
1/ 

2/ 

3a) Solution: 

𝜕𝑡𝑤′ + 𝑈𝜕𝑥𝑤′ + 𝑤′𝜕𝑥𝑤′ = −𝜂𝜕𝑥𝑥𝑤′ − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤′ 

In linear form: 

𝜕𝑡𝑤′ = −𝑈𝜕𝑥𝑤′ − 𝜂𝜕𝑥𝑥𝑤′ − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤′ = ℒ𝑤′ 

Normal modes: 

𝑤̂ = 𝑒𝑖𝑛𝑘𝑥  

ℒ𝑤̂ = 𝜆𝑤̂ 

𝜆𝑛=−∞⋯∞ = −𝑖𝑛𝑘𝑈 + 𝜂𝑛2𝑘2 − 𝜇𝑛4𝑘4 

Therefore, if 𝜂 = 𝜂𝑐: 

𝜎𝑛 =  𝜂𝑛2𝑘2 − 𝜇𝑛4𝑘4 

𝜔𝑛 = −𝑖𝑛𝑘𝑈 

𝜎0 = 0, 𝜔0 = 0, 𝑤̂0 = 1 

𝜎1 = 0, 𝜔1 = −𝑖𝑘𝑈, 𝑤̂1 = 𝑒𝑖𝑘𝑥  

𝜎𝑛 = 𝜇𝑛2𝑘4 − 𝜇𝑛4𝑘4 = 𝜇𝑛2𝑘4 (1 − 𝑛2) < 0 for all n≥2 

𝜔𝑛 = −𝑖𝑛𝑘𝑈 

4a) The adjoint operator is defined as: 

〈𝑤1, ℒ𝑤2〉 = 〈ℒ̃𝑤1, 𝑤2〉 

ℒ𝑤 = −𝑈𝜕𝑥𝑤 − 𝜂𝜕𝑥𝑥𝑤 − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤 



∫ 𝑤1(𝑥)̅̅ ̅̅ ̅̅ ̅̅ ℒ𝑤2(𝑥)𝑑𝑥

𝐿

0

= ∫ 𝑤1(𝑥)̅̅ ̅̅ ̅̅ ̅̅ (−𝑈𝜕𝑥𝑤2 − 𝜂𝜕𝑥𝑥𝑤2 − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤2)𝑑𝑥

𝐿

0

= ∫(−𝑈𝑤1(𝑥)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝑥𝑤2 − 𝜂𝑤1(𝑥)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝑥𝑥𝑤2 − 𝜇𝑤1(𝑥)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝑥𝑥𝑥𝑥𝑤2)𝑑𝑥

𝐿

0

= ∫(𝑈𝜕𝑥𝑤1
̅̅ ̅̅ ̅̅ ̅𝑤2 + 𝜂𝜕𝑥𝑤1

̅̅ ̅̅ ̅̅ ̅𝜕𝑥𝑤2 + 𝜇𝜕𝑥𝑤1
̅̅ ̅̅ ̅̅ ̅𝜕𝑥𝑥𝑥𝑤2)𝑑𝑥

𝐿

0

+ [−𝑈𝑤1̅̅̅̅ 𝑤2 − 𝜂𝑤1̅̅̅̅ 𝜕𝑥𝑤2 − 𝜇𝑤1̅̅̅̅ 𝜕𝑥𝑥𝑥𝑤2]0
𝐿

= ∫(𝑈𝜕𝑥𝑤1
̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤2 − 𝜂𝜕𝑥𝑥𝑤1

̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤2 − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤1
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑤2)𝑑𝑥

𝐿

0

+ [−𝑈𝑤1̅̅̅̅ 𝑤2 − 𝜂𝑤1̅̅̅̅ 𝜕𝑥𝑤2 − 𝜇𝑤1̅̅̅̅ 𝜕𝑥𝑥𝑥𝑤2 + 𝜂𝜕𝑥𝑤1
̅̅ ̅̅ ̅̅ ̅𝑤2 + 𝜇𝜕𝑥𝑤1

̅̅ ̅̅ ̅̅ ̅𝜕𝑥𝑥𝑤2

− 𝜇𝜕𝑥𝑥𝑤1
̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝑥𝑤2 + 𝜇𝜕𝑥𝑥𝑥𝑤1

̅̅ ̅̅ ̅̅ ̅̅ ̅𝑤2]
0

𝐿
 

Hence:  

ℒ̃ =  𝑈𝜕𝑥𝑤 − 𝜂𝜕𝑥𝑥𝑤 − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤 

4b) Eigenvalue/eigenvector: 

𝑤̃ = 𝜉𝑒𝑖𝑘𝑥 

ℒ̃𝑤̃ = 𝜆𝑤̃ 

𝑈𝑖𝑘 + 𝜂𝑘2 − 𝜇𝑘4 = 𝜆 

Normalization condition: 

〈𝑤̃, 𝑤̂〉 = 1 ⟹
1

𝐿
∫ 𝜉𝑒𝑖𝑘𝑥̅̅ ̅̅ ̅̅ ̅𝑒𝑖𝑘𝑥𝑑𝑥

𝐿

0

= 𝜉̅ = 1 

𝑤̃ = 𝑒𝑖𝑘𝑥 

5a)  

𝜕𝑡𝑤′ + 𝑈𝜕𝑥𝑤′ + 𝑤′𝜕𝑥𝑤′ = −𝜂𝑐𝜕𝑥𝑥𝑤′ − 𝜖𝛿𝜕𝑥𝑥𝑤′ − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤′ + 𝜖
3
2𝐸𝑒𝑖𝜔0𝑡+𝑖Ω′t𝑓(𝑥) 

𝑤′ = 𝑈 + 𝜖
1
2𝑤1

2
(𝑡, 𝜏 = 𝜖𝑡) + 𝜖𝑤1(𝑡, 𝜏) + 𝜖

3
2𝑤3/2(𝑡, 𝜏) + ⋯ + 

Order 𝜖
1

2: 



𝜕𝑡𝑤1
2

+ 𝑈𝜕𝑥𝑤1
2

= −𝜂𝑐𝜕𝑥𝑥𝑤1
2

− 𝜇𝜕𝑥𝑥𝑥𝑥𝑤1
2

 

Order 𝜖: 

𝜕𝑡𝑤1 + 𝑈𝜕𝑥𝑤1 + 𝑤1/2𝜕𝑥𝑤1/2 = −𝜂𝑐𝜕𝑥𝑥𝑤1 − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤1 

Order 𝜖
3

2: 

𝜕𝑡𝑤3/2 + 𝜕𝜏𝑤1/2 + 𝑈𝜕𝑥𝑤3/2 + 𝑤1/2𝜕𝑥𝑤1 + 𝑤1𝜕𝑥𝑤1/2

= −𝜂𝑐𝜕𝑥𝑥𝑤3
2

− 𝜇𝜕𝑥𝑥𝑥𝑥𝑤3
2

− 𝛿𝜕𝑥𝑥𝑤1
2

+ 𝐸𝑒𝑖𝜔𝑐𝑡+𝑖Ωτ𝑓(𝑥) 

5b) 

𝑤1/2(𝑥, 𝑡) = 𝐴(𝜏)𝑒𝑖𝜔𝑐𝑡𝑤̂ + 𝑐. 𝑐. 

5c) 

𝜕𝑡𝑤1 + 𝑈𝜕𝑥𝑤1 + 𝜂𝑐𝜕𝑥𝑥𝑤1 + 𝜇𝜕𝑥𝑥𝑥𝑥𝑤1 = −𝑤1
2

𝜕𝑥𝑤1
2

= −(𝐴𝑒𝑖𝜔𝑐𝑡𝑤̂ + 𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑤̅̂)𝜕𝑥(𝐴𝑒𝑖𝜔𝑐𝑡𝑤̂ + 𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑤̅̂) 

= −𝑖𝑘𝐴2𝑒2𝑖𝜔𝑐𝑡𝑒2𝑖𝑘𝑥 + 𝑖𝑘𝐴̅2𝑒−2𝑖𝜔𝑐𝑡𝑒−2𝑖𝑘𝑥 

Solution: 

𝑤1 = 𝐴2𝑒2𝑖𝜔𝑐𝑡𝑤̂𝐴𝐴 + 𝑐𝑐 

2𝑖𝜔𝑐𝑤̂𝐴𝐴 + 𝑈𝜕𝑥𝑤̂𝐴𝐴 + 𝜂𝑐𝜕𝑥𝑥𝑤̂𝐴𝐴 + 𝜇𝜕𝑥𝑥𝑥𝑥𝑤̂𝐴𝐴 = −𝑖𝑘𝑒2𝑖𝑘𝑥 

𝑤̂𝐴𝐴 = 𝜁𝑒2𝑖𝑘𝑥 

(2𝑖𝜔𝑐 + 2𝑖𝑘𝑈 − 4𝑘2𝜂𝑐 + 16𝑘4𝜇)𝜁 = −𝑖𝑘 

(−4𝑘2𝜇𝑘2 + 16𝑘4𝜇)𝜁 = −𝑖𝑘 

𝜁 = −
𝑖

12𝑘3𝜇
 

Comment on phase 𝑤1: no mean-flow  

5d) 

𝜕𝑡𝑤3/2 + 𝑈𝜕𝑥𝑤3/2 − 𝜂𝑐𝜕𝑥𝑥𝑤3
2

− 𝜇𝜕𝑥𝑥𝑥𝑥𝑤3
2

= −𝜕𝜏𝑤1
2

− 𝛿𝜕𝑥𝑥𝑤1
2

− 𝑤1
2

𝜕𝑥𝑤1 − 𝑤1𝜕𝑥𝑤1
2

+ 𝐸𝑒𝑖𝜔𝑐𝑡+𝑖Ωτ𝑓(𝑥) 



Resonant terms: 

= −
𝑑𝐴

𝑑𝜏
𝑒𝑖𝜔𝑐𝑡𝑤̂ + 𝛿𝑘2𝐴𝑒𝑖𝜔𝑐𝑡𝑤̂ − 𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑤̅̂𝐴2𝑒2𝑖𝜔𝑐𝑡(2𝑖𝑘)𝑤̂𝐴𝐴 − 𝐴2𝑒2𝑖𝜔𝑐𝑡𝑤̂𝐴𝐴 𝐴̅𝑒−𝑖𝜔𝑐𝑡(−𝑖𝑘)𝑤̅̂

+ 𝐸𝑒𝑖𝜔𝑐𝑡𝑒𝑖Ωτ𝑓(𝑥) + 𝑐. 𝑐. 

Scalar-product with adjoint for solvability condition: 

〈𝑤̃, −
𝑑𝐴

𝑑𝜏
𝑤̂ + 𝛿𝑘2𝐴𝑤̂ − 𝐴2𝐴̅𝑤̅̂𝑤̂𝐴𝐴𝑖𝑘 + 𝐸𝑒𝑖Ωτ𝑓(𝑥)〉 = 0 

𝑑𝐴

𝑑𝜏
= 𝛿𝑘2𝐴 − 𝐴2𝐴̅〈𝑤̃, 𝑤̅̂𝑤̂𝐴𝐴〉𝑖𝑘 + 𝐸𝑒𝑖Ωτ〈𝑤̃, 𝑓(𝑥)〉 

〈𝑤̃, 𝑤̅̂𝑤̂𝐴𝐴〉 = 〈𝑒𝑖𝑘𝑥 , 𝑒−𝑖𝑘𝑥𝜁𝑒2𝑖𝑘𝑥〉 = 𝜁 

𝑑𝐴

𝑑𝜏
= 𝛿𝑘2𝐴 − 𝐴2𝐴̅𝜁𝑖𝑘 + 𝐸𝑒𝑖Ωτ〈𝑤̃, 𝑓(𝑥)〉 

𝛼 = 𝑘2 > 0 

𝛽 = 𝜁𝑖𝑘 = −
𝑖

12𝑘3𝜇
𝑖𝑘 =

1

12𝑘2𝜇
> 0 

𝛾 = 〈𝑤̃, 𝑓(𝑥)〉 

We have a super-critical Hopf-bifurcation. 

6c)  

7) 𝐶′ = 𝐵′𝑒−𝑖ωf𝑡 =>
𝑑𝐶′

𝑑𝑡
=

𝑑𝐵′

𝑑𝑡
𝑒−𝑖ωf𝑡 − 𝑖𝜔𝑓𝐵′𝑒−𝑖ωf𝑡 =  (𝑖𝜔𝑐 + α𝛿′)𝐵′𝑒−𝑖ωf𝑡 − 𝛽𝐵′𝑒−𝑖ωf𝑡|𝐵′|

2
+

𝛾𝐸′𝑒iωf𝑡𝑒−𝑖ωf𝑡 − 𝑖𝜔𝑓𝐵′𝑒−𝑖ωf𝑡 = (𝑖𝜔𝑐 + α𝛿′)𝐶′ − 𝛽𝐶′|𝐶′|
2

+ 𝛾𝐸′ − 𝑖𝜔𝑓𝐶′ = (−𝑖Ω′ + α𝛿′)𝐶′ −

𝛽𝐶′|𝐶′|
2

+ 𝛾𝐸′ 

 

8a) Order 𝜖
1

2: 

𝜕𝑡𝑤1
2

+ 𝑈𝜕𝑥𝑤1
2

= −𝜂𝑐𝜕𝑥𝑥𝑤1
2

− 𝜇𝜕𝑥𝑥𝑥𝑥𝑤1
2

+ 𝐸𝑒𝑖𝜔𝑓𝑓(𝑥) 

Order 𝜖: 

𝜕𝑡𝑤1 + 𝑈𝜕𝑥𝑤1 + 𝑤1/2𝜕𝑥𝑤1/2 = −𝜂𝑐𝜕𝑥𝑥𝑤1 − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤1 

Order 𝜖
3

2: 



𝜕𝑡𝑤3/2 + 𝜕𝜏𝑤1/2 + 𝑈𝜕𝑥𝑤3/2 + 𝑤1/2𝜕𝑥𝑤1 + 𝑤1𝜕𝑥𝑤1/2 

= −𝜂𝑐𝜕𝑥𝑥𝑤3
2

− 𝜇𝜕𝑥𝑥𝑥𝑥𝑤3
2

− 𝛿𝜕𝑥𝑥𝑤1
2
 

8b) 𝑤1

2

= (𝐴(𝜏)𝑒𝑖𝜔𝑐𝑡𝑤̂(𝑥) + c.c.) + (𝐸𝑒𝑖𝜔𝑓𝑡𝑤̂𝐸(𝑥) + c.c.) 

With: 

𝑖𝜔𝑓𝑤̂𝐸 + 𝑈𝜕𝑥𝑤̂𝐸 + 𝜂𝑐𝜕𝑥𝑥𝑤̂𝐸 + 𝜇𝜕𝑥𝑥𝑥𝑥𝑤̂𝐸 = 𝑓(𝑥) 

In the case: 

𝑓(𝑥) = 𝑒𝑖𝑛𝑘𝑥 , 𝑤̂𝐸 = 𝜃𝑛𝑒𝑖𝑛𝑘𝑥 

𝜃𝑛 =
1

𝑖𝜔𝑓 − 𝜆𝑛
 

8c)−𝑤1

2

𝜕𝑥𝑤1

2

=

−(𝐴𝑒𝑖𝜔𝑐𝑡𝑒𝑖𝑘𝑥 + 𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑒−𝑖𝑘𝑥 + 𝐸𝑒𝑖𝜔𝑓𝑡𝜃𝑛𝑒𝑖𝑛𝑘𝑥 + 𝐸𝑒𝑖𝜔𝑓𝑡𝜃𝑛
̅̅ ̅𝑒−𝑖𝑛𝑘𝑥)𝜕𝑥(𝐴𝑒𝑖𝜔𝑐𝑡𝑒𝑖𝑘𝑥 +

𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑒−𝑖𝑘𝑥 + 𝐸𝑒𝑖𝜔𝑓𝑡𝜃𝑛𝑒𝑖𝑛𝑘𝑥 + 𝐸𝑒𝑖𝜔𝑓𝑡𝜃𝑛
̅̅ ̅𝑒−𝑖𝑛𝑘𝑥) = −𝑖𝑘(𝐴𝑒𝑖𝜔𝑐𝑡𝑒𝑖𝑘𝑥 + 𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑒−𝑖𝑘𝑥 +

𝐸𝑒𝑖𝜔𝑓𝑡𝜃𝑛𝑒𝑖𝑛𝑘𝑥 + 𝐸𝑒−𝑖𝜔𝑓𝑡𝜃𝑛
̅̅ ̅𝑒−𝑖𝑛𝑘𝑥)(𝐴𝑒𝑖𝜔𝑐𝑡𝑒𝑖𝑘𝑥 − 𝐴̅𝑒−𝑖𝜔𝑐𝑡𝑒−𝑖𝑘𝑥 + 𝐸𝑛𝑒𝑖𝜔𝑓𝑡𝜃𝑛𝑒𝑖𝑛𝑘𝑥 −

𝐸𝑛𝑒−𝑖𝜔𝑓𝑡𝜃𝑛
̅̅ ̅𝑒−𝑖𝑛𝑘𝑥) = −𝑖𝑘(𝐴2𝑒2𝑖𝜔𝑐𝑡𝑒2𝑖𝑘𝑥 + c.c) − 𝑖𝑘(𝐸2𝑛𝜃𝑛

2𝑒2𝑖𝜔𝑓𝑡𝑒2𝑖𝑛𝑘𝑥 + c.c) −

𝑖𝑘(𝐴𝐸𝑛𝜃𝑛𝑒𝑖(𝜔𝑐+𝜔𝑓)𝑡𝑒𝑖(𝑛+1)𝑘𝑥 + c.c.) − 𝑖𝑘(𝐴𝐸𝑛𝜃𝑛
̅̅ ̅𝑒𝑖(𝜔𝑐−𝜔𝑓)𝑡𝑒−𝑖(𝑛−1)𝑘𝑥 + c.c.) 

 

  



9/ 

ℒ(𝑤, 𝑤̃, 𝑓) = (1 − 𝛼){𝑤, 𝑤} + 𝛼〈𝑤(𝑇), 𝑤(𝑇)〉 + 𝑙2{𝑓, 𝑓}

− {𝑤̃, 𝜕𝑡𝑤 + 𝑤𝜕𝑥𝑤 + 𝜂𝜕𝑥𝑥𝑤 + 𝜇𝜕𝑥𝑥𝑥𝑥𝑤 − 𝑓} 

Variation with respect to the state: 

lim
𝜖→0

(ℒ(𝑤 + 𝜖𝛿𝑤, 𝑤̃, 𝑓) − ℒ(𝑤, 𝑤̃, 𝑓))

𝜖
= (1 − 𝛼){𝛿𝑤, 𝑤} + (1 − 𝛼){𝑤, 𝛿𝑤} + 〈2𝛼𝑤(𝑇), 𝛿𝑤(𝑇)〉

− {𝑤̃, 𝜕𝑡𝛿𝑤 + 𝑤𝜕𝑥𝛿𝑤 + 𝛿𝑤𝜕𝑥𝑤 + 𝜂𝜕𝑥𝑥𝛿𝑤 + 𝜇𝜕𝑥𝑥𝑥𝑥𝛿𝑤}

= {2(1 − 𝛼)𝑤 + 𝜕𝑡𝑤̃ + 𝜕𝑥(𝑤̃𝑤) − 𝑤̃𝜕𝑥𝑤 − 𝜂𝜕𝑥𝑥𝑤̃ − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤̃, 𝛿𝑤}

+ 〈2𝛼𝑤(𝑇), 𝛿𝑤(𝑇)〉−〈𝑤̃(𝑇), 𝛿𝑤(𝑇)〉 + 〈𝑤̃(0), 𝛿𝑤(0)〉

+ [−𝑤̃𝑤𝛿𝑤 − 𝜂𝑤̃𝜕𝑥𝛿𝑤 − 𝜇𝑤̃𝜕𝑥𝑥𝑥𝛿𝑤 + 𝜂𝜕𝑥𝑤̃𝛿𝑤 + 𝜇𝜕𝑥𝑤̃𝜕𝑥𝑥𝛿𝑤 − 𝜇𝜕𝑥𝑥𝑤̃𝜕𝑥𝛿𝑤

+ 𝜇𝜕𝑥𝑥𝑥𝑤̃𝛿𝑤]0
𝐿 =

= {2(1 − 𝛼)𝑤 + 𝜕𝑡𝑤̃ + 𝑤𝜕𝑥𝑤̃ − 𝜂𝜕𝑥𝑥𝑤̃ − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤̃, 𝛿𝑤}

+ 〈2𝛼𝑤(𝑇) − 𝑤̃(𝑇), 𝛿𝑤(𝑇)〉

+ 〈𝑤̃(0), 𝛿𝑤(0)〉+[−𝑤̃𝑤𝛿𝑤 − 𝜂𝑤̃𝜕𝑥𝛿𝑤 − 𝜇𝑤̃𝜕𝑥𝑥𝑥𝛿𝑤 + 𝜂𝜕𝑥𝑤̃𝛿𝑤 + 𝜇𝜕𝑥𝑤̃𝜕𝑥𝑥𝛿𝑤

− 𝜇𝜕𝑥𝑥𝑤̃𝜕𝑥𝛿𝑤 + 𝜇𝜕𝑥𝑥𝑥𝑤̃𝛿𝑤]0
𝐿 

The functions 𝑤, 𝑤̃ and 𝛿𝑤 are periodic in 𝑥. Hence all boundary terms at 𝑥 = 0 and 𝑥 = 𝐿 vanish. 

Also, since 𝑤(𝑡 = 0) = 𝑤𝐼, 𝛿𝑤(𝑡 = 0) = 0.  

We choose: 2𝛼𝑤(𝑇) − 𝑤̃(𝑇) = 0 so as to kill the temporal boundary term at 𝑡 = 𝑇.  

Therefore: 

𝜕ℒ

𝜕𝑤
= 2(1 − 𝛼)𝑤 + 𝜕𝑡𝑤̃ + 𝑤𝜕𝑥𝑤̃ − 𝜂𝜕𝑥𝑥𝑤̃ − 𝜇𝜕𝑥𝑥𝑥𝑥𝑤̃ 

𝑤̃(𝑇) = 2𝛼𝑤(𝑇) 

Adjoint is defined as: 

−𝜕𝑡𝑤̃ − 𝑤𝜕𝑥𝑤̃ + 𝜂𝜕𝑥𝑥𝑤̃ + 𝜇𝜕𝑥𝑥𝑥𝑥𝑤̃ = 2(1 − 𝛼)𝑤 

𝑤̃(𝑇) = 2𝛼𝑤(𝑇) 

lim
𝜖→0

(ℒ(𝑤, 𝑤̃, 𝑓 + 𝜖𝛿𝑓) − ℒ(𝑤, 𝑤̃, 𝑓))

𝜖
= 2𝑙2{𝑓, 𝛿𝑓} − {𝑤̃, −𝛿𝑓} = {2𝑙2𝑓 + 𝑤̃, 𝛿𝑓} 

Hence: 

𝜕ℒ

𝜕𝑓
= 2𝑙2𝑓 + 𝑤̃ 


