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DNS simulation of
cylinder flow at Re=100

Unforced simulation (Ql)

1
Bo.w+ EN(W, w)+Lw =0

How does the system respond to harmonic forcing?

1 o
Bd.w+ EN(W' w) + Lw = Ee!“ff + c.c

Influence of wy, f, E?
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The Van der Pol Oscillator:
a model problem

ODE (similar to Navier-Stokes)
w'” + wiw = 2 éw’ —w?w' ek 1,6 =0(1)
€d
w(0) =w,w' (0)=0
Fixed point: w = 0
Stability of fixed point: |w| < 1
w' + wiw = 2e6w’
Global modes:

W=e“v’|7=>/12+w(2)=265/1=>/1=65ii\/w(2)—6252ze&iiwo

Conclusion:

1/ Hopf bifurcation ate = 0

2/ If € K 1, slow time-scale on amplification rate and fast time scale on
frequency



The Van der Pol Oscillator:
a model problem

For § > 0, at saturation, the instability term 2edw’ is cancelled by the
nonlinear term w?w’ when w? = 2e8. We expect that the saturation

amplitude is about Ve8.

We look for the solution under the form:

Hence:
y" + wiy = 28ey’ — ey'y?
y(0) =y,y'(0) =0

(Q2a)
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The Van der Pol Oscillator:
approximations

ODE:
y" + wiy = 26ey’ — ey'y?

Solutions under the form:
y=Yot €yt
One time-scale approach:
y(t) =yo(t) + ey (t) + -
Two time-scales approach:

y =yo(t, T = €t) + ey, (t, T = €t) + -



The Van der Pol Oscillator:
one time-scale approach

ODE:
y" + wiy = 28ey’ — ey'y?

We look for a solution with one time-scale:

y =Yo(D) + ey, (t) + o(e)

Then:
y' =y +€y; +o(e)
y' =yy + €y +o(e)

Initial conditions:
y(0) = y; = y0(0) + €y1(0) + 0(e) = y; = y(0) = y;,y1(0) =0
y'(0) =0 = y,(0) + ey;(0) + 0(e) =0=1y,(0) =0,y;(0) =0



The Van der Pol Oscillator:
ohe time-scale approach

ODE:
y" + wiy = 28ey’ — ey'y?
= y0 + vy’ + wi(yo + €y1) = 28e(yy + €y1) — ey + €v1) (Yo + €Y1)?
Order €°:
Yo + wgyo =0
Order €:

yi' + wgys = 28y5 — ¥¢yo



The Van der Pol Oscillator:
ohe time-scale approach

Solution of order €°, knowing that the solution is real,
Vo = Aet@ot + c.c. = 2|A|cos(wyt + @)
Determination of A with initial conditions:

Y0(0) = y; = 2|A| cos¢p =y,
y5(0) =0 = —2|A|lwysing =0

=>¢=O,A=%



The Van der Pol Oscillator:
ohe time-scale approach

We recast this solition into the next order: y;' + w3y; = 26y§ — Y54

"o 2 . oot 1d(A3e3i@ot 4 3424%e!@ot 4 c.c.)
y{ + wgy, = 2iwgéAet?et +cc.— =
. 3 dt

= 2iwyb6Aet®ot + c.c. — 3 (BiwgA3e3i@ot + 3iwyA2A*e'@ot + c.c.)

= —jwA3e3'ot + jw,(26A — A?A*)el®ot + c.c.




The Van der Pol Oscillator:
one time-scale approach

Theorem:

y" + w?y = (ae' + c.c.)
If Q # w, then the most general real solution is (with k as any complex constant):
_ jwt Ot
y = (ke“‘) + LY, et + C.C.)

If 0 = w, then the most general real solution is (with k as any complex constant):

. 1+ 2iwt\ .
y = <ke“‘)t —a <4—a)2> el®t + c.c.)

Proof (resonant case only):

. 1+ 2iwt\ .
y = kew)t —a <4—(1)2> e”"t + c.c
. 2iw\ . 1+ 2iwt\ .
y' = iwke®t — g <W> et®t —iwa (W) et 4+ c.c.
. . 14+ 2iwt\ .
yll — _kaela)t _l_ aela)t _l_ a (T) el(l)t + C.C.

y" + w?y = ae'®t + c.c.



The Van der Pol Oscillator:
one time-scale approach

Solution under the form:

. iA3 . 14+ 2iwgt) .
y1 = ke'®ot + —— wge3t@ol — (2i4 — iA*A")wy > 0" ) giwot 4 c.c.
8w 4wy

Determination of k with initial conditions:

iA3 1

Wo %
, o iA3 _ (2i6A — iA%A*) ,
y1(0) =0 = ik;jiwg — Wwo&wo - Y wo(iwg + 2iwg) +c.c.=0
0 0
) 43 3+(25A—A3) ]
=W )
‘T 8wE 8w} 0
I —343 + 1264
=>k; =
' 8(1)0
Finally:
—34% + 1264 A3 1+ 2iwgt) | .
Y, = o jet®ot 4 ge&‘“ot — (264 — A3) < 0 0 > ie'@t + c.c.
0 0 0



The Van der Pol Oscillator:
one time-scale approach

Coming back to initial unknown w:
1 1

3
w = e2y = €2y, (t) + €2y, (t)
1
ei(Ae‘wot + c.c.)

3(—3A3 +126A . iA3 . 14+ 2iwgt) .
+ €2 jet@ol 4 — @3lwol _ (26A — A3) 0" ) ieiwot + c.c.
8(1)0 8(1)0 4‘(()0
= (de'@ot + c.c.)
—343 + 1264 . iA3 . (14 2iwgt) .
+ jel@ot 4 —— 3ol — (254 — A3) 0" )ielwot 4 c.c.
8(1)0 8(1)0 4‘(,()0
=2
2

(Q2b)
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The Van der Pol Oscillator:
two time-scales approach

PDE:
y" + wiy = 28ey’ — ey'y?

We look for a solution with two time-scales:
y =yt T =¢€t) + ey,(t, T = et) + o(e)

Then:

, 0y dy, 9o
y—W+e(at+aT + o(€)

0?2 0?2 02
y" y0+e( y1+2 yo)+0(e)

~ ot2 otz | “otor



The Van der Pol Oscillator:
two time-scales approach

y" + wiy = 28ey’ — ey'y?
aZYO GZYO a23’1
2 2
otz E( geor T ez ) T @bt enn)

_ Yo dyo = 0y1 a)’O dyo  0y1 2
_256<a Te (ar o)) "\ o Te\ar tar ) ot )

Order €9°:
a2)’0
) 02 + a)(%yO -
Order €*:
0%y, 0y, 0y, 0%y,
=20 =——y2=—_2
Gz TW1 =20 —yo o255



The Van der Pol Oscillator:
two time-scales approach

Solution at order €°, knowing that the solution is real,
Vo = A(r)et?ot + c.c.

We recast this solution into the next order:

2
aat);l + Wiy,
2wy SAeioot 4 co.— 10(A333iwot + 3424%ei0t 4 c.c) - Zin—Aeint ‘e
3 dt dt
= 2iwg8Ae'®ot + c.c. — % (BiwgA3e3i@ot + 3iwyA2A*e'®ot + c.c.) — Ziwoi—fei“’ot + c.c.

. dA
= —iwyA3e3'@t + jw, <Z5A — A%A* — 2 —

dr> el@ot 4 ¢ c.



The Van der Pol Oscillator:
two time-scales approach

Theorem:

y" + w?y = (ae'™ + c.c)
If 0 # w, then the most general real solution is (with k as any complex constant):

y = (keiwt + meiﬂt + C.C.)

If 0 = w, then the most general real solution is (with k as any complex constant):
— keiwt —a M eiwt +c.c
y= 4w? o

Proof (resonant case):

. 14+ 2iwt\ .
= kel®t — g ———— ) ei@t 4 cc
y < 40)2 )
: 2iw\ . 1+ 2iwt\ .
' — iwkel@t — g 222 ) piot _ g [ 220 ) piwt 4 occ
y <4w2> 4w?
. . 14+ 2iwt\ .
y// — _kaelwt + aelwt + a<T> elwt + c.C.

y" + w?y = ae'®t + c.c



The Van der Pol Oscillator:
two time-scales approach

For the solution to be valid uniformly in time, we kill the secular term:

as = HA 1AZA*
dr 2

Final first order solution:
1 , - .
w(t) = e2(Ae'®ot + c.c) = (Ae'®o! + c.c)
with:

~

dA _ s
dt
A0) =

A3

(Q2c)



Outline

Vortex shedding in cylinder flow at Re = 100
The Van der Pol oscillator: a model problem
The Van der oscillator: approximations

» One time-scale approach

» Two times-scales approach

» With forcing term
The Ginzburg-Landau eq.

» Forcing with wr # wy

» Forcing with wy close to w
The forced Navier-Stokes eq.

> Forcing with wr # wy

> Forcing with wf close to wy

» Discussion of amplitude eq.



The Van der Pol Oscillator
with forcing term

PDE:
w' + wiw = 2 éw’ —ww' + E coswet, € K 1,6 = 0(1)
€6 1
€ZE

We look for the solution under the form:

1
w(t) = e2y(t)
Hence:
y'"' 4+ wy = 26ey’ — ey'y? + E cos wyt



The Van der Pol oscillator
with forcing term

PDE:
y'"' 4+ wfy = 28ey’ — ey'y? 4+ E cos wyt
Expansion:
y =yo(t, ) + €y, (t,7) + 0(e)
Order €9:
2
aaty;’ + w§yo = E cos wrt = yo = A(7)e'®ot 4+ cc. + Z—wOEw}% Cos wyt
n
Order €:
0°y: dyo 1dy; 0%y, -
=20—————-2 =1 twot | 2854 — AlA|? — 24n% — 2
T woys ot 3 ot “otor ‘o€ 4] T

0A N
0t

— (Aei(x)ot_l_A*e—iwot+nei(1)ft_I_T]e—i(,l)ft)z(Aeiwot+A*e—i(1)0t+nei(l)ft+ne—i(l)ft)

_ (Azezw)ot + A*2p—2iwgt +n2€2iwft +n? e 20t 4 21412 + 2n? + ZAnei(w0+wf)t

. . . 2 . .
n ZA*ne—L(w0+wf)t 4 ZAnel(wo—wf)t n ZA*ne—l(wo—wf)t) (Aela)ot 1 A*e—iwot
+ne'“rt + ne'@rt) = (3A4|A|% + 6n2A)e!@ot + ... wy # (% W, W, 3w0>



The Van der Pol oscillator
with forcing term

Kill resonant term to remove secular terms:

dA—(SA 1A|A|2 1 1 2EZA
dr 2 4\ w§ — w7
Final solution:

1 : E , E
w(t) = €2 <Ae“‘)0t + cc.+———cos a)ft> = 2|A| cos(wot + @) + ———

~

cos wyt
Wi — wf w§ — wf v
with:
A lp L1 Vi
dt 2 4 a)g—a)]%
Or:
did [ 1(_E \]p_ 1
dt 4\ w§ — w7 2

(Q3)
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The Ginzburg-Landau eq. (cont’d)

8/ The forced non-linear Ginzburg-Landau equations read:
0w + Lw = cw|w|? + f(x,t)
where
e
L =Udy — p(x) — YOy, u(x) = iwg + Lo — Uz )
and c is a positive real constant, f(x, t) a forcing. The least-damped global mode is

~ Ex—xz—x . . q U2 YU
w(x) ={ezr 2 with eigenvalue A = iwy + yg — 4. where u, = e t |5 The

U szz
corresponding adjoint global mode is W(x) = £e 2¥" 2 . They are normalized such that:
(w,w) = (W, w) = 1. We choose [, in the vicinity of u, such that:
Ho = Hc + 5’7
where 6’ = €6 with 0 < e K 1, § = 0(1). The operator L may therefore be written as
L = L, — €6, where L is the operator obtained for §' = 0, that is uy = u,.

Show that (iwgl + L.)W,. = 0 where w,. is the global mode for uy, = u,.



8/

2
X
u(x) = iwo + He + €0 — iy —
x2
L= Uax_io‘)o_Mc‘l'#27_yaxx_6(S

L



The Ginzburg-Landau eq. (cont’d)

9a/ We choose a forcing such that:

fx,t) = E'8(x — xp)e'®rt
where E' = E%E, E = 0(1) is the forcing amplitude (positive real) and 5(x — xf) is
the Dirac function at x =x (we remind the reader that
f_+oc: 5(x —xf)w(x)dx = W(xf) for any function w). The forcing frequency ws is
chosen such that ws # wy.

The solution is sought under the form:
1

w = €2y
Yy =yo(t,7) + ey, (t,7) + -
where T = €t is a slow time-scale.
What is the equation governing y,? What is the equation governing y;?

9b/ Show that y,(t, 7) = A(t)e'®otw, + Eei“’ftv’\?p is an acceptable solution for
Yo, With W, a spatial structure to be defined depending on x; and w¢.
Show that the solution y,(t, ) is bounded only if:

dA 2 ~ o~ o~
E = (5 + 2C|E|2 <Wc; Wclwpl >)A + CA|A|2<WC,WC|WC|2>



The Ginzburg-Landau eq. (cont’d)

9¢/ Show that the leading—order solution of the flowfield may be given by:
w(x,t) = B'(t)W.(x) + E'e"“r' @, (x)
where:
dB’
dt )
Hint: note that B’ verifies B’ = €24 (7)e!®ot

~ o~ |~ |2 ~ o~
— (ia)o + &'+ 2¢|E'|? <WC, We|wy| >) B’ + cB'|B'|*(W,, w.|Ww,|?)

9d/ Comment in terms of open-loop control



9a/
0.y + Loy = €6y + ceyly|? + ES(x — xs)e'rt

0ty = 0ryo + €(0:y1 + 0:Y0)
Throwing everything inside:

0rYo + €(0ey1 + 0:¥0) + LYo + €y1) = €6Yo + ceyolyol? + ES(x — x5 )et®rt
Order 1:
0:Vo + Lcy0.= ES(x — xf)e“"ft
yo = A(T)e'®otw, + Ee'“rtw,
lwfWy, + LW, = 5(x — xf)
Ordere:

0:y1 + 0:y0 + Loy = 8o + cyolyol?



9b/

0cy1 + Lcys
dA

= —— '@ty + §Ael®otiy, + cA|A|?e'Potw, |W,|? + 2cA|E|?e'@otw |Wp|

drt
+.

Yolyol? = (Aelwot

+ Eelwftwp)(AeletWC + Eela)ftwp)(A* letWC + E*e la)ftwp)

—A|A|2 Lwot |WC|2+2A|E|2 lwot |Wp|

Kill resonant terms:

dt

9¢/

= 8A + cA|AIX(We, W |We|?) + 2cA|E|? (Wc, WCIWp|2>

dB’ 1dAdT iw t E : lwot
TS = €2 Ed— o + e2Aiwge 0
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The Ginzburg-Landau eq. (cont’d)

10a/ The forcing frequency wy is chosen in the vicinity of the natural frequency w of
the flow:
wr = wo + Q'
where Q' =€, e K 1,Q = 0(1).
The forcing amplitude is:

3
E' = €2E,E = 0(1)

The solution is sought under the form:
1

w = €2y
y =yo(t,7) + ey (¢, 7) + -
where T = €t is a slow time-scale.
What is the equation governing y,? What is the equation governing y;?
Show that y,(t, ) = A(7)e!®oW,.(x) is an acceptable solution for y,.
Show that the solution y; (¢, T) is bounded only if:

dA .
— = SA + ¢ < W, W |W,|? > AlA|? + W,(xf)Ee'.



The Ginzburg-Landau eq. (cont’d)

10b/ Show that the leading—order solution of the flowfield may be given by:
w(x,t) = C'(t)e" . (x)
where:

dc’
dt )
Hint: note that C’ verifies C' = €24 (7)e "

= (—iQ' 4+ 8§)C" + ¢ < We, We|w. |2 > C'|C'1? + W, (xf)E

10c/ Numerical simulations of the equation governing C' show that there exists a
threshold amplitude E;, such that: If E' > E[ then C' — Cj as t —» o, where C, is a
complex constant. What is the frequency of the flowfield in this case? Can you
comment this result in terms of open-loop control? How should the forcing location x;
be chosen to minimize the threshold amplitude E/?



10a/
0,y + L.y = €6y + cey|y|? + EE6(x _ xf)eiwoteiﬂr

0ty = 0ryo + €(0:y1 + 0:Y0)
Throwing everything inside:
0ryo + €(Bryr + 0:y0) + L (Vo + €y1) = €8y, + ceyolyol? + €ES(x — xp )e'@otel

Order 1:
0tyo + Lcyo =0
Vo = A(r)e' ot w,
Order €:

0cy1 + 0.0 + Loy = 8Yo + cYolyol® + ES(x — xp)el@otel



dA
ey, + Loy, = —Ee“‘)otwc + 5Ae ot + cA|A|?e ot W, |? + ES(x — xs)e'@otellT

Compatibility condition:

dA
< Ve _Eelwotwc + 5Ae'0' W, + cA|A|*e ot W, | + ES(x — xp)e'@0te! > =0

dA
< Wc,——qb + §AW, + cA|A|*W,|w,|? + Ed(x — X )e‘m >=0
dA

< We, We > +84 < W, W, > +cA|A|I? < We, We|We|? > +Ee'Y < W, 6(x —x7) >=10

dA .
el A + ¢ < W, W, |w.|? > A|A|* + vT/C(xf)Ee‘m



10b/
dc’
dt

N[

Q+1dA Lp-iT
Adt ¢ ¢

——F . .
—iQ + 68 +c < W, w,|w,|? > |A|? + Wc(xf)ze‘m) Ae ¢

e
/ / 2 2 E Q71 /

—iQ' + 6 +c<w,w.\w.|*>|C"|*+ ewc(xf) T e C
C'e zellt

— = —iQ'C’' + &'C' + ¢ < W, W W, |2 > C'|C"|% + We(xf)E’

dt e
w=C'(t)e'“rtw,




Theorem: Let w be the solution of the following equation

0w + Lw = el@tf
1/ If iw does not belong to the eigenvalues of the Jacobian, then the most general
real solution to this equation is

— ] ot
W—Zk]e JW]+e Wy,

With the particular solution determined from:
iwwy, + Lwy, = f
And the homogeneous one from the global modes:
2/ If (iw, W) corresponds to one of the eigenvalues of the Jacobian:
iow+Lw =20
Then, the most general real solution is
w(t) = Z kjelftvi?j + et < i, f > tw+ Z <,Wj'f - e“‘)tv’i/]

la)—/lj

wj:ta)
Where w; (including w) is the bi-orthogonal basis corresponding to wy, (including w)
< Wj,Wk > = 6]k



Proof: particular solution with method of variation of constant

w(t) = a(t)e@tw + Z aje't;
a)j:ta)
Inserting this solution in governing equation:

da _ N o .
—w + a(iow + Lw) + Z aj(w)wj+£wj) =f

dt
wjiw
da _ , R
EW + a](la)—){])W] = f
wj:tw
Scalar product with w and w; # w:
da PR
_— W,
dt
(), f)
aj = -
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The forced Navier-Stokes equations

Forced Navier-Stokes equations with viscosity v = v, — §:

1 - _ .
Bo.w+ EN(W, w) + Lw = Mw + (Ee“"ftf + c.c)

W= (;L)’B _ (1 0),N(W1,W2) _ (u1 -Vu, +u, - Vul)

n 0 O 0
—v,AQ) —
(8 e

Scalings for ws # wy:

w = wy + e/?y, € K1,
5 = éb, 5§ =001
. 1
E = e2E, E=0(1)
Base-flow:
1
EN(WO,WO) +LW0 =0

Perturbation dynamics:

1 11 .
BO:y+Ny,y + Ly = €26 Mw, + e My — EEZN()/, y) + (Ee'®rtf + c.c)



The forced Navier-Stokes equations

Expansion:
y = yo(t, T = €t) + el/zyl/z(t,r =et) + ely,(t, T =€t) + -

In particular:
0ty = 0ty + El/zatyl/z + E(atyl + a,[yo) + ...



The forced Navier-Stokes equations

B(atyo + el/ZBtyl/2 + €(0;y, + 0,y0) + "')‘l'(Nwo + L) (y, + 61/2}/1/2 +ely,)

1 11 .
= €26Mwy + €My, — EEZN(yOryO) - e]\f(yo,yl/z) + (Ee'®f'f + c.c)

=
Botyo+Nyw,yo + Lyo = (Eei“)ftf + c.c)

1
B0tY1/2Ft Ny, Y172 + LY1/2 = SMw, — EN(YOJ’O)
Boty1+Nw,y1 + Ly = =B0yy + oMy, — N()’odﬁ/z)



Order €"

PDE:
BO:yot+Nw,Yo + LYo = (Eei“’ftf + c.c)
We choose:
vo = (A(r)e'®ty, + c.c) + (Ee'®rty, + c.c)
Hence:

Aplwct (ichyA + Ny Va + LYA) + Eeiwff(iwayE + Ny, Ve + LyE) +cc =Ee'tf +cc
0

which leads to:
iwsByg + Ny, Yg + Lyg = f

This linear problem can be solved because wy is not an eigenvalue of the Jacobian.



1

Order €2
PDE:
1
B0ty1/2+t Ny, V1/2 + LY1/2 = OMwy — EN(yO'yO)
1 .
= oMw, + <—§A292lwctN(YA:3’A) + C-C-> — |AI*N (Y4, ¥4) — |EI*N (Y, i)
L2 2iwt i(wetwp)t
+ _EE e“'“r*'N(yg, yg) + cc. | + (—AEe TOIEN (Y, VE) + c.c.)
+ (—AEei(wC_wf)tN()’A;yE) + C-C-)
We choose:

Y12 = 6w + (A%e%iwcty, , + c.c.) + |AIPyaz + (E?e?“rtygp + c.c.) + |E|%yeg
+ (AEei(“)C“‘)f)tyAE + C.C.) + (AEei(“)C_“’f)tyAg + c.c.)



1
Order €2

We have:
NwoYs  +Lys = Mwq
' 1
2lwcBYga + NyyyYaa + Lyaa = —EN(YA»YA)
NwoYai + Lyaz = =N (YVa, Va)

2iwfBygg + Ny, Ve + LYEE = _%N(YE'YE)
NwoYeg + LYgs = =N (Ve, Vi)
2i(we + wf)Byap + MygVag + Lyap = —N (Y, V)
2i(we — wf)BJ’AE + N Yaig + LYag = =N Va4, Vi)



Order €l

PDE:
BOty1+Ny,y1 + Ly, = =By + My, — N(}’o:}’l/z)
. dA
= et@ct [_EB:VA + SAM Yy, — AN (V4. ¥s) — AlAI* N (Va, Yaz)
— AlAIPN V4, Yaa) — AlEVPN V4, yeE) — AIEIP N (Y5, Yag )

- AIEIZN(yE,yAE)] +cct -



Order €l

We kill the resonant terms to remove secular terms:

dA 3
— < Va, Bya>+< Ju4, Myy — N (ya,ys5) > 6A

~< Ja, NWa, yaz) + N (Fa, Yaa) > AlAI* -
< yArN(yAryEE) +N(yE’yAE) +N(yE'yAE) > A|E|2 =0
Where the adjoint global mode is:
—lwcBYa + Ny Va + LYg =0
And has been scaled following:
< Y4,By,>=1
Hence:

dA
— = 164 — uA|A|?> — nA|E|?
dt

With:
A=<FJg, Mys >—< 54, N V4, ¥5)
w=<34, NYa,Yaz) + NFa Yaa) >
T =<4, NWaVeg) + N5 Yag ) + N Vg, yag) >



The forced Navier-Stokes equations

Final solution:

1 ) .
w=¢€2 ((A(T)e”‘)ctyA + c.c) + (Ee'®rfyg + c.0)
1 , .
+ €2 (5W5 + (A2e?@cty, , + c.c.) + |AlIPyaq + (E2e?“rtygg + cc) + |E|?yzeg

b (ABe o)ty 4 cc) + (ABei@e o)ty 4 cc)) + )

Or:
w = (Ae'®ty, + c.c) + (Ee'rtyg + c.c) + Swg + (A%e? @ty , + c.c.) + |A|2yAg
+ (E2e?@ttypp + cc) + |E|2y5g + (AE'ei(chfwf)tyAE + c.c.)
+ (/Tﬁei(‘“c_“’f)tyAg + C.C.) + -

With:
dA

A4 _ 154 — uk|A] - nd|E] (Q4)

dt

- It corresponds to an exact solution of the non-linear Navier-Stokes Eq.
- But no guarantee that it can be observed (stability? Unigue-ness?)

- Valid near bifurcation threshold: |6~| K1



Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
- The Van der oscillator: approximations

» One time-scale approach

» Two times-scales approach

» With forcing term
- The Ginzburg-Landau eq.

» Forcing with wr # wy

» Forcing with wy close to wy
- The forced Navier-Stokes eq.

» Forcing with wr # wy

» Forcing with wy close to w

» Discussion of amplitude eq.
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The forced Navier-Stokes equations

Forced Navier-Stokes equations with viscosity v = v, — §:

1 _ _ .
Bo.w+ EN(W, w) + Lw = Mw + (Ee“"ftf + c.c)

W= (;L)’B _ (1 0),N(W1,W2) _ (u1 -Vu, +u, - Vul)

n 0 O 0
v, AQ) -
(8 e

Scalings for wy = w, + Q:

Base-flow:

EN(WO,WO) +LW0 =0

Perturbation dynamics:

1 11 . .
BOy+Ny,y + Ly = €26Mwy + e6My — EEZN()/, y) + e(Ee@otel f 4+ c.c)



The forced Navier-Stokes equations

Expansion:
y =yo(t, T = €t) + el/zyl/z(t,r =et) + ely,(t, T =€t) + -

In particular:
0ty = 0y + El/zatyl/z + E(atyl + a,[yo) + ...



The forced Navier-Stokes equations

B(0:yo + €20:y1/2 + €(0cy1 + 05yo) + 0 )+ (Noyy + LYo + €%y1/2 + €'y1)
1 11
= EZSMWO —+ ESMyO — EEZN(}/O, yO) — EN()’OJ’l/z)
+ E(Eeiwoteiﬂ‘cf + C.C)

=
BOYo+Nw,Yo + Lyy =0

1
BOty1/2FNw Y12 + LY1/2 = 6Mwy — EN(yOryO)
BOty1+Ny,y1 + Ly, = =By + My, — N()’O»Yl) + (Eeiwcteimf + C-C)
2



PDE:

We choose:
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Order €V

BOyo+Nw,Yo + Lyo =0

Yo = (A(T)ei“)ctyA + c.c)
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1
Order €2

PDE:
1
BOty1/2Ft Ny, Y12 + LY1/2 = SMw, — EN(}’O;YO)
1 .
= oMw, + <—§A292LwctN(YA:3’A) + C-C-> — |AI*N (Y4, ¥a)
We choose:
Y12 = 6Ws + (A%2e2i@cty, , + c.c.) + |AI2yaa
We have:

Nw,Ys +Lys = Mwy,

' 1
2lw:BYyss + NywYaa + Lyaa = —EN(J’A»YA)
NwoYai + LYoz = —N(Va, ¥a)



Order €l

PDE:
BOty1+Ny,y1 + Ly, = —B0oryo + My, — N(}’o:}’l/z)

. dA
= egl®@ct [_EByA + 8AM Yy, — AN (Y4, ¥s) — AlAIPN (Y4, Vaz)

—AlAIPN (4, Van) + Eeimf + c.c+ -



Order €l

We kill the resonant terms to remove secular terms:

dA 3
= < Va, Bya>+< Ju4, Mys — N (ya,¥s5) > 6A

—< yArN(yAryA/T) + N(?AryAA) > A|A|2 +< yA)f > EelQT =
Where the adjoint global mode is:
—lwcBYa + Ny Va + LYg =0
And has been scaled following:
< Yu,By,>=1
Hence:

dA , 0
7= A6A — uA|Al¢ + mEev ™

With:
/1 =< )7,4; MyA >—< yAJAC(yAJ y5)
U=<34, NWa,yaz) + N T4 Yaa) >
T=<Yuf>



The forced Navier-Stokes equations

Final solution:

1 _ 1 .
W= €2 ((A(T)e”"ctyA + c.c) + €2(6ws + (A%e? Wty + ) + |AlPyaz) + )

Or:
w = (Ae'@cty, + c.c) + Swg + (A2e? @ty , + c.c.) + |/T|2yAg + .-
With:
dA - e .
- = 164 — ,uA|A|2 + nEett

- It corresponds to an exact solution of the non-linear Navier-Stokes Eq.
- But no guarantee that it can be observed (stability? Unique-ness?)

- Valid near bifurcation threshold: |5| K1

(Q4)



Outline

- Vortex shedding in cylinder flow at Re = 100
- The Van der Pol oscillator: a model problem
- The Van der oscillator: approximations

» One time-scale approach

» Two times-scales approach

» With forcing term
- The Ginzburg-Landau eq.

» Forcing with wr # wy

» Forcing with wy close to wy
- The forced Navier-Stokes eq.

» Forcing with wr # wy

» Forcing with wr close to wy

» Discussion of amplitude eq.
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Discussion

Amplitude equation with ws # w,:

dA - <1 =12 <1 =12
- =404 - uA|A|” — nA|E|
Polar coordinates: |
A=re®
Inserting this expression into the amplitude equation:
dr . do . . . .
Ee“’b + rid—qtbe“’5 = (A, +i2)0re'® — (u, + iu)r3e'? — (n, + ini)re“/’|E|2

Hence, removing e'? and taking the real and imaginary parts:

d < ) 2
E(lnr) = A0 — U, r —nr|E|

dp . i
E = /115 — ,uirz — 7Tl'|E|2



Discussion: |/T| K1landE =

Amplitude equation:

Hence:

Amplification rate:

Frequency shift:

—(lnr) =1.0
dqb .
= = 1;0

A = eM8tp(ini8)

oc=21.4
=> A, > 0 if Re > Re,

d -

cb = A;6

dt

0



Discussion: [A| = 0(1) and E = 0
Amplitude equations:

d S 2
a(ln r) =A.0 — U, r

do ~
Pk wir?
Fixed point for r if u, > 0:
d Ar <
—( =0=>r= |—9§
dt(nr) r o

Frequency shift on limit-cycle:
d¢ Ar\ <
R B PN ¥
dt < l nul ‘ur>

w=w,+ ﬁ& lei(wC+(Ai_”iﬁ_:)g>tyA + C_C] + ...

r

Square root of § !

Solution on limit-cycle:

Actual frequency on limit-cycle:

(1)=(1)C+ /115 —‘lti—rg

e~/
Linear —_—— _
Non—linear interaction



Discussion: [A| = 0(1) and E = 0

1.2

1.1 F /

1.0 : /
: / Exp

o 00 - ceveeeea- Base flow
L A M;E?” flow Sipp & Lebedev JFM 2007

- _ — = e

0.8 [ - — wiCand wMF

0.7F" /
-/

{].ﬁ_lﬂj{ll|||||||||||||||||||||
30 60 90 120 150 180

Re
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Discussion: E = 0
Where does the instability come from? A4, > 0
A=<Jp, Mys >=<Jp, N (Y4, ¥5)

Where does saturation come from? u,. > 0
U=<34,NWaYaa) + NVa Yaa) >

Exact solution (with wy):

w = wy + (Ae'®ty, + c.c) + Sws + (A%e? @y, , + cc.) + |A|23’AA + -

— . 1 ,o0
Mean-flow: w = Tlg{)lo;fo w(t)dt

w = Wq + SW@ + |A|23’AA + .-

: 112
Saturation does not only stem from mean-flow harmonic |A| Y44 but also from second
harmonic A%e?@cty, ,



Discussion: ‘K| &K 1and E >

Amplitude equation:

d < 2
—-(nm) = 2,6 - | E|

do < ~ 12

E - /115 — 7Ti|E|
Amplification rate:

o = 1,6 — m,|E|’

Control has stabilizing effect if ,- > 0 and destabilizing effect if m,- < 0.

Flow linearly stable if:

. - ~ Ar <
2.8 —m|E|" <0 |E| > /ﬂ—’"a
r

0



Discussion: ‘K| KlandE >0

Where does stabilization come from? . > 0
T =<Ya,NWayer) + NV& Yag ) + N Vg, Yag) >

Exact solution (with wy):
w = wy + (de'®ty, + c.c) + (Ee'rtyg + cc) + Sws + |E|2yE,§
+ (E?e? @ttty p + cc.) + (AEei(“’C“‘)f)tyAE + c.c.)
+ (Af?ei(“’c_“’f)tyAg + C.C.) + .-

Mean-flow:

w = wy + Swg + |E‘|2yE,§ + e

~12
Stabilization is not only due to mean-flow harmonic|E| Yeg but also to other
harmonics AEe (@ct@r)ty, and AEei(@cwr)ty, - (QS)



