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ABSTRACT. In this work we shall consider smooth semifree (i.e., free outside the
fixed point set) actions of S3 on a manifold M . We exhibit a Gysin sequence
relating the cohomology of M with the intersection cohomology of the orbit
space M/S3. This generalizes the usual Gysin sequence associated with a free
action of S3.

Given a free action of the group of unit quaternions S* on a differentiable
manifold M , there exists a long exact sequence relating the deRham cohomol-
ogy of the manifold M with the deRham cohomology of the orbit space M/S?;
this is the Gysin sequence (see, e.g., [1, p. 179]):

(1) 0 T H 008 S ) ) - -

where { is the integration along the fibers of the natural projection n: M —
M/S? and [e] € H*(M/S?) is the Euler class of ®. This paper is devoted
to generalizing this relationship to the case where ® is allowed to have fixed
points (semifree action).

In this context the orbit space M/S? is no longer a manifold but a stratified
pseudomanifold, a notion introduced by Goresky and MacPherson in [7]. The
Gysin sequence we get in this case is

(@) oo BN L 0489 M T My T ()

where 7 and r+ 4 are two perversities and [e] € TH}(M /S?) is the Euler
class of @. The exact statement is given in Theorem 4.7. A similar sequence
has been already found for circle actions [8]. Finally, we show a relationship
between the existence of a section of n and the vanishing of the Euler class
[e]. This result generalizes the situation of the free case.

The work is organized as follows. In §1 we introduce simple stratified spaces,
which are singular spaces including the orbit space M/S? as a special case.
Section 2 is devoted to recalling the notion of intersection cohomology with the
perversity introduced by MacPherson in [9]. The main tool we use to construct
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1336 MARTIN SARALEGI

the Gysin sequence is the complex of invariant forms, which is studied in §3.
Finally, we construct the Gysin sequence (2) in §4.

In this paper, a manifold is supposed to be without boundary and smooth
(of class C°°). From now on, we fix a manifold M with dimension m and
®: S} x M — M a smooth semifree action, that is, ® is free out of the set
MS’ of fixed points (which will be different from M).

1. SIMPLE STRATIFIED SETS

We prove that the action ® induces on M and M/S? a particular structure
of stratified set.

1.1. Let E be a stratified set [10]; we shall say that E is simple if there exists
a stratum R with E = R (such R is said to be regular) and that any other
stratum S is closed (S is said to be singular). The second condition implies
that the singular strata are disjoint. The dimension of E is, by definition,
dim R. We shall write . to represent the family of singular strata.

1.2. We know (cf. [10]) that for each stratum S € % there exist a neigh-
borhood Ts of S, a compact manifold Lg, and a fiber bundle t5: Tg — S
satisfying:

(a) the fiber of 75 is the cone cLg = Lg x [0, 1[/Ls x {0};

(b) the restriction map tgs is the identity;

(c) the restriction 75: (Ts —S) — S is a smooth fiber bundle with fiber
Lgx]0, 1[, whose structural group is Diff(Lg), the group of diffeomor-
phisms of Lg; and

d) TsnTg =2 if S£S5".

The family {Ts/S € &} is said to be a family of tubes. Notice that, according
to (c), there exists a smooth map As: (75 —.S) —]0, 1[ such that the restriction
Ts: }.E'(]O, g[) — S, for € € [0, 1], is a fiber bundle with fiber Lgx]0, e[. We
shall write Dg = AE'(]O, 1/2[); in fact, Ds is the half of Tg.

1.3. The manifold M inherits from the action' ® a natural structure of
stratified set where the singular strata are the connected components of MS
and the regular stratum R is M — M S* | This stratified set is simple because
the open set M — MS’ is dense.

Since each singular stratum S of M is an invariant submanifold of A, we
construct a tubular neighborhood (T, 15, S, S') satisfying:

(i) Ts is an open neighborhood of §;

(ii) 1s: Ts — S is a smooth fiber bundle with fiber the open disk D’s*! and
O(ls + 1) as a structural group;

(iii) the restriction of 75 to S is the identity;

(iv) 1g is equivariant, thatis, 75(g-y) =g -1s(y);

(v) there exists an orthogonal action W¥: S? x S/s — S's and an atlas %% =
{(U, @)} such that ¢: rg'(U) — U x D's*! is equivariant, that is, ¢(®(g, x))
= (1s(x), [®5(g, 0),r]) for each g € S* and x = ¢~ (15(x),[0,r]) €
15! (U) . Here we have identified D's*! with the cone cS's = Sfs x [0, 1[/S x
{0} and written [0, r] an element of ¢S's.

IFor the notions related with actions we refer to [3].
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A GYSIN SEQUENCE FOR SEMIFREE ACTIONS OF S? 1337

Notice that the action ®° is free and therefore the codimension of S is a
multiple of 4. Consider, for each singular stratum S, a tubular neighborhood
Ts verifying TsNTgy = @ if S # S'. Thus, the family {75} is a family of
tubes.

Let n: M — M/S? denote the canonical projection. The orbit space M/S>
inherits naturally from M a structure of stratified set, the strata are n(R) =
(M- M S3) , the regular stratum, with dimension m — 3, and {n(S)/S € .},
the singular strata. The local description given by (v) shows that M/S? is a
simple stratified set.

For each S € & the image n(Ts) is a neighborhood of #(S). The map
ps: n(Ts) — n(S) given by pg(n(x)) = n(ts(x)) is well defined. It is easy
to show that (n(ts), ps, n(S), S/s/S?) verify 1.2(a)-(d). Then the family
{n(Ts)/S € &} is a family of tubes.

1.4. Consider the following commutative diagram:

Ds-S —5

ﬂl Jvﬂ
n(Ds - §) —2— n(S)
Since the restriction of z to the fibers of 7, is a submersion ((Ssx]0, 1/2[) —

(Sls/S3x]0, 1/2[)), we get the relation m,{Ker(ts).} = Ker(ps). . This will be
used in 3.3.

2. INTERSECTION COHOMOLOGY

We recall the notion of intersection cohomology [4] using the notion of per-
versity introduced by MacPherson in [9].

2.1. Cartan’s filtration. Let x: N — C be a smooth submersion between two
manifolds N and C. For each differential form w # 0 on N, we define the
perverse degree of w, written ||w||c, as the smallest integer k verifying:

If &, ..., & are vectorfields on N tangents to the fibers of « ,

then iy ---iy, =0.
Here, i, denotes the interior product by ¢;. We shall write [|0flc = —co. For
each k > 0 we put F,Q} = {w € Q*(N)/|w|c < k and ||[dw|c < k}. This
is the Cartan’s filtration of x [4]. Notice that, for a, f € Q*(N), we get the
relations

(3) e+ Bllc <max(llalic, [Blc) and flaABlic < llelic +1Bllc-

2.2. Let E be a simple stratified set. A perversity is a map g: ¥ — 7Z (see
[9]). A differential form @ on R is a g-intersection differential form if for each
S € & the restriction w|p, belongs to F55)Qp, . We shall denote by Q;-(E )
the complex of g-intersection differential forms of E. Remark: For the case
& = @, the complex Q;‘_(E) is exactly the deRham complex Q*(E) of E.
The cohomology of the complex Q%(E ) is the intersection cohomology of FE ,
written THZ(E) . This denomination is justified by 2.5.

Locally, the stratified set E looks like R¥ x cLg, where Lg is a compact
manifold. Here, we have the following computational result:
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1338 MARTIN SARALEGI

Propeosition 2.3. For any perversity § we obtain

IHqL(Rk x CLS) ~ { HI(LS) lfl Sq(S)y

0 ifi >q(S).
Proof. Since the maps pr: R x cLs — Rf=! x cLg and J: RK-! x cLg —
R¥ x cLg defined by pr(x;,...,xc, v, 7)) = (x2,...,x,[y,r]) and
J(xz, ooy Xk, Vs r]) = (0, x2, .00, Xk, [y, r]) verify [prrolls < |olls and

I7*nlls < |Inlls for each weQ*(R¥~!x Lgx]0, 1[) and n€Q*(R* x Lgx]0, 1[),
the induced operators

prr: QR x cLs) — Q2(R* x cLs),
J*: QAR x cLg) —» Q(R¥! x cLg)

are well defined. Notice that the composition J*pr* is the identity.
Consider the homotopy operator

h: Q*(R* x Lgx10, 1[) —» Q*"1(R* x Lgx]0, 1[)

given by h(w =a+dx; AB) = [; BAdx,, where a, B € Q(RF x Lgx]0, 1[)
do not involve dx; . It verifies

(4) dho+hdw=w-prJ o.

Now, the relation |hw|s < |lw|ls implies that # is a homotopy between
pr*J* and the identity on Qg(R" x cLg). We have proved IH;(R" xcLg) =
IHz(cLs) . Moreover, by the equalities Qz(cLs) = Q'(Lsx]0, 1[), if i <g(S),
Qg(s)(cLs) Nd~'(0) = QI8)(Lsx]0, 1[)nd~'(0), and by previous calculation
we get IHE"(R" x cLg) = H'(Lg) for i <g(S).

It remains to prove that, given a cycle w € Q'E(CLS) with [ > g(S), there
exists n € Qf{'(cLS) with dn = w. Write w = a +dr A 8, where a, f do
not involve dr (r variable of ]0, 1[); observe that a = # =0 on Lsx]0, %[.
Then, since w =d [; B Adr, it suffices to take n= [, BAdr. O

The intersection cohomology satisfies the Mayer-Vietoris property as it is
stated in [1, p. 94].

Proposition 2.4. Given an open covering Z = {U} of E, there exists a subordi-
nated partition of the unity {fy} verifying w € Q(U) = fvw € QL(E).

Proof. A controlled map f: E — R is defined to be a continuous map, differen-
tiable on each stratum, such that the restriction to the fibers of each 75: Dg — S
is a constant map [11]. Notice that we have the equality max(||f|s, [|[df|ls) =
0. Then the result follows from the fact that Z possesses a subordinated
partition of unity made up of controlled functions [11, p. 8]. O

Two perversities p and g are dual if p(S) + g(S) = dimLg — 1 for each
S € . For example, the zero perversity 0, defined by 0(S) = 0, and the top
perversity t, defined by 7(S) = dim Lg — 1, are dual. The relationship between
the intersection homology IH?(E) of [6] and the intersection cohomology is
given by
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A GYSIN SEQUENCE FOR SEMIFREE ACTIONS OF S 1339
Proposition 2.5. 1H3(E) = IHZ(E).
Proof. Consider the first case £ = R x cLg as in 2.3. Following [6, 9] we get

> Hi(Ls) if i <dimLgs—1-p(S),
THP(R* x cLg)={
(R xcls) {o if i > dim Ls - B(S),

which is isomorphic to /HL(E) (see 2.3).

This shows that the intersection cohomology and the intersection homology
are locally isomorphic. The passage from the local case to the global case cannot
be made as in [7] because the axiomatic presentation of the intersection homol-
ogy has not yet been extended to the new perversities, but we can proceed as in
[2] by showing that the usual integration of differential forms over simplices in-
duces a morphism between [ HZ(E) and Hom(/ H(E), R); such a morphism
turns out to be an isomorphism because of Mayer-Vietoris and previous local
calculation. Since the proof is similar to that of [2], we leave this work to the
reader. O

The following result has also been proved in [9].

Corollary 2.6. Suppose that each link Lg is connected (that is, E is normal).
Then IH:(E) = H*(E).

Proof. 1t suffices to consider the isomorphism IH!(E) = H,(E) proved in
[9]. O

Corollary 2.7. If E is a manifold then 1 HZ(E) = H*(E), for each perversity
0<7<i.

Proof. Since E is normal, Corollary 2.6 reduces the problem to prove that the
inclusion Q%(E ) — Q%(E ) induces an isomorphism in cohomology. Applying
2.4 and 2.3 and taking into account the inequalities 0 < g(S) < dimLg — 1
we transform the problem to showing H/(Lg) =0 for 0 < i < g(S). But this
is exactly the same as showing that Lg is a cohomology sphere, which follows
from the fact that M is a manifold. O

3. INVARIANT FORMS

A good simplification in the construction of the Gysin sequence is the use of
invariant forms.

3.1. The fundamental vectorfields X,, X,, X5 of ® are the vectorfields of M
defined by X;(x) = T.®(/;), i=1,2, 3, where {/;, [, 3} is a basis of the
Lie algebra of S®. These vectorfields can be chosen to verify [X;, X3] = X3,
[X2, X3] = X}, and [X3, X;] = X,. The zero-set for each of them is exactly
MS’
It is well known that the subcomplex of invariant forms
IQ* (M) = {w e Q*(M)/g*w = w for each g € S*}
={weQ*M)/Lyw=0, i=1,2, 3}

computes the cohomology of M (see, e.g., [5]). We prove now a similar result
for
IQM) = {w e QM)/Lyw=0, i=1,2,3}.
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1340 MARTIN SARALEGI

Proposition 3.2. For each perversity 0 < g <1 we have H*(I1Qz(M)) = H*(M).
Proof. We first apply 2.4 (with Z made up of invariant sets and {fy} to be

invariant controlled maps) and reduce the problem to M = R¥ x ¢Sls. Here,
the action of S3 is given by

(5) (g,(xl,...,xk,[y,r]))H(xl,...,xk,[CDS(g,y),r]).

Consider R¥ x ¢S5 as the product R x (RK~! x ¢S’s). Notice that the funda-
mental vectorfields of R¥ x ¢S’ (resp. R¥~! x ¢S's) are

Xi=(0,...,0,Y;,0) (resp. Zi=(0,...,0,Y,0)
k k—1

where Y; are the fundamental vectorfields of S/s, i =1, 2, 3. Write pr, J,
and A as the operators given by 2.3 for this decomposition. The equalities
pr.Xi = Z;, J.Z; = X;, and ix,h = hiy, show that these operators are
equivariant. Proceeding as in 2.3, we first reduce the problem to the case
M = R¥-! x ¢Ss and finally to the case M = cSs. Again, the operators
used in 2.3 to reduce the problem to S’s are equivariant. Here, the inclusion
IQ*(Sls) — Q*(S's) induces an isomorphism in cohomology because ®5 is
free. O

3.3. For any differential form o € Q*(n(M — MS’)) the pull-back 7*a is an
invariant form. According to 1.4 it satisfies

(6) I7*alls = llellxs)
for each S e.7.

Let u be a Riemannian metricon R = M — MS' invariant by the action
of ® and satisfying x;(X;) = é;; for i, j € {1,2,3}. The fundamental
forms of ® are the differential forms on M — MS’ defined by y; = u(X;, —),
i=1,2,3. They satisfy

(7 lxills=1.

Let e € Q*n(R)) be a closed form representing the Euler class of the action
®: S3 x R — R. Then we can choose 7 € Q3(R) so that ix,ix,ix,# =0 and
dn=d(x1 ANx2 A x3)—n*e (cf. [5, p. 322]). Notice that the relation ||e]|s) < 4
holds for each S € .. The class [e] € ] H%‘(M /S3?) is called the Euler class of
®. It coincides with the usual one when the action @ is free.

4. GYSIN SEQUENCE

The Gysin sequence is constructed by using the integration along the fibers of
7 ; this operator is very simple when we are dealing with invariant differential
forms.

4.1. Consider w to be an invariant differential form. The differential form
ix,ix,ix, @ is also invariant (Ly,ix, = ix,Lx,+ix,, x,)) ; MOTEOVET, ix,ix,ix,ix,®
=0 for i =1, 2,3 and therefore iy,iy,ix,w is a basic form. That is, there
exists 7 € Q*(n(R)) with ix,iy,ix,w = (—1)“z*n where |w| = degree of w.
Notice that iy, ix,ix, dw = —dix,ix,ix,w.

The integration along the fibers of n is defined to be the operator f: IQ*(R)
— Q*Y(n(R)), where fw = n; it is a differential operator. Notice that
frn*a=0 and f(-1)ly; A2 A x3An*a = forany a € Q*(n(R)).
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A GYSIN SEQUENCE FOR SEMIFREE ACTIONS OF S3 1341

4.2. If the action is free, the short exact sequence
0 Q (M/SY) o 1Q°(M) Lo *3(M/S?) — 0

induces the long exact sequence

£

w——»Hi(M)——-»Hi_}(M/Sa) Ale] HiH(M/SS)LHiH(M)—)'“ ,

where [e] € H*(M/S?) is the Euler class of ®.

If the action @ is not free, the previous section is no longer an exact one (see
4.9). But, we are going to show that by considering the intersection differential
forms of M instead of the differential forms, we also get a Gysin sequence
relating in this case the intersection cohomology of M/S* with the cohomology
of M . This sequence arises from the study of the short exact sequence

0 Ker § -1 1Q2(M) Fmi—o,

and more precisely, from the comparison of Kerf and Im { with Q:(M/S3).
There will come out a shift on the perversities involved, due to the perverse
degree of e. For this reason we fix three perversities: g (of M), and 7 and
r+4 (of M/S?) satisfying 7(n(S)) = q(S) — 4, r+4(n(S)) = g(S), and
0<g<i.
4.3. Kernel of {. By construction we have Kerf = {w € ]Q%(M )V ix,ix,ix, @
= 0}. Foreach a € Q*(n(R)) we have ||1*alls = ||a|lzs) (cf. 3.3)and fr*a =
0. Thus, the operator 7*: Q:+—4(M /S%) — Ker § is well defined. In fact, we
have:

Proposition 4.4. The operator n*: Q
phism in cohomology.

Proof. We first apply 2.4 (with % made up of invariant sets and {fy} invariant
controlled maps) and reduce the problem to M = R x¢S's . Consider pr': R x
cS's /S3 — Rk—! x ¢S's/S? the natural projection as in 2.3. Set z: R* x ¢Sl —
Rk x ¢Sls/S3 and n': RK=! x ¢Sls — R*¥~! x ¢S's/S3 the natural projections.
With the notation of 3.2, we have pr'm = n’pr. The relations pr.X; = Z;,
J.Zi = X;,and ixh = hiy, imply

8) ][pr*=pr*][,, ][,J*:J*][, ]lh=h][,

where f (resp. f’) is the integration along the fibers of n (resp. n’). We
conclude that the diagram

;‘+—4(M/S3) — Ker§ induces an isomor-

Q_(R¥ x cS'5/SY) Ll Ker{f: 19 (R x cSf5) — Q-3 (Rk x S5 /87x10. 1)}

I(pr’)‘ ‘[pr‘

Q_(R*~! x cS5/8?) =) Ker {f': IQL_(Rk~" x ¢S'5) - Q*-3(R¥~1 x Sl5/S3x]0. 1)}

is well defined and commutative. The vertical rows are quasi isomorphisms
(same procedure as 2.3). This first reduces the problem to M = R¥~! x ¢Sls
and finally to M = ¢S% .
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In order to prove that

n*: THi_(cS's /S?) — H' (Ker{f: 1Q5(cS5) — Q*(S’/S3x]0, 1[)})

=l
is an isomorphism in cohomology, we distinguish three cases.
e i <F(n(S))+4. Here, we have %(6815/53) = Qi(S/S3x]0, 1[) and

(Ker f)' = {@ € IQ(S¥10, 10)/ity, 0)i(r2.0)i(v, 0y = 0} .
Contracting the second factor to a point and proceeding as before, we reduce
the problem to prove that

n*: H'(Sls/S3) — H'({w € I1Q*(S's)/iy,iy, iy, = 0})
is an isomorphism. But, since the action ®5 is free, we already know that the
map
n*: Q(8'/8%) — Ker {f: 1Q°(S") — Q" 3(sl/8%)}
induces an isomorphism in cohomology.
e i =7(n(S)) +4. We can proceed in the same way because
QL_(cS/S*) nd~'(0) = Q(S/S*x]0, 1)) nd~'(0)
and
(Ker )’ nd=1(0) = {w € IQ(S5%]0, 1[)/i(y,.0)i(v,.0)i(,.00@ = 0} N d~1(0).
o i >7(n(S))+4. Since Hr"+—4(cS’S /S?) = 0, it suffices to prove that for any
(UEIQi(SlSX]O, 1[) satisfying(l) w=0 on SISX]O, %[ 5 (2) i(Y;,O)i(Yz,O)i(YI,O)w =
0, and (3) dw = 0, there exists n € IQI~!(S/sx]0, 1[) verifying (1) and (2)
with dn = w. Write w = a +dr A B where a, f € IQ*(S5x]0, 1[) do not
involve dr. We define n = [ B Adr, which clearly satisfies (1) and dn =w.
Since Y;, Y, Y3 do not involve 9/8r, we also have (2). O
4.5. Tmage of f. For each differential form a € Q*(n(R)) we get
max(xi A2 AxsArtalls, l[d(xi Axa AxsArta)lls) < 4+ |lallxs)

(cf. (3) and (7)) . Since f(=1)lely; A x2 A x3 A m*a = a, we conclude that
Q:(M/S?) is a subcomplex of Im f.

Proposition 4.6. The inclusion (M /S3) — Im § induces an isomorphism in
cohomology.
Proof. Given an invariant function f = zn* fo: M — R and an invariant differ-
ential form w € IQ*(M), we get f fw = fy f w. We can therefore apply 2.4
and reduce the problem to the case M = R¥ x ¢S’s, where the action is given
by (5).

Proceeding as in 4.4 we arrive at the case M = ¢S’ . Here, in order to prove
that the induced map

IH!(cS's/S%) - H' (Im { §: 1Q3(cS's /%) — Q" 3(8"/8%x10, 1)) })
is an isomorphism for i > 0, we distinguish four cases:

e i <F(n(S)). In this case we have IQL(cSls/S3) = Q/(S’s/S3*x]0, 1[) and
(Im ) = {f ©/w € I3 (S5x]0, 1[)}, which is exactly Qi(S's/S3x]0, 1[).
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e i =7(n(S)). We can proceed in the same way because
IQL(cS’s /S nd~!(0) = Q(S's/S3%]0, 1)) nd~(0)
and

(Im §)' nd=1(0) = {fw/w e IQ*3(Slsx]0, 1[)} nd=1(0).

o i=Fn(S))+1. Since THi(cS's/S*) =0 and i+ 3 =7g(S), we need to
prove that for any w € IQ*+3(Ssx]0, 1[) verifying (1) dw =0 on Ssx]0, i[
and (2) d fw = 0, there exists 7 € IQ*%(Slsx]0, 1[) with dfn = fo.
We project S5x]0, 1[ onto S x {1/4} = Sis. Relations (4) and (8) give
fo=fprJto+dfho—hd fo=fprJ*w+dfhw, where pr'J*w, ho €
IQ*3(Slsx]0, 1[). By construction, the differential form J*w is a cycle of
1Q+3(Sls). Since 0 < i +3 = g(S) < Is — 1, we find y € IQ*X(S5) with
dy = J*w. Now, we can choose n =pr*y + hw.

e i>7(n(S))+ 1. Since IH;"(cS’S/S3) =0 and i+ 3 > gq(S), we need to
prove that for any w € IQ*3(S/sx]0, 1[) verifying (1) w =0 on S’sx]0, i[,
and (2) d fw = 0, there exists n € IQ*+%(Slsx]0, 1[) satisfying (1) with
d fn = fw. It suffices to choose n = (—1)'x1 A2 A x3Am* [, B Adr, where
fo=a+drAp asin44. O

We arrive at the main result of this work.

Theorem 4.7. Let ®: S3 x M — M be a semifree action. Then there exists a
long exact sequence

9
<= H{(M) £, THI- (M%) 2, THE(M/S?) ZLHM (M) —

where

(@) § is the integration along the fibers of the natural projection n: M —
M/S3,

(b) 7 is a perversity of M/S? verifying —4 < F(n(S)) <lIls—35,

(c) r+4 is the perversity of M/S? defined by r + 4(n(S)) = F(n(S)) + 4,
and

(d) [el€e IH%‘(M/S3) is the Euler class of ®.

Proof. Consider g the perversity of M defined by g(S) = F(n(S)) + 4. The

f

short exact sequence 0 — Ker f — 1Q*(M) = Im § — 0 induces the long exact
sequence (cf. 2.7)

. — H{(M) 1 i (Im ) 2 H™*' (Ker §) =~ H* (M) — -

The connecting homomorphism is defined by é[a] = [(=1)!*1d ()| A x2 A x3) A
n*a], which is [(=1)l*ln*(e A a)] on H*(Kerf) (cf. 3.3). It suffices now to
apply 44 and 4.6. O
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Corollary 4.8. Let ®:S> x M — M be a semifree action. The long exact

sequences
w0 L aeonst, uS s
i\[—e;]*Hi+l(M/S3)n—‘>Hi+l(M)—>~-
and

-~—>Hi(M)LHi_3(M/S3) Ale] 1H4i+l(M/S3)—”-‘—>Hi+l(M)—>-H

are exact, where for the second sequence we have assumed M|/S? to be without
boundary.
Proof. In both cases we apply the previous theorem taking into account Corol-
lary 2.6. For the first one we consider the perversity 7 defined by 7(n(S)) = —4.
By definition, IH> (M /S?) is the cohomology of the complex made up of dif-
ferential forms on M — MS’/S3 vanishing on a neighborhood of MS’/S3;
therefore,
TH(M/S?) = H*(M/S, MS'/S?).
For the second case, we consider the perversity 7 = 0. This perversity sat-

isfies condition (c) of the previous theorem because if M/S? has no boundary
then /s > 5 foreach Se€.%. O

4.9. The sequence (1) does not become necessarily (9). Let us give an example.
Consider the unit sphere S¥+3 of HP/*!, where HP are the quaternions. The
product by quaternions induce the action ¥: S3 xS#+3 — S§¥+3 Identify S¥+4
with the suspension IS¥+3 = §4+3x[—1, 1]/{S¥*3x {1}, S¥+3x {-1}}. Con-
sider the action ®: S3 x S¥+4 — S4+4 defined by ®(0, [x, t]) = [¥(8, x). 1].
The sequence (1) becomes

SN Hi(s4l+4) N Hi—3(Z]H[P1) N Hi+I(ZHPI) SN Hi+|(s4l+4) —_

which cannot be exact because yx(S***) #0.
We finish the work with a geometrical interpretation of the vanishing of the
Euler class, generalizing [5, p. 321].

Proposition 4.9. If the principal fibration n: (M — MS') — (M — MS")/S3 has
a section, then [e]=0.

The existence of a section of 7: (M — MS’) — (M — MS")/S3 implies
the vanishing of the Euler class [¢’] of the action @':S3 x (M — MS') —

(M-M SJ) . Thus, the singular strata must have at most codimension four and,
therefore, F4Qp = Q*(Ds—S) for each S € & . This implies IHZ*(M/S3) =

H*((M — MS")/S3) . We have finished the proof because [e] = [¢'].
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