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12. BLOWN-UP INTERSECTION COHOMOLOGY OF A CONE. THEOREM E.

In this section, X is an n-dimensional compact filtered space and we represent the
open cone as the quotient ¢X = X x [0,0[/X x {0}, whose apex is denoted by w. The
formal dimension of ¢X is n + 1 relatively to the conical filtration, (¢X); = ¢X;_1 if
i > 1and (¢X)p = {w}. The purpose of this section is to prove the following proposition,
cf. also [4, Corollary 1.47] and [24, Proposition 3.1.1].

Theorem E. Let X be a compact filtered space. Consider the open cone, ¢X = X x

[0,00[/X x {0}, equipped with the conical filtration and a perversity p. We also denote by

P the perversity induced on X. The following properties are verified for any commutative

ring, R.

(a) The inclusion 1: X — ¢X, © — [z,1], induces an isomorphism, %”;(éX;R) =
k

A (X5 R), for each k < p(w).
(b) For each k > p(w), we have c%”;(éX; R) =0.

12.1 Simplices on a filtered space and its cone. First we link the complexes of
X and cX. The formal dimension of the cone being different from that of the original
space, we introduce some operations which increase or decrease the length of filtrations.

o If A =Ap#---%A,41 is a regular simplex, of formal dimension n + 1, we define
a regular simplex, of formal dimension n, by A = Ay % --- % A, 1. Its filtration
is characterized by A; = A1, for each i € {0,...,n}.
o Let 0: Ay = Ag#--- % Appp — ¢X be aregular simplex of ¢X. Since 0(A,) ©
X x]0, 0|, we define the restriction
6: Ay = Ay L X x]0,00][.
e For each regular simplex of ¢X, 0: Ay = Ag#--- % Apy1 — ¢X, the image of a
point z € A, can be written as,
o(x) =[o1(x),02(z)] € ¢X = X x [0,00[/X x {0}.
Associated to the simplex o, there is the following regular simplex of ¢.X,
co: Ay = ({p} * Ag) # -+ % Ay — X,
defined by co((1—t)p+tz) = [o1(x), toa(x)]. Moreover, if one considers & : A, —
X x]0,0[— ¢X as a filtered simplex of the cone, then cé is a face of co.
The truncation of a cochain complex is defined for all positive integers s by
croif r<s,
(38) (<sC) =<4 ZC* if r=s,
0 if r>s,
where ZC*® means the R-module of cocycles whose degree is s.
Construction of f: N*(Xx]0,%[; R) —» N*(¢X;R).
Let 0: Ay = Ag#---%Apyp — ¢X and w € N*(XX]0,00[; R). We denote by Aca,
the cocycle 1(g 1) + Xeey(ag) L((el,0) € NO(cAg). We set

(39) f(W)e = Aery, @ ws.
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Proposition 12.2. Let (¢X,p) be a perverse space over the cone of the compact space
X and let (X x]0,0[,p) be the induced perverse space. The correspondence defined above
induces a cochain map,
fi T<pwy N (X x]0,90[; R) = m<pe) V. (€X; R).

Proof. First, we check that the application f, defined locally at the level of simplices,
extends globally to N*(X x]0,0[; R). For this, we must establish G f(w)e = f(W)aos,
for each w € N* (X x]0,00[; R), cach regular simplex, 0: Ay = Ag -+ % Apyy — X,
and any regular face operator, 6x: V — A,, with k € {0,...,dimA,}. Let jo denote
the dimension of Ag. To determine the effect of §; on the operation o — &, we must
distinguish & > jy of k < jg. For the sake of convenience, we set d5 = id if s < 0. From
the construction of &, we have

B 6’05k,]‘0,1 if k>j(),
”5’“_{ 5 it k<o,

which implies 0 0 d;, = 6 0 0j—j,—1, with the previous convention. We conclude

)\CAO ®6;€"_j0_1w5 if k> jo,

S f(w)e = 0 (Aeag ®W&):{ Aev, @ ws if k<o
cVo g = :

It follows 6} f(w)o = Acv, Qs = f(W)oos, -
Since the 0-cochain Aca, is a cocycle, the compatibility with the differentials is im-
mediate from the equalities

I (f(w)e) =6 (Aer, ®ws) = Acr, ® dws = f(dw),.

The map f being compatible with the differentials, it remains to show that the
image by f of a p-allowable cochain, w € N *(X x]0,0[; R), is a p-allowable cochain
in N*(¢X;R). We choose w of degree less than or equal to p(w) and refer to Def-
inition 3.4 for the property of p-allowability. For the stratum reduced to w, the al-
lowability comes directly from ||f(w)s|n+1 < |ws| < P(w). Now consider a singular
stratum S of X and a regular simplex o: A, = Ag * -+ % Ay 1 — ¢X, such that
o(As) N (8%]0,0[) # &. Let £ = codim x,Jo,0[(S%]0,0[) and notice the equivalence
of the conditions o(A,) N (Sx]0,0[) # & and 6(As) N (Sx]0,00[) # . For such

stratum, we have ¢ € {1,...,n} and |[f(w)s]¢ = [Aea, ® wsl¢ = |wslle. The result is
a consequence of the inequality [wsllr < [lw[gxjo,0f < P(S%]0,0[), arising from the
p-allowability of w. O

Remark 12.3. Nous avons toujours

we N (Xx]0,0[; R) = f(w) e N (¢X;R)

Construction of g: N*(¢X; R) — N* (X x]0,0[; R).
Let w € N"(8X;R) and 7: A, — Xx]0,0[ a regular simplex. We denote by
cr: Aer = {p} * A; — ¢X the cone over 7 defined above. Notice A, = c{p} x A,.
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Let vq be the apex of the cone over the component of filtration degree 0 of a filtered
simplez. The cone c{p} having two vertices p and vy, the cochain w.; decomposes into
(40) Wer = 1p ®Yp + Ly ® Yvg + Lpavg @ Vg
with 7, Yvgs Vo, € N™(A;). We set
9(W)r = Yvo-

Proposition 12.4. Let (¢X,p) be a perverse space with X compact and (X x]0, o[, D)
the induced perverse space. The correspondence defined above induces a cochain map,

~ ~ %
9: <N, (X5 R) — 7 N (X x]0, 00[; R).
The proof follows the pattern of that of Proposition 12.2; we leave it to the reader.

Remark 12.5. Nous avons toujours

we N (6X;:R) = g(w) e N (Xx]0,0[; R)

Specify the compositions fog and go f.
(a) Letw e N*(X; R). Consider aregular simplex, 7: A, — X x]0, oo[ and its associated
map c7: {p} * A; — ¢X. Following (39), one has
f(W)er = Ac{p} Quwr =1, Quwr + 1y, Quws.
It follows, according to (40), g(f(w))r = wr and go f = id.
(b) Let we N™(¢X; R). Consider a regular simplex o: A, = Ag#---#Apy1 — &X, and
its associated map co: ({p} * Ag) * -+ * Ap41 — ¢X. The cochain we, decomposes

into
(41) Weo = Z 1F®A/F + Z 1p*F®’Y}7‘ + 1p®7@
F<CAO F<ICAO
| —
Wo

Since the cochain w is globally defined and the simplex cé is a face of co, we deduce
Wes = Lyg ® Yop + Lpsvy ® 1y, + 1p @ 7. It follows:

(42) F(9(W))o = Aerg ®9(W)s = Acrg ® Yoo

Construction of a homotopy H: N*(éX; R) — ﬁ*_l(&X; R)

Ifo: Ay = Ag#---xApyq — €X is a regular simplex, we define a map H: N* (Acy) —
~ g1

N (Ay), ie.,
H: N (c(p*A) N (cA)® @ N (Ans1) = N (cAg) @ @ N (Api1).

.
~

We decompose we, € N* (A¢s) as in the formula (41) and set:
(43) (Hw)o = D, DFM1r @95 + Xag © 74,
vo#F<icAg
where v is the apex of the cone over the component filtration of degree 0 and Aa, the
sum of 0-cochains on Ag.

Proposition 12.6. Let (¢X,p) be a perverse space with X compact.
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(a) The equality (43) induces a linear map, H : N*(éX;R) — N*_l(éX; R), verifying
JoH+Hod=id— fog.
(b) Using the notation introduced in (38), the application H induces a map,
H: 7N (6X5 R) = mpy N (6X; R).

Proof. (a) We must establish the equality 6; H(w), = H(w)gsos,, for each cochain w €
N*(&X), each regular simplex o: A, = Ag * -+ A, — ¢X and each regular face
operator 6y: D = Dg % -+ % Dy 1 — Ay, with k€ {0,...,dim A,}. Denoting by 6% the
regular face operators of {p} * Ay, we can write c(o 0d;) = coody, . If k> dim Ag, we
set k° =k —dimAg —1 and 67c: Dy # -+ % Dyy1 — Ayp % -+ Apyq the induced face.

Following (43), we have:

F . '
S H (W) = Do traeny (D 1E @ v + Ap, ® 74, if £ < dim A,
ZV07&F<ICA0(_1)‘F‘+11F Q0. Y + Aag @6, v, if k> dim Ayg.

Using the equality we(sos,) = Wepos? | = 6zf1ww and (41), we get:

k+1
(X Facpy 1P ®VF + Lpsr ®75) + 1, ® 7 if k< dim Ao,
w O(S = o) O le} . .
eloeon) (X Facny 1F ® 65 7F + Lpwr ® 627 75) + 1, ® 0,5 g if k> dim Ay,

which gives

(Zvoqu«DO(—l)'F'HlF ®Vr) + Ay @ Vs if k < dim A,
H<w)o'o§k

(Zv0¢F<ICD0(_]‘)|F|+11F ® 52’0*7}7) + )\DO ® 5270*7\/10 lf k > dlm AO?
= 0pH(w)o.

Let us study the behavior of H towards the differentials. Let o: A, = Ag#- - -xAp11 —
¢X be a regular simplex and w € N*(cX; R). Let us start from the equality (41) and
calculate the differential in eliminating terms having a zero image by H.

(44) (H((Sw»(f = H Z lp*e ®’Y® + 2 ]-F*p R vr+
eeV(cAop) F<clAg

Y L ®vp+ Y, (D) @645
F<1CAO F<1CAO
eeV(cAg)

Notice

Z 1p*e®'}’@+ Z 1F*p®’)’F=
eeV(cAp) F<cAyp

Z ]-p*e ® Yo + Z 1F*p & vF + 1p*v0 ® (’Y@ - 'Vvo)-
EEV(A()) vo#F<cAg
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Replacing in (44) and developing the definition of H, we get:

(HOw)y = — D) L®1g+ 2 1r®7r + A ® (Vg — Yo — 5V,
eeV(Ao) vo#F<cAg

+ > (D) pe @+ D) 1r®0vE.
F<cAg vo#F<cAg
eeV(cAp)

On the other hand, the quantity é o H can be written
SHW), = Y D e Y 1@

vo#F<icAg vo#F<cAg
eeV(cAop)

+ Z Lesv, ®’}/‘/,0 +Aa, ® (5’}/‘/,0.
eEV(Ao)

Using (42), the sum of the two expressions can be reduced to:

(45)  H(0w)e +6H(W)o = D>, Lr®@YF — Aeny ® vy = Wo — (f 0 9)(w)o-

F<JCAO

(b) As in the proof of Proposition 12.2, we are reduced to consider a singular stratum
T of ¢X, a p-allowable cochain w e N* (¢X), of degree less than or equal to p(w), and a
regular simplex, o: A, — ¢X, with 0(A;) T # . Let £ = codimexT € {1,...,n+1}.
Notice that co(Aqr) T # . Thus, according to the definition of perverse degree (cf.
Definition 2.7), we have

pT) = |wlr = |weole = max{|1r @vr|e, [1pxr @VEles |1 @Vglle | F<cAo}
> max{|1lpsr ®Vrle | F<cAo},

where the equality uses (5) and (41). We develop this expression by distinguishing two
cases.

e Let £ # n + 1. By definition, for any face F<i¢Ag, we have the equality |1pxr ®
Vrlle = [1r ®@ple, if F' # vo, and [Lpuw, @ Yiplle = [Aag @ viplle- 1t follows:
P(T) = max{[[1r ®Vr|e, [Aao @ Voolle | Vo # F<cAo} = [H(w)sle,

where the last equality uses (5) and (43). We deduce p(T') = || H (w)|r-
o Let £ =n + 1. In this case we have

[ H(W)olnt1 = max{|lper @ Velni1, [Aag ®Voplnt1 | vo # F<acAo}
= max{|ygl, [75,| | F<Ao} < |w| — 1 < p(w),
where the first equality uses (5) and (43). It follows p(w) > |H (w) |-
It has been shown |H (w)| < p. The property |0H (w)| < P is deduced using (45). O

Remark 12.7. Nous avons toujours
we N (6X;R) = H(w) e N"(¢X;R)

et
JoH+Hod=id— fog.
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The determination of the cohomology of a cone follows from the properties of f, g and
H.

Proof of Theorem E. (a) From Propositions 12.2, 12.4 and 12.6, we deduce that the map
g: T@(W)JV;(&X ;R) — Tgﬁ(w)ﬁ; (X x]0,00[; R) is a quasi-isomorphism. We know from
Theorem D, that the inclusion I1: X — X x]0,00[ induces a quasi-isomorphism. It
remains to prove I o g = ¢*. The involved stratifications on X x]0, co[ are different in
these two quasi-isomorphisms but the cohomologies are the same (see 3.5).

For this, consider w € Tﬁ(w)]\Nf;(éX ;R) and 7: A; — X a regular simplex. By defini-
tion, we have (t*w),; = w,or. Notice toT = ¢([; 07) 0 dy, where Jp(z) =0-p+1-2. It
then follows

(t*W)r = We(nor)es, = 00 We(Iror) =(40) Yo = 9(W)nor = IT (9(w))r-

To prove part (b), we consider a cocycle w € ]\Nf;(é’:X ; R) with & > p(w). Following
Proposition 12.6, we have 0H (w) = w — f(g(w)) and it suffices to establish the equality
f(g(w)) = 0 and H(w) € N (X; R).

We prove f(g(w)) = 0 by contradiction, assuming that there is a regular simplex
o: A, — ¢X, such that f(g(w))s # 0. Following (42), this implies 7y, # 0. We get a
contradiction,

k> p(w)

\%

1f (gl = 1f(g(w))eolnt1 = [Acprag) ® o llnt1
= H/\p*Ao ® Yoo ln+1 = [1wo| = &.

Notice that 0 H(w) = w. But H(w) does not belong to N;_l (¢X; R). We need to find
another cochain integrating w. In fact, we are going to construct B(w) € N o (¢X;R)
and C(w) € N;il(éX; R) verifying:

+ H(w) - B(w)e N '(¢X:R)
+ 0B(w) = 0C(w).
This ends the proof since
w=0(Hw)— BWw))+dC(w)

and H(w) — B(w),C(w) € N;” (¢X;R)
In order to define these cochains, we consider a regular simplex o: A, — ¢X. Using
(41) we define:

)

B(w) - )\AO ® 7\//'0
C(w) = -1, ®f7x//0
We proceed in three steps.

1- B(w),C(w)e N* "' (&X;R).

Vérifions la compatibilité aux faces. We prove 6} B(w)s = B(w)gos, and 6;C(w)s =
C(w)gos, for each regular simplex, o: Ay = Ag*--- % A, 11 — ¢X, and any regular face
operator, 0p: V =Vg#--- % Vyi1 — Ay, with k€ {0,...,dim A, }.

We have

51’53(0‘))0 = 5;:()‘A0 ®7\/70) = /\V[) ®7\/70 = B(w)005k'
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and
5;:0(‘0)0 = _5;;(1\70 ®'Yx/zo) =—1y, ®7\lro = C(W)JO&C'

2- Hw) — B(w),C(w)e N. '(¢X;R).
We need to prove max{||H (w)s — B(w)s||e, ||C(w)es|le} < P(T) for each stratum 7' of
¢X meeting Im o, where £ = codimT. We distinguish two cases.

(a) £#n+1.
(b) £ =n+1.

Let us see that.
(a) We notice that we have already prove that ||H(w)q|l¢ < p(T). So, it suffices to
prove that:

maxc{ || B(w)ole: 1C(@)ol e} < B(T).
We have

[H@)olns1 = max{[lpxr @ Vrlnt1: [Aae ® Woollnt1 | vo # F<cAo}
max{[ye|, [V,! | F<lo} < |w| =1 < p(w),

(b) From (43) we have

H@o— B = 3 (D107
vo#F<cAg

‘We have

max{||H(w)s — B(w)ollnt1,[[C(W)olln+1} = max{|[1r @ vplln+1, [[1vg ® Yoy lInt1 [ Vo # F<clo}
= max{|[1r ® Vp[ln+1 | F<Ao}

(41)
= max{|[lpur @ Vrllni1 [ F<lo} < [lweollnir < [lwlly < P(w).

3-0B(w) = 0C(w).
It suffices tor prove that 0 B(w)s = 0C(w),. If d7;, = 0 then we have

5B(w)0' = 5()\A0 ®7\/70) = 2 15*"0 ®Py\lfo = _6(1‘70 ®7\llo) = (50(&)0-)
eEV(Ao)

Let us see that dv;, = 0. Following (41) we have
Weo = Lyg @ Yoo + 1p ® Vg + Lpavg ® Yoy + - -
Since dwe, = 0, then the 1g4y,-term of dwe, is 0. We get
—Yvo + Vo — 57",0 = 0.
We have already seen that 5, = 0. On the other hand, si 75 # 0 then we have
() = |lws|lnt1 = |11 @ vgllnt1 = 1zl = |ws| = |w| = k> B(w).
This implies 7z = 0 and therefore dv; = 0. O



	Introduction
	Part 1. Blown-up intersection cohomology. Stratified maps
	1. Some reminders.
	2. Blown-up complex of a weighted simplicial complex.
	3. Blown-up intersection cohomology.
	4. Cup product.
	5. Intersection and tame intersection (co)homology.
	6. Cap product.
	7. Stratified maps: the local level.
	8. Stratified maps: the global level. Theorem A.

	Part 2. Properties of the Blown-up intersection cohomology
	9. U-small chains. Theorem B.
	10. Mayer-Vietoris exact sequence. Theorem C.
	11. Product with the real line. Theorem D.
	12. Blown-up intersection cohomology of a cone. Theorem E.
	13. Comparison between intersection cohomologies. Theorem F.
	14. Topological invariance. Theorem G.
	15. Decomposition of the ordinary cap product.
	References


