxW — UOsxxxW

4b) Eigenvalue/eigenvector:

Normalization condition:

~ =

L
ww)y=1= ffe‘kxe”‘xdx =&=1
0

W= eikx
5a)

3 . RN
atW’ + UaxW’ + W,axW’ = _ncaxxW’ - 66axxW, - .uaxxxxwl + GEEeleHLQ’tf(x)

1 3
w' = U+ e2wi(t, T = et) + ewy(t,T) + €2w3 (L, T) + - +
2

1
Order ez:



ath + Uale = _ncaxxwl - /'Laxxxxwl
2 2 2 2

Order €:
0wy + UG,wy + Wy 20,Wy /5 = —1c0xx W1 — UOxxxxW1
3
Order €ez:
0Ws3/2 + 0;Wy 5 + U0, W3 5 + Wy j20,W1 + Wi0,Wy 7
= _ncaxxW% - ,uaxxxxW% - 6axxw% + Eel@etHOTf (x)
5b)
Wy, (x, 1) = A(D)e''w + c.c.
5¢0)
0wy + U0yWy + 1cO0xx W1 + t0xyxx W1 = —W%Oxw%
= —(Ae'@ctw + Ae~'@ctW)a, (Ae' @t + Ae~i@ctp)
— ik A2e2iwct p2ikX 4 1 A2 p-2iwct p—2ikx
Solution:

wy = A%e? @ty + cc
2iwcWag + UdyWag + NcOxyWag + U0y Wag = —ike® ™
Wy = (e2ikx
(2iw, + 2ikU — 4k2n, + 16k*1){ = —ik
(—4k?uk? + 16k*u){ = —ik

i
¢=- 12k3u
Comment on phase w;: no mean-flow
5d)

atW3/2 + UaxW3/2 - ncaxxW% - MaxxxxW%

= —0,W1 — 80, W1 — W10, Wy — Wy 0,w1 + Ee'@ctHTf ()
2 2 2 2



Resonant terms:
A L it it AT it T 5 diwfe i =
= —Ee“"ctw + 5k%Ae'®ctiv — Ae @t wAZ e et (2ik) Wy  — A% Oty Ae IOt (—ik)W
+ Eel@ctei®Tf(x) 4+ c.c.
Scalar-product with adjoint for solvability condition:
CdA
(W,—EW + 6k“AWw — A*AWw, ik + Ee¥ " f(x)) =0

dA - ; 2
= Sk2A — A2 A(W, Wiy )ik + Ee' (i, f(x))

(VT/, VXVWAA) — (eikx'e—ikxzezikx) =

dA — T/~ P
— = 6k?A — A*Alik + Ee' (W, f (x))

dt
a=k*>0
= (ik = ! = ! >0
p=a 1263 " 12k%u
y = (W, f(x))
We have a super-critical Hopf-bifurcation.
60)
;o s _ dac’ _ dB' _: i ;i _ . ' o o "2

7) C' = B'e '@ttt => =€ ot —jw B'e”tft = (iw, + a8 )Be~tort — pg'e~iort|p|" +

VE elote~iot _ iwgB'e™rt = (iw, + 0(6’)6" - ﬁCrlCrl2 +yE — iwC' = (—i + a6')C’ —
sC'|c | +vE

1
8a) Order e2:

atwl + Uaxwl = _ncaxxwl - .uaxxxxwl + Eeiwff(x)
2 2 2 2

Order €:

Ogwy + Udyw; + W1/zaxW1/2 = 1 OxxW1 — UOxxxx W1

3
Order ez:



0tWs3)3 + 0:Wy /5 + U0, W3 5 + Wy 0, W1 + Wi0xWy

= _ncaxxW§ - .uaxxxxwi - 6axxwl
2 2 2
8b) w1 = (A(T)ei“’ctv’l‘/(x) + c.c.) + (Eei“’ftWE(x) + c.c.)
2

With:
iwaE + U0, Wg + 1N 0xxWg + UOyxxxWg = f(x)

In the case:

f‘(x) — einkx'WE — Bneinkx

p 1
no la)f — ){n
8c)—wi10,, W1 =
2 2
_(Aela)ctelkx +Ae—1wcte—lkx +Eelwft9nemkx _|_Eelwftgne—mkx)ax(Aelwctelkx +
Ae—ia)cte—ikx + Eeiwfteneinkx +Eeiwft9_ne—inkx) — _ik(Aeiwcteikx +/Te—iwcte—ikx 1+
Eeiwfteneinkx + Ee—iwftae—inkx)(Aeiwcteikx _Ae—iwcte—ikx + Eneiwftgneinkx _
Ene—iwftae—inkx) — _ik(AZeZiwcteZikx + C.C) _ ik(EznGTeri“’fteZi"kx + C.C) _

ik(AEnG, e (@ctor)tein+kx 4 ¢ ) — ik (AENB,e'(@e—@)te=in-Dkx 4 ¢ )



9/

Lw,w,f) =1 —a){w,w}+ alw(),w()) + 1*{f,f}
—{W, 0w + wa,Ww + N0y W + UOxyxxW — [}

Variation with respect to the state:

_ (L(W + edw,w, f) — L(w, W, f))
lim
€-0 €
=1 -a){ow,w}+ (1 —a){w,éw}+ QLaw(T),ow(T))
—{W,0:6W + Wi, 6w + WO, W + N0, OW + [U0yyxxOW}
={2(1 —a)w + 0 W + 0, (WW) — WOW — N0yx W — UOxrxx W, OW}
+ (2aw(T), Sw(T))—(W(T), sw(T)) + (W (0), 5w(0))
+ [—WWoW — N, 6W — UW Dy OW + N0, WEW + U, WDy, OW — D, WD, SW

+ UOxxx WW]G =

={2(1 —a)w + 0, W + WO, W — N0y W — UOxxxxW, OW}

+ (2aw(T) — w(T), w(T))

+ (W (0), 6w (0))+[—WwEw — NWO,, W — UWDysr OW + N0, WOW + U, WDy, W
— U0y WO, 6W + #axxxW6W]6

The functions w, W and dw are periodic in x. Hence all boundary terms at x = 0 and x = L vanish.
Also, since w(t = 0) = wy, Sw(t = 0) = 0.
We choose: 2aw(T) — w(T) = 0 so as to kill the temporal boundary termatt = T.

Therefore:

o =2(1—a)w+ 0,W + wo,W — N0, W — U0 yyxx W

W(T) = 2aw(T)
Adjoint is defined as:
—0;W — WOLW + N0y W + U0syxW = 2(1 — @)W
W(T) = 2aw(T)

) (L(W, w,f +eb6f) — L(w, W,f))
lim =

e—0 €

202{f,8f} — (W, ~6f} = {202 + W, 8f)

Hence:

oL 2 -
ﬁ—Zlf'*—W



