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Eigenvalue sensitivity

1
Bd:w+ EN(W, w)+Lw=f

Incompressible Navier-Stokes equations for:

v= ()=
= 0

u - Vu, +u, - Vu
N(W1,W2):( ! 20 2 1)

=57 0)



Base-flow

w(t) = wy + ewq(t) + -

Order €Y:

1
EN(WO;WO) + Lwy = f

Non-linear equilibrium point:



Global mode

Order €:
Bow;y + Ny wi + Lwy =0

We look for w; under the form:

wy = eMW + c.c

This leads to the following eigenproblem:
ABW + Ny, ;W + Lw =0



Open-loop control problem

Let us consider a situation where there is one unstable global mode: for
example, cylinder flow at Re = 100.
Without control: the base-flow wy and the global mode w are determined by:

1
EN(WO,WO) + Lwy =0

ABW + Ny, ;W + Lw = 0
Here 0 = Re(1) > 0. We would like to stabilize this flow (g < 0).

With steady forcing f (think of a control cylinder):

1
EN(WO;WO) + Lwy = f
ABW + N, @ + L = 0

= 1 = A(wp) = A(wo () = A(f)

Control problem: find smallest f which achieves stabilization: a(f) < 0.
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Gradient-based method

First order Taylor expansion:

g
5/1=Z—;5f =< VA, 8f > a(f)\

Amplification rate: 60 =< Vo, 6f > with Vo = Re(VfA)

o N
Steepest ascent: 6f = e€Vro = 6o = €||Vro
f =€y Vo] Veo
2 g
Steepest descent: 6f = —€eVro = 00 = —e|||7f0|| apatoble |
" stable
lterative technique (idea similar to Newton method):
2
=>¢ > (0 chosen so that 60 = —0: —0 = —e||\7fa|| =€ = ”VG “2
fO'
=> Steady forcing update: §f = — 2 zVeo
l7soll
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Computation of gradient

How to compute V/fA ?
* Finite differences: < VfA4,6f > = lim A=A fully

€—0 €
determine V¢4, evaluate derivative for all degrees of freedom of

f.Method only tractable if f displays a small number of dofs.

* When f displays a large number of dofs => Lagrangian
formulation
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Example

1
State : w = w(x) Control : f = f(x) (a,b) = j abdx
0

Flw,f) =wo,w —aw —vo,,,w — f,G(w) = {w(0) — 1,0,w(1) — 0}

F(w + edw, f + €5f)
=Fw, f) + e (6wd,w + wo, 6w — adw — v0,,6w) + € (—6f)
oF| oF
W ow a7
w.f)

of

afwa)
S(w, £) = fy (W —wo) 2+ 12f2)dx

1 1

I(w+edw, f +€e6f) =3I(w, f) + ej 2(w — wy)dwdx + ef 212f5fdx
0 0

97 Sw> < s>
Flew,f

<22
oWl f)
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Lagrangian formulation: general form

Theorem: Let us introduce the following function (called the Langrangian):

Llw, f,w) =3, f) — (W, F(w, f))
with W being a Lagrange multiplier or adjoint state to be defined. Here
(w, f, W) are considered as independent variables forL.

Then, denoting 6 the adjoint of a linear operator with respect to <-,->:
0L

— _F
O W, f)
oL 03 oF\ _
= ——|W
ow Jdw ow

—

oL 93 (0F\ _
af‘@f‘(#”’




Lagrangian formulation: general form

Theorem (continued):

If (w,f,w) aresuchthat—— 0 an d— 0,
then:

F(w,f)=0
‘OF 03
<6W> v ow
dS aL 93 [OF)\ _
af ~ of af‘(ﬁ)”’
The first equation means that w and f satisfy the governing equation.
The second equation defines the adjoint state w as a function of w and f.

The last equation determines the gradient of the objective functional as a
function of w.




Lagrangian formulation: general form

LEE

<az: > LW+ e8w, f, W) — L(w, f, W)
ow

Lw+edbw, f +ebf,w+ edw)

<aL
ow) +

=L(w, f,W) +¢€ p

P lim

-0 &E
<0L > L(W, f+esf,w) —Lw, f, W)
—,8f
ou’ s—>0 £
<aL > o L(w,u, W+ e6W) — L(w, f, W)
ow

lim
ow’ -0 £




Lagrangian formulation: general form

Lagrangian:

L(eriw) — S(W,f) _ (W,F(W,f))

Variation with respect to adjoint state :
. Lw,f,w+ edw) — L(w, f,W)
im

-0 &E

_ o SO0 f) = (W + 0%, F(w, £)) = S, f) + (W, F(w, /)
£-0 &

= (6w, —F(w, f))



Lagrangian formulation: general form

Lagrangian:
L(W,f,W) — S(W;f) - (W;F(er)>

Variation with respect to state :

Lw+ &bw, f,w) — L(w, f,W)

lim
-0

_ lims(ﬁ} + &dw, f) — (W, F(w + &éw, )) — 3w, f) + (W, F(w, ))
-0 )

03 oF 03 oF

= <%,5W <W %5W> <6W 6W> <<0W>W ow
03 [9F\ _

- <6W B <0W> W 5W>

Hence: 9L_ 03 _ (a—F)vT/
ow Jow ow




Lagrangian formulation: general form
Lagrangian:

L(w, f,w) =3, [f)—(W,Fw,f))
Variation with respect to control :

 L(w, f+e8f, W) — L(w, f,W)
lln(l)
&>

_ th(iV;f + €6f) — <W, F(W,f + 85f)) — S(W,f) + (W,F(W,f))
e—-0 c —

ot

of’ of of’
oL _ 93 (aF) ~

_[33_(oF\ _
- (a7~ (57) o1
Hence: — = —

af of



Lagrangian formulation: general form

() = 3IW), ) = LWL £, W) + (W), Fw(f), )
with w(f) and w(f) defined from gz: -%% _o

ow

d3(f) d3w(f),f)
df df

0 0
B 52 dw +6£ 612 dw
\ow’df|  of  \ow’ df

df’ owdf —odf| of

0

i PO f)> ; <W(f) oo > -
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Example

1
State : w = w(x) Control : f = f(x) (a,b) = j abdx
0

Flw,f) =wo,w —aw —vo,,,w — f,G(w) = {w(0) — 1,0,w(1) — 0}

F(w + edw, f + €5f)
=Fw, f) + e (6wd,w + wo, 6w — adw — v0,,6w) + € (—6f)
oF| oF
W ow a7
w.f)

of

afwa)
S(w, £) = fy (W —wo) 2+ 12f2)dx

1 1

I(w+edw, f +€e6f) =3I(w, f) + ej 2(w — wy)dwdx + ef 212f5fdx
0 0

97 Sw> < s>
Flew,f

<22
oWl f)
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Example

Lagrangian:

L(W,f,W) — S(W'f) - (W»F(er)>

Variation with respect to state :
0L IR _ 0F

<—, 0w >= %,5W> — <W,ﬁ5w>

ow
1 1
= j [2(w — wy) — Wd,.w + aW]owdx —f w(wao,ow — v, ow)dx
0 0

(%)



Example

1
(x) = —[Wwwéw —viwd, dwl + | (0,(ww)éw — vo,Wo, éw)dx
0
0

=—[Wwéw — vivd,w]} + ! 9, (ww)éwdx — [vo,wow]} + 1v0xxv’176wdx
0" Jo 0

To kill boundary integral:[Wwéw — vivd,. 6w + vd, wéw]§=0

w(0) = 1,6w(0) = 0,3,.6w # 0 = Ww(0) = 0
d,w(l) =0,0,6w(1) =0,6w(l) #0=>vo,w(1l) + w(w(1) =0

Hence:

oL _ _ _
— =2(w —wy) + wo, W + aW + vd,, W

ow
w(0)=0
v, w(l) + w(w(1) =0



Example

Lagrangian:

Llw, f,w) =3I, ) — (W, F(w, [))
Variation with respect to control:

~ 1
<% Sf >= Z—}S,5f>—<w,g—i5f>=fo(212f+\’/17)6fdx

of '

9L 512 ~
Hence: af—Zl f+w



Example

Conclusion:
0L
P 0=>wi,w—aw —vi,w—f =0w(0)=1,0w(l)=0
or —WO,,W — aW — VO, W = 2(W — W)
ow
—vd,,w(1) —w()w() =0
Gradient:

s oL



The Ginzburg-Landau eq. (cont’d)

7/ Open-loop control that modifies the stability characteristics of the flow u(x).

We consider an open-loop control that achieves a modification of u(x). The
eigenvalue A of the most unstable global mode is a function of u(x).

Compute 7,A(x), such that 62 = (V,4, 6u) = f_Jr:)o 7 A(x) Su(x)dx

Where should the open-loop control modify u(x) so as to achieve the strongest
eigenvalue-shift?



The Ginzburg-Landau eq. (cont’d)

State:

[w, 1]
Control:

U
Constraint:
AW+ Lw =0

Objective:

A(p)

Variation: 64 = (VH/L Gu). Vﬂ/l ?



The Ginzburg-Landau eq. (cont’d)
Lagrangian:
LW, A], [W], [u]) = A — (W, AW + L)
Variation with respect to the state => definition of adjoint:

limll([vT/ + €W, A + €0A], [W], [u]) — L([w, A], [W], [u])

-0 E

= 64 — (W, SAW + A86W + LEW)
= SA(1 — (W, W)) — (W, 16w + LEW)
= 6A(1 — (W, w)) — (AW + Liw, 5w)

_ (9% ismoea
=317, 27° oW oA

0L
alw, 1]

= [AW + Lw, 1 — (W, W)]



The Ginzburg-Landau eq. (cont’d)

Lagrangian:
L([w, 2], W], [p]) = 2 — (W, AW + L)

Variation with respect to control:

So that:



The Ginzburg-Landau eq. (cont’d)

Conclusion:
The gradient of A(u) is given by
A =ww
where:
AW+ Lw =0
1—(w,w) =0
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Sensitivity to base-flow modifications

State:
[w, 1]
Control:
Wo
Constraint:
ABW + NWOW +Lw =0
Obijective:

A(wy)
Scalar-product <> for definition of gradient 64 =< I}, 4, 6wy >:

< Wy, Wy, > = ﬂ(u{uz + viv, + pipy)dxdy



Sensitivity to base-flow modifications

Lagrangian:

L(w, 2], [W], [we]) = 2 — (W, ABW + N, W + L)

Scalar-product for state:
< [Wl,;{l], [Wz,;{z] > =< W1, Wy > +/1>;.AZ

Scalar-product for adjoint-state:

< wy,w, >
Scalar-product for control:

< W, Wy >



Sensitivity to base-flow modifications
Lagrangian:
L[, 2], W], [wo]) = 2 — (W, ABW + N, W + L)
Variation with respect to the state => definition of adjoint:

limz:([w + €6, A + €64], [W], [wo]) — L([W, 4], [W], [wo])
-0 &

= 64 —< W,6ABW + ABSW + NV, 6w + LEW >
= 6A(1 =< W,BWw >) —< W,ABSW + IV, 6w + LEW >

= 6A(1 —< W, B >) —< 1*BW + N, W + LW, 5w >

,[6w, 6A] >

= <3

= [1*BW + N, W + Lw, 1 —< W, B >]

%2



Sensitivity to base-flow modifications

Lagrangian:
L(w, 2], [W], [we]) = 2 — (W, ABW + N, W + LD)

Variation with respect to control:

lim L([W, /1]7 [W], [WO + E5WO]) - L([W, A], [W], [WO])

-0 &

= —(W, IV (wo, W)) = —(W, Nip.6wo) = —(Nop i, Sw)

=< oL o) >
B aWO’ Yo

So that:
0L B

Ny
aWO w



Sensitivity to base-flow modifications

Conclusion:

The gradient of A(w,) is given by
Vwo/l = — ~Ww
where:
A*BW + Ny, W + LW = 0
1—<w,Bw>=0



Sensitivity to base-flow modifications

Let (1, W) be an eigenvalue/eigenvector :
ABW + N, W+ Lw = 0
A is a function of wy. The gradient of the function A(wy) such that 64 =<V}, 4, w, > is

given by:
Vw A= —ﬁww

0
with
A*BW + N, W + L = 0
and the normalization condition:
<w,Bw>=1
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Sensitivity to base-flow modifications

Fig. 10 Flow around a cylinder at Re=47 and sensitivities associated with a modification of the
base-flow. (a) Sensitivity of the amplification rate. (b) Sensitivity of the frequency. Adapted from Ref.
[135].

Sipp et al. AMR 2010
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Sensitivity to steady forcing

State:
(W, W, 1]
Control:

f

Constraints:

2

1
=N (wo,wp) + Lwy = f
ABW + Ny, @ + L = 0

Obijective:
A(f) = Awo(f))
Scalar-product for definition of gradient 64 =< Vz4,6f >:

< Wy, Wy > = j (uiuz + viv, + pip2)dxdy



Sensitivity to steady forcing

Lagrangian:
L([WOJ Wr A]r [Wor W]: [f])

1
= — <[W0,W], [EN(W(), Wo) + LWO — f, ABWwW + NWOW + LW]

1
=A— <W0,§N(W0, Wo) + LWO - f> - (W,A‘BW + NWOW + LW)

Scalar product for state:
< [Wl, Wl' Al]' [Wz,WZ,Az] > =< W1, Wy >+< Wl,WZ > +/1§/12
Scalar product for adjoint state:

< [Wl,Wl ], [WZIWZ ] >=< W1, W5 >+< Wl,WZ >



Sensitivity to steady forcing

Lagrangian:
L([WOJ W! A]r [WOr W]» [f])

1
=1— WO,EN(WO, wo) + Lwg — f> — (W, ABW + I, W + L)

Variation with respect to the state => definition of adjoint

limL([WO + €0wg, W + €6, A + €64], [Wo, W], [f]) — L([wo, W, 4], [Wo, W], [f])

-0 &

= 0N — (Wo, N(Wo, 5W0) + £5W0>
— (W, SABW + ABSW + N (Swy, W) + N (wo, 5W) + LEW)

= (1 —< W, BW >)84 — (Wo, Ny, 6wy + LEW,) — (W, ABEW + Ny 6wy + N;,, W + LEW)
= (1 —< W, BW >)61 — ((Nyy, + L)Wy +NpW, 8wy) — ((A*B + N, + L)W, 5W)

. (6w, 5, 6] >
=S Bwg, w, 4] O O




Sensitivity to steady forcing

WAl | Now, Wo + LWy + NopW, 1*BW + N, W + LW, 1 —< W, B >|



Sensitivity to steady forcing

Lagrangian:
L([WOJ W} A]: [WOr W]r [f])

1
=1- WO,EN(WO, wo) + Lwy — f> — (W, ABW + N, W + L)

Variation with respect to the control:

L([WO,W, /1]; [WO; W]; [f + Edf]) - L([Wo, W} A]r [WOrW]r [f])

lim
£—0 &
— _<W01 _5f>
=< oL of >
= af' f
0L

~

of



Sensitivity to steady forcing

Conclusion:
The gradient of A(f) is given by
Ved = Wyq
where:
Now,Wo + LWy = —NgpW
A*BW + Ny, W + Lw =0
1—-<w,Bw>=0



Sensitivity to steady forcing

Let f be a steady forcing acting on the base-flow:
1
EN(WO,WO) +Lwy = f
Let (1, W) be an eigenvalue/eigenvector:
ABW + N, W+ Lw = 0
The base-flow wy is a function of f while A is a function of wy. The gradient of the function
A(f) = A(wy(f)), defined such that 64 =< V¢ A, 6f >, is given by:
Vf/’l = WO
where:
Now,Wo + LWy = —Np W
ABW + Ny, W + LW =0
and the normalization condition < w, Bw >= 1.
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Cylinder flow

Fig. 12 Flow around a cylinder at Re=47 and sensitivities associated with a steady forcing of the
base-flow. (a) Sensitivity of the amplification rate. (b) Sensitivity of the frequency. Adapted from Ref.
[135].

Sipp et al. AMR 2010
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Cylinder flow: control maps

Control cylinder modeled by pure drag force: §f = (—uo)

0
Eigenvalue shift: 61 =< |7f/1, Of >=< Vf/l, (—8‘0) >

o0 + idw =< Vfa,( (’l)lo) > —i < Vrw, (_(1)10) >

Fig. 13 Flow around a cylinder at Re=47. (a) Variation of the amplification rate with respect to the
placement of a control cylinder of infinitesimal size located at the current point. (b) Associated
variation of the frequency. Adapted from Ref. [135].

Sipp et al. AMR 2010
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Cylinder: control maps

Theory

Experiment
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