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�&RPPXQLFDWHG� E\�)UHGHULFN� 5��&RKHQ�

$EVWUDFW�� ,Q�WKLV�ZRUN�ZH�VKDOO�FRQVLGHU� VPRRWK� VHPLIUHH� �L�H��� IUHH�RXWVLGH� WKH
IL[HG�SRLQW� VHW��DFWLRQV� RI� 6�� RQ�D�PDQLIROG� 0� ��:H�H[KLELW� D�*\VLQ� VHTXHQFH
UHODWLQJ� WKH� FRKRPRORJ\� RI� 0� ZLWK� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� RI� WKH� RUELW
VSDFH� 0�6�� �� 7KLV� JHQHUDOL]HV� WKH� XVXDO� *\VLQ� VHTXHQFH� DVVRFLDWHG� ZLWK� D� IUHH
DFWLRQ� RI� 6���

*LYHQ� D� IUHH� DFWLRQ� RI� WKH� JURXS� RI� XQLW� TXDWHUQLRQV� 6�� RQ� D� GLIIHUHQWLDEOH
PDQLIROG� 0�� WKHUH� H[LVWV� D� ORQJ�H[DFW� VHTXHQFH� UHODWLQJ� WKH� GH5KDP� FRKRPRO�
RJ\�RI�WKH�PDQLIROG� 0� ZLWK� WKH�GH5KDP� FRKRPRORJ\� RI�WKH�RUELW� VSDFH� 0�6��
WKLV� LV�WKH� *\VLQ� VHTXHQFH� �VHH��H�J���>���S�� ���@��

������������\:�0�� W� +L���0�6��$A@+L�[�0�6��A+L�[�0�A���

ZKHUH� �� LV� WKH� LQWHJUDWLRQ� DORQJ� WKH� ILEHUV� RI� WKH� QDWXUDO� SURMHFWLRQ� Q�� 0� �!
0�6�� DQG� >H@� H� +��0�6��� LV� WKH� (XOHU� FODVV�RI� ��� 7KLV� SDSHU� LV� GHYRWHG
WR� JHQHUDOL]LQJ� WKLV� UHODWLRQVKLS� WR� WKH� FDVH�ZKHUH� �3�LV� DOORZHG� WR� KDYH� IL[HG
SRLQWV� �VHPLIUHH� DFWLRQ��

,Q� WKLV� FRQWH[W� WKH� RUELW� VSDFH� 0�6�� LV�QR� ORQJHU�D�PDQLIROG� EXW� D�VWUDWLILHG
SVHXGRPDQLIROG�� D�QRWLRQ� LQWURGXFHG� E\�*RUHVN\� DQG� 0DF3KHUVRQ� LQ� >�@��7KH
*\VLQ� VHTXHQFH� ZH�JHW� LQ� WKLV� FDVH� LV

����������Ź� +O�0�� W� ,+L���0�6��� $�A@����L�L�0�6��� �� +L�;��0�� �� ����Ŷ

ZKHUH� U� DQG� U���$� DUH� WZR� SHUYHUVLWLHV� DQG� >H@� H� ,+00,6��� LV� WKH� (XOHU
FODVV� RI� �,!��7KH� H[DFW� VWDWHPHQW� LV� JLYHQ� LQ� 7KHRUHP� ����� $� VLPLODU� VHTXHQFH
KDV� EHHQ� DOUHDG\� IRXQG� IRU� FLUFOH� DFWLRQV� >�@�� )LQDOO\�� ZH� VKRZ� D� UHODWLRQVKLS
EHWZHHQ� WKH� H[LVWHQFH� RI� D� VHFWLRQ� RI� Q� DQG� WKH� YDQLVKLQJ� RI� WKH� (XOHU� FODVV
>H@�� 7KLV� UHVXOW� JHQHUDOL]HV� WKH� VLWXDWLRQ� RI� WKH� IUHH� FDVH�
7KH� ZRUN� LV�RUJDQL]HG� DV�IROORZV�� ,Q� ����ZH�LQWURGXFH� VLPSOH� VWUDWLILHG� VSDFHV�

ZKLFK� DUH� VLQJXODU� VSDFHV� LQFOXGLQJ� WKH� RUELW� VSDFH� 0�6�� DV� D� VSHFLDO� FDVH�
6HFWLRQ� ��LV�GHYRWHG� WR� UHFDOOLQJ� WKH� QRWLRQ� RI� LQWHUVHFWLRQ� FRKRPRORJ\� ZLWK� WKH
SHUYHUVLW\� LQWURGXFHG� E\�0DF3KHUVRQ� LQ� >�@�� 7KH�PDLQ� WRRO�ZH�XVH�WR� FRQVWUXFW

5HFHLYHG�E\�WKH�HGLWRUV�'HFHPEHU� ���������
�����0DWKHPDWLFV�6XEMHFW�&ODVVLILFDWLRQ��3ULPDU\���1����6HFRQGDU\���6���
.H\�ZRUGV�DQG� SKUDVHV�� *\VLQ� VHTXHQFH�� LQWHUVHFWLRQ� FRKRPRORJ\�
6XSSRUWHG�E\�'*,&<7�6SDLQ��3UR\HFWR�3%��������

������ $PHULFDQ� 0DWKHPDWLFDO� 6RFLHW\
�������������������� ����� SHU�SDJH

����
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WKH� *\VLQ� VHTXHQFH� LV� WKH� FRPSOH[� RI� LQYDULDQW� IRUPV�� ZKLFK� LV� VWXGLHG� LQ� ���
)LQDOO\�� ZH�FRQVWUXFW� WKH� *\VLQ� VHTXHQFH� ���� LQ� ���

,Q� WKLV� SDSHU�� D� PDQLIROG� LV� VXSSRVHG� WR� EH� ZLWKRXW� ERXQGDU\� DQG� VPRRWK
�RI� FODVV� &����� )URP� QRZ� RQ�� ZH� IL[�D�PDQLIROG� 0� ZLWK� GLPHQVLRQ� P� DQG
2�� 6��[�0� ²\�0� D� VPRRWK� VHPLIUHH� DFWLRQ�� WKDW� LV�� 2� LV� IUHH� RXW� RI� WKH� VHW
$�6���RI�IL[HG�SRLQWV� �ZKLFK�ZLOO�EH�GLIIHUHQW� IURP� 0��

��� 6LPSOH� VWUDWLILHG� VHWV

:H�SURYH� WKDW� WKH� DFWLRQ� ��!�LQGXFHV� RQ� 0� DQG� $��6�� D�SDUWLFXODU� VWUXFWXUH
RI�VWUDWLILHG�VHW�

����� /HW� (� EH�D�VWUDWLILHG� VHW� >��@��ZH�VKDOO� VD\�WKDW� (� LV�VLPSOH� LI� WKHUH� H[LVWV
D� VWUDWXP� �"�ZLWK� (�  � 5� �VXFK� �"� LV� VDLG� WR� EH� UHJXODU�� DQG� WKDW� DQ\� RWKHU
VWUDWXP� 6� LV� FORVHG� �6� LV�VDLG� WR� EH� VLQJXODU��� 7KH� VHFRQG� FRQGLWLRQ� LPSOLHV
WKDW� WKH� VLQJXODU� VWUDWD� DUH� GLVMRLQW�� 7KH� GLPHQVLRQ� RI� (� LV�� E\� GHILQLWLRQ�
GLP�5�� :H� VKDOO� ZULWH� �"� WR� UHSUHVHQW� WKH� IDPLO\� RI� VLQJXODU� VWUDWD�

����� :H� NQRZ� �FI�� >��@�� WKDW� IRU� HDFK� VWUDWXP� 6� H� �"� WKHUH� H[LVW� D� QHLJK�
ERUKRRG� 7V� RI� 6�� D� FRPSDFW� PDQLIROG� /V�� DQG� D� ILEHU� EXQGOH� UV�� 7V� ²!�6
VDWLVI\LQJ�

�D�� WKH� ILEHU� RI� 7�� LV�WKH� FRQH� F/V�  � /V� [� >��� �>�/6� [� ^�`�
�E�� WKH� UHVWULFWLRQ� PDS� U6?V� LV�WKH� LGHQWLW\�
�F�� WKH� UHVWULFWLRQ� LV
�� �7V� �� 6�� ²!�6� LV� D� VPRRWK� ILEHU� EXQGOH� ZLWK� ILEHU

/�[@��� �>�� ZKRVH� VWUXFWXUDO� JURXS� LV� 'LII�/V��� WKH� JURXS� RI� GLIIHRPRU�
SKLVPV� RI� /V�� DQG

�G�� 7VQ7V��  ��� LI� 6���6
�
7KH�IDPLO\� ^7V�6� H�6"`� LV�VDLG�WR�EH�D�IDPLO\� RI�WXEHV�� 1RWLFH� WKDW�� DFFRUGLQJ

WR� �F���WKHUH� H[LVWV�D�VPRRWK� PDS� ;V���7V�6�� �!@��� �>�VXFK�WKDW� WKH� UHVWULFWLRQ
]V�$�VO�@��H>��
6�IR7� HH>��� �@�� LV�D�ILEHU�EXQGOH� ZLWK� ILEHU� /V[@��H>�� :H
VKDOO�ZULWH� 'V� �$M
42�� O��>��� LQ�IDFW�� 'V� LV�WKH�KDOI�RI� 7V��

����� 7KH� PDQLIROG� 0� LQKHULWV� IURP� WKH� DFWLRQ����2� D� QDWXUDO� VWUXFWXUH� RI
VWUDWLILHG� VHW� ZKHUH� WKH� VLQJXODU� VWUDWD� DUH� WKH� FRQQHFWHG� FRPSRQHQWV� RI� 0V
DQG� WKH� UHJXODU� VWUDWXP� 5� LV� 0� �� 0V� �� 7KLV� VWUDWLILHG� VHW� LV� VLPSOH� EHFDXVH
WKH� RSHQ� VHW� 0� �� 0V� ��LV�GHQVH�

6LQFH� HDFK� VLQJXODU� VWUDWXP� 6� RI� 0� LV�DQ� LQYDULDQW� VXEPDQLIROG� RI� 0�� ZH
FRQVWUXFW� D� WXEXODU� QHLJKERUKRRG� �7V�� UV�� 6�� 6OV�� VDWLVI\LQJ�

�L�� 7�� LV�DQ� RSHQ� QHLJKERUKRRG� RI� 6�
�LL�� 7���7V�²\�6� LV�D�VPRRWK� ILEHU�EXQGOH� ZLWK� ILEHU�WKH� RSHQ� GLVN� 'OV�;�DQG

��OV� �� ��� DV�D� VWUXFWXUDO� JURXS�
�LLL�� WKH� UHVWULFWLRQ� RI� WV� WR� 6� LV�WKH� LGHQWLW\�
�LY�� 7V� LV�HTXLYDULDQW�� WKDW� LV�� UV�J�\��  � J�Ŷ�UV�\��
�Y�� WKHUH� H[LVWV� DQ� RUWKRJRQDO� DFWLRQ� 7��� 6��[�6A� �ª� 6OV� DQG� DQ� DWODV� VIV�  

^�8�� WS�`� VXFK� WKDW� WS�� WA
�>��� �!� 8�[�'OV�;�LV�HTXLYDULDQW�� WKDW� LV�� �S�4!�J��[��
 � �UV�[��>�A�J�G��U@�� IRU� HDFK� J� H� 6�� DQG� [�  � FSa[�76�[���>��� U@�� H
WJO�8��� +HUH� ZH� KDYH� LGHQWLILHG� �!�O� ZLWK� WKH� FRQH� F6OV�  � 6
V� [� >��� O>�6�V� [
^�`� DQG� ZULWWHQ� >��� U@� DQ� HOHPHQW� RI� F6OV��

��)RU� WKH� QRWLRQV� UHODWHG� ZLWK� DFWLRQV� ZH�UHIHU� WR� >�@�
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1RWLFH� WKDW� WKH� DFWLRQ� 2�� LV� IUHH� DQG� WKHUHIRUH� WKH� FRGLPHQVLRQ� RI� 6� LV� D
PXOWLSOH� RI� ��� &RQVLGHU�� IRU� HDFK� VLQJXODU� VWUDWXP� 6�� D� WXEXODU� QHLJKERUKRRG
7V� YHULI\LQJ� 7V�'�76
� � �� LI� 6� A� 6
�� 7KXV�� WKH� IDPLO\� ^7V`� LV�D� IDPLO\�RI
WXEHV�

/HW� Q�� 0� �!�0�6�� GHQRWH� WKH� FDQRQLFDO� SURMHFWLRQ�� 7KH� RUELW� VSDFH� 0�6�
LQKHULWV� QDWXUDOO\� IURP� 0� D� VWUXFWXUH� RI� VWUDWLILHG� VHW�� WKH� VWUDWD� DUH� Q�5�� �
Q�0� �� $�V� ��� WKH� UHJXODU� VWUDWXP�� ZLWK� GLPHQVLRQ� P��� ��� DQG� ^Q�6��6� H�6
`�
WKH� VLQJXODU� VWUDWD�� 7KH� ORFDO� GHVFULSWLRQ� JLYHQ� E\� �Y�� VKRZV� WKDW� 0�6�� LV� D
VLPSOH� VWUDWLILHG� VHW�
)RU� HDFK� 6� H� �"� WKH� LPDJH� Q�7V�� LV� D� QHLJKERUKRRG� RI� Q�6��� 7KH� PDS

SV
�� Q�7V�� �\� Q�6�� JLYHQ� E\� SV�Q�[���  � Q�U��[��� LV� ZHOO� GHILQHG�� ,W� LV� HDV\
WR� VKRZ� WKDW� �Q�UV��� SV�� Q�6��6OV�6��� YHULI\� ����D���G��� 7KHQ� WKH� IDPLO\
^Q�7V��6� H��`� LV�D�IDPLO\�RI�WXEHV�
�������&RQVLGHU� WKH� IROORZLQJ� FRPPXWDWLYH� GLDJUDP�

'V�6� ���²A�!����6

��� ,�
Q�'V� �� 6�� �A� Q�6�

6LQFH� WKH� UHVWULFWLRQ� RI� �L�WR� WKH� ILEHUV�RI� WV� LV�D�VXEPHUVLRQ� ��6�V[@��� O��>�� KA
�696�[@��� O��>���� ZH�JHW�WKH� UHODWLRQ� A�^.HU�7��
`�  �.HU�S����� 7KLV�ZLOO�EH
XVHG�LQ�����

��� ,QWHUVHFWLRQ� FRKRPRORJ\

:H�UHFDOO� WKH� QRWLRQ� RI� LQWHUVHFWLRQ� FRKRPRORJ\� >�@�XVLQJ� WKH� QRWLRQ� RI� SHU�
YHUVLW\� LQWURGXFHG� E\�0DF3KHUVRQ� LQ� >�@�

����� &DUWDQ
V� ILOWUDWLRQ�� /HW� N�� 79�²!�&� EH� D�VPRRWK� VXEPHUVLRQ� EHWZHHQ� WZR
PDQLIROGV� 79�DQG� &�� )RU� HDFK� GLIIHUHQWLDO� IRUP� FR�A� �� RQ� 79��ZH�GHILQH� WKH
SHUYHUVH�GHJUHH�RI� FR��ZULWWHQ� __�\__F���DV� WKH� VPDOOHVW� LQWHJHU� N� YHULI\LQJ�

,I� �Q�� ���� ��	� DUH� YHFWRUILHOGV� RQ� 1� WDQJHQWV� WR� WKH� ILEHUV� RI� N� �
WKHQ� LLR� �L�N ��

+HUH�� LI� GHQRWHV� WKH� LQWHULRU� SURGXFW� E\� A� �� :H� VKDOO� ZULWH� __�__F�  � �FR� �� )RU
HDFK� N� !� �� ZH�SXW� )N&O1� � ^FR�H� 4
�1��??FR??F� �� N� DQG� ??GFR??F��� N`�� 7KLV
LV� WKH� &DUWDQ
V� ILOWUDWLRQ� RI� N� >�@�� 1RWLFH� WKDW�� IRU� D�� ML� H� 4
�1��� ZH�JHW� WKH
UHODWLRQV

�����������__D���SOF�PD[�_+_F�__SOF�� ���DQG����??D�$�%??F��� ??D??F��� ??%??&��
����� /HW� (� EH� D� VLPSOH� VWUDWLILHG� VHW�� $�SHUYHUVLW\� LV� D�PDS� T�� 6"� �\�=� �VHH
>�@���$�GLIIHUHQWLDO� IRUP� FR�RQ� 5� LV�D� T�LQWHUVHFWLRQ� GLIIHUHQWLDOILRUP� LI�IRU� HDFK
6� H� �"� WKH� UHVWULFWLRQ� FR?GV� EHORQJV� WR� )A6\LOSV�� :H� VKDOO� GHQRWH� E\� LOA�(�
WKH� FRPSOH[� RI� A�LQWHUVHFWLRQ� GLIIHUHQWLDO� IRUPV� RI� (�� 5HPDUN�� )RU� WKH� FDVH
63�  � ��� WKH� FRPSOH[� 4��(�� LV� H[DFWO\� WKH� GH5KDP� FRPSOH[� �O
�(�� RI� (�
7KH� FRKRPRORJ\� RI� WKH� FRPSOH[� &LA�(�� LV� WKH� LQWHUVHFWLRQ� FRKRPRORJ\�RI� (�
ZULWWHQ� ,+��(��� 7KLV� GHQRPLQDWLRQ� LV�MXVWLILHG� E\�����

/RFDOO\�� WKH� VWUDWLILHG� VHW� (� ORRNV� OLNH� 5N�[� F/V�� ZKHUH� /V� LV� D� FRPSDFW
PDQLIROG�� +HUH�� ZH�KDYH� WKH� IROORZLQJ� FRPSXWDWLRQDO� UHVXOW�
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3URSRVLWLRQ� ����� )RU� DQ\�SHUYHUVLW\� T� ZH�REWDLQ

LKA[FOV�A^K
^/V�� LI��aT�6��
T.� 6!��������� LILL!T�6��

3URRI�� 6LQFH� WKH� PDSV� SU�5N� [� F/V� �
� 5Na[�[� F/V� DQG� -�� 5Na[�[� F/V� �ª
5N� [� F/V� GHILQHG� E\� SU�[L�� ���� ��[N��� >\�� U@�� �� �[L�� ���� ��[N��� >\�� U@�� DQG
-�[��� ���� �[N�� ?\�U@��  � ���[������ �[N�� >\�U@�� YHULI\� ??SU
FR??V��� ??FR??V�DQG
??-
WM??V�� 0V� IRU�HDFK� FRH4�
�5N�[�[/V[@��� �>��DQG� QH4
�5N� [/V[@��� �>��
WKH� LQGXFHG� RSHUDWRUV

SU
�� &LO�5Na[�[�F/V�� �� IOL�5
� [�F/V��

-
�&L��5N� [�F/V�� �ª� A�5
��� [�F/��

DUH� ZHOO�GHILQHG�� 1RWLFH� WKDW� WKH� FRPSRVLWLRQ� -
SU
� LV� WKH� LGHQWLW\�
&RQVLGHU� WKH� KRPRWRS\� RSHUDWRU

K��4
�5N�[�/V[@��� �>���
�IW²��5
�[�/V[@��� �>�

JLYHQ�E\� $�FG� � D���G[L� $MII�� � -a� ��$G[[���ZKHUH� D�� �"�H� 4
�5
�[�/�[@��� �>�
GR� QRW� LQYROYH� WL[L� �� ,W� YHULILHV

���� GKFR���KGFR� � FR��� SU
-
FR�

1RZ�� WKH� UHODWLRQ� __�]Z__V� �� ??FR??V� LPSOLHV� WKDW� K� LV� D� KRPRWRS\� EHWZHHQ
SU
-
� DQG� WKH� LGHQWLW\� RQ� 4L�5
� [� F/V��� :H� KDYH� SURYHG� ,+��5N� [� F/V��  
,+��F/V��� 0RUHRYHU��E\�WKH�HTXDOLWLHV� W\�F/V��  �4
�/�[@��� �>���LI� L��� T�6��
F�^6��F/V��Q���B�����  � U�Aª�/V[@��� �>��Q�IO0�2��� DQG� E\�SUHYLRXV� FDOFXODWLRQ
ZH�JHW� ���_�5
�[�F/V��  � +O�/V�� IRU� L��� T�6��

,W� UHPDLQV� WR� SURYH� WKDW�� JLYHQ� D� F\FOH� FR�H� 4�8F/V�� ZLWK� L� !� T�6��� WKHUH
H[LVWV� Q� H� 4��a[�F/V�� ZLWK� GQ� ²�FR�� :ULWH� FR� � D� �� GU� $��-���ZKHUH� D�� �"� GR
QRW� LQYROYH� GU� �U� YDULDEOH� RI� @��� �>��� REVHUYH� WKDW� D�  � IL�  � �� RQ� /V[@��� M>�
7KHQ�� VLQFH� FR� � GM�a�-$GU�� LW� VXIILFHV�WR� WDNH� Q� � -�a�%��?GU�� � �'

7KH� LQWHUVHFWLRQ� FRKRPRORJ\� VDWLVILHV� WKH� 0D\HU�9LHWRULV� SURSHUW\� DV� LW� LV
VWDWHG� LQ� >���S����@�

3URSRVLWLRQ� ����� *LYHQ�DQ� RSHQ�FRYHULQJ� �I� � ^8`� RI� (�� WKHUH�H[LVWV�D�VXERUGL�
QDWHG� SDUWLWLRQ� RI�WKH� XQLW\� ^ILY`� YHULI\LQJ� FR�H� IO_�&7�� !�IYFR� H� LLA�(��
3URRI�� $�FRQWUROOHG� PDS� I�(A5� LV�GHILQHG� WR�EH�D�FRQWLQXRXV� PDS�� GLIIHUHQ�
WLDEOH� RQ�HDFK� VWUDWXP�� VXFK�WKDW� WKH� UHVWULFWLRQ� WR�WKH� ILEHUV�RI�HDFK� 7V��'V�²!�6
LV�D�FRQVWDQW� PDS� >��@�� 1RWLFH� WKDW� ZH�KDYH� WKH� HTXDOLW\� PD[�__�__V�� __UI��__V��  
��� 7KHQ� WKH� UHVXOW� IROORZV� IURP� WKH� IDFW� WKDW� �I� SRVVHVVHV� D� VXERUGLQDWHG
SDUWLWLRQ� RI� XQLW\� PDGH� XS� RI� FRQWUROOHG� IXQFWLRQV� >����S�� �@��� �Ƒ

7ZR� SHUYHUVLWLHV� S� DQG� T� DUH� GXDO� LI� S�6�� �� T�6��  � GLP� /V� �� �� IRU� HDFK
6� H6"�� )RU� H[DPSOH�� WKH� ]HUR�SHUYHUVLW\� ��� GHILQHG� E\� �����  � ��� DQG� WKH� WRS
SHUYHUVLW\� ��� GHILQHG� E\� �����  � GLP� /V� �� ����DUH� GXDO�� 7KH� UHODWLRQVKLS� EHWZHHQ
WKH� LQWHUVHFWLRQ� KRPRORJ\� ,+O�(�� RI� >�@� DQG� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� LV
JLYHQ�E\
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3URSRVLWLRQ������� ,+��(��  � ,+"�(��
3URRI�� &RQVLGHU� WKH� ILUVW�FDVH� (�  � 5N�[�F/V� DV� LQ� ����� )ROORZLQJ� >����@�ZH�JHW

�Y� L�� ����,� �� LI�L!� GLP/V�S�6��
ZKLFK�LV�LVRPRUSKLF� WR� ,++(�� �VHH������

7KLV� VKRZV� WKDW� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� DQG� WKH� LQWHUVHFWLRQ� KRPRORJ\
DUH� ORFDOO\�LVRPRUSKLF�� 7KH�SDVVDJH�IURP� WKH�ORFDO�FDVH�WR�WKH�JOREDO�FDVH�FDQQRW
EH�PDGH� DV�LQ� >�@�EHFDXVH� WKH� D[LRPDWLF� SUHVHQWDWLRQ� RI�WKH� LQWHUVHFWLRQ� KRPRO�
RJ\�KDV� QRW� \HW� EHHQ� H[WHQGHG� WR� WKH� QHZ�SHUYHUVLWLHV�� EXW� ZH�FDQ� SURFHHG� DV� LQ
>�@�E\�VKRZLQJ� WKDW� WKH� XVXDO� LQWHJUDWLRQ� RI�GLIIHUHQWLDO� IRUPV� RYHU� VLPSOLFHV� LQ�
GXFHV� D�PRUSKLVP� EHWZHHQ� ,+A�(�� DQG� +RP����I��V��� 5��� VXFK� D�PRUSKLVP
WXUQV� RXW� WR� EH� DQ� LVRPRUSKLVP� EHFDXVH� RI� 0D\HU�9LHWRULV� DQG� SUHYLRXV� ORFDO
FDOFXODWLRQ�� 6LQFH� WKH� SURRI� LV� VLPLODU� WR� WKDW� RI� >�@��ZH� OHDYH� WKLV� ZRUN� WR� WKH
UHDGHU�� � �Ƒ

7KH� IROORZLQJ� UHVXOW� KDV� DOVR�EHHQ� SURYHG� LQ� >�@�

&RUROODU\� ����� 6XSSRVH� WKDW� HDFK� OLQN� /V� LV� FRQQHFWHG� �WKDW� LV�� (� LV� QRUPDO��
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3URRI�� ,W� VXIILFHV� WR� FRQVLGHU� WKH� LVRPRUSKLVP� ,+>�(��  � ����(�� SURYHG� LQ
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&RUROODU\� ����� ��� �V� LV� D� PDQLIROG� WKHQ� ,+��(��  � ��
��V���IRU� HDFK� SHUYHUVLW\
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3URRI�� 6LQFH� (� LV�QRUPDO�� &RUROODU\� ���� UHGXFHV� WKH� SUREOHP� WR� SURYH� WKDW� WKH
LQFOXVLRQ� 4N�(�� 
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���� DQG� ���� DQG� WDNLQJ� LQWR� DFFRXQW� WKH� LQHTXDOLWLHV� �� �� T�6�� �� GLP/V� �� �
ZH� WUDQVIRUP� WKH� SUREOHP� WR� VKRZLQJ� +
�/6��  � �� IRU� ���� �� �� T�6��� %XW� WKLV
LV�H[DFWO\� WKH� VDPH� DV� VKRZLQJ� WKDW� /V� LV�D� FRKRPRORJ\� VSKHUH�� ZKLFK� IROORZV
IURP� WKH� IDFW� WKDW� 0� LV�D�PDQLIROG�� � �Ƒ

��� ,QYDULDQW� IRUPV

$�JRRG� VLPSOLILFDWLRQ� LQ� WKH� FRQVWUXFWLRQ� RI� WKH� *\VLQ� VHTXHQFH� LV�WKH� XVH�RI
LQYDULDQW� IRUPV�

����� 7KH�IXQGDPHQWDO� YHFWRUILHOGV� ;[�� ;��� $A� RI� 2� DUH� WKH� YHFWRUILHOGV� RI� 0
GHILQHG� E\� ;W�[��  � 7H4![�OM���L�²���� ��� ����ZKHUH� ^���� O���K`� LV�D�EDVLV� RI� WKH
/LH� DOJHEUD� RI� 6��� 7KHVH� YHFWRUILHOGV� FDQ� EH� FKRVHQ� WR� YHULI\� >;[�� ;�@� � ;W���
>;��� ;W�@� � ;[��� DQG� >;W����;[@� � ;��� 7KH� ]HUR�VHW� IRU� HDFK� RI� WKHP� LV� H[DFWO\
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,W� LV�ZHOO� NQRZQ� WKDW� WKH� VXEFRPSOH[� RI� LQYDULDQW� IRUPV
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FR�  � FR�IRU�HDFK�J�H� 6�`
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FRPSXWHV� WKH� FRKRPRORJ\� RI� 0� �VHH��H�J��� >�@��� :H�SURYH� QRZ�D�VLPLODU� UHVXOW
IRU
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3URSRVLWLRQ� ����� )RU� HDFK�SHUYHUVLW\� ���� T� �� ��ZH�KDYH� +
�,4A�0���  � +
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3URRI�� :H� ILUVW� DSSO\� ���� �ZLWK� A� PDGH� XS� RI� LQYDULDQW� VHWV� DQG� ^IX`� WR� EH
LQYDULDQW� FRQWUROOHG� PDSV�� DQG� UHGXFH� WKH� SUREOHP� WR� 0�  � 5N�[� F6OV�� +HUH�
WKH� DFWLRQ� RI� 6�� LV�JLYHQ�E\
���� �J�� �[L������ [N�� >\�� ��@���!�
^[L�����[N�� >A�J�� \��� U@��
&RQVLGHU� 5
� [� F6OV� DV� WKH� SURGXFW� .�[� �0A�� [� F6OV��� 1RWLFH� WKDW� WKH� IXQGD�
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ZKHUH� ��� DUH� WKH� IXQGDPHQWDO� YHFWRUILHOGV� RI� 6
��� L� � ��� ��� ���� :ULWH� SU�� -� �
DQG� K� DV� WKH� RSHUDWRUV� JLYHQ� E\� ���� IRU� WKLV� GHFRPSRVLWLRQ�� 7KH� HTXDOLWLHV
SU
;L�  � =L�� -
=M�  � ;L�� DQG� L[�K�  � KL[�� VKRZ� WKDW� WKHVH� RSHUDWRUV� DUH
HTXLYDULDQW�� 3URFHHGLQJ� DV� LQ� ����� ZH� ILUVW� UHGXFH� WKH� SUREOHP� WR� WKH� FDVH
0� ²�5Na[� [� F6OV� DQG� ILQDOO\� WR� WKH� FDVH� 0�  � F6
V�� $JDLQ�� WKH� RSHUDWRUV
XVHG� LQ� ���� WR� UHGXFH� WKH� SUREOHP� WR� 6�V� DUH� HTXLYDULDQW�� +HUH�� WKH� LQFOXVLRQ
,�O
�6OV�� ��!�IL
�6�V�� LQGXFHV� DQ� LVRPRUSKLVP� LQ� FRKRPRORJ\� EHFDXVH� 2A� LV
IUHH��� �Ƒ
����� )RU� DQ\� GLIIHUHQWLDO� IRUP� D� H� �O
�Q�0� �� 0V� ��� WKH� SXOO�EDFN� Q
D� LV� DQ
LQYDULDQW� IRUP�� $FFRUGLQJ� WR� ����LW� VDWLVILHV

���� OO

©OOV� �,08�6�
IRU�HDFK� �� H�6"�

/HW� S� EH� D� 5LHPDQQLDQ� PHWULF� RQ� 5�  � 0� �� 0V� LQYDULDQW� E\� WKH� DFWLRQ
RI� 2� DQG� VDWLVI\LQJ� ;L^;M�� � �L�M� I�U� ©
ªL� ¼� ^�����`�� 7KH�IXQGDPHQWDO
IRUPV� RI� 2� DUH� WKH� GLIIHUHQWLDO� IRUPV� RQ� 0� �� 0V� GHILQHG� E\� ;L�²�3�;L�!�a��
�� � ������ ����7KH\�VDWLVI\
���� ??;�??V� � O�
/HW� H� H� 4��Q�5��� EH� D� FORVHG� IRUP� UHSUHVHQWLQJ� WKH� (XOHU� FODVV� RI� WKH� DFWLRQ
�W!��6��[� �"�²\�5�� 7KHQ� ZH� FDQ� FKRRVH� Q� H� IL���"�� VR� WKDW� L[LO[�L[L
O� ²��� DQG
GQ�  � G�[L� $����$�����L
H� �FI�� >���S�� ���@��� 1RWLFH� WKDW� WKH� UHODWLRQ� __H__Ä������ �
KROGV� IRU� HDFK� �� H�	�� 7KH� FODVV� >H@�H� ,+��0�6��� LV�FDOOHG� WKH� (XOHU� FODVV�RI
�-!��,W� FRLQFLGHV� ZLWK� WKH� XVXDO� RQH� ZKHQ� WKH� DFWLRQ� �,!�LV� IUHH�

��� *\VLQ� VHTXHQFH

7KH�*\VLQ� VHTXHQFH� LV�FRQVWUXFWHG� E\�XVLQJ�WKH� LQWHJUDWLRQ� DORQJ�WKH� ILEHUV�RI
Q���WKLV� RSHUDWRU� LV� YHU\� VLPSOH� ZKHQ� ZH� DUH� GHDOLQJ� ZLWK� LQYDULDQW� GLIIHUHQWLDO
IRUPV�
����� &RQVLGHU� FR� WR� EH� DQ� LQYDULDQW� GLIIHUHQWLDO� IRUP�� 7KH� GLIIHUHQWLDO� IRUP
L[�L[�L[O�R� LV�DOVR�LQYDULDQW� �/[�L[��  � L[M/;O���L�[���[�@��� PRUHRYHU�� L;LL[M[�L[[R!
 � �� IRU� ��  � ��� ��� �� DQG� WKHUHIRUH� L;LL[�L[�R`� LV� D� EDVLF� IRUP�� 7KDW� LV�� WKHUH
H[LVWV� Q�H� 4
�Q�5��� ZLWK� L[-;OL[�Z�  � �²����_FW�_"U
"��ZKHUH� _HX_� � GHJUHH� RI� FR�
1RWLFH� WKDW� L;`L;OL[��GFR� � �GL;LL[-;OFR�

7KH� LQWHJUDWLRQ� DORQJ� WKH�ILEHUV� RI� Q� LV�GHILQHG� WR�EH� WKH� RSHUDWRU� ��� ,4
�5�
²Ź�4
B��W]��"����� ZKHUH� MFR�  � Q�� LW� LV� D� GLIIHUHQWLDO� RSHUDWRU�� 1RWLFH� WKDW
��W
D�  � �� DQG� M��O�0;[� A;L� A�;L�$�Q
D�  � D� IRU� DQ\� DH4
�Q�5���
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����� ,I� WKH� DFWLRQ� LV�IUHH�� WKH� VKRUW� H[DFW� VHTXHQFH
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�0�� L� 4
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LQGXFHV� WKH� ORQJ�H[DFW� VHTXHQFH

U

�Ź� ��
�0�� ���Ź�+
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ZKHUH� K"@�H�+��0�6��� LV�WKH� (XOHU� FODVV�RI� �'�
,I�WKH� DFWLRQ� �3�LV�QRW� IUHH�� WKH�SUHYLRXV� VHFWLRQ� LV�QR�ORQJHU�DQ�H[DFW�RQH� �VHH

������ %XW�� ZH�DUH� JRLQJ� WR� VKRZ� WKDW� E\� FRQVLGHULQJ� WKH� LQWHUVHFWLRQ� GLIIHUHQWLDO
IRUPV� RI� 0� LQVWHDG� RI� WKH� GLIIHUHQWLDO� IRUPV�� ZH� DOVR� JHW� D� *\VLQ� VHTXHQFH
UHODWLQJ� LQ� WKLV� FDVH�WKH� LQWHUVHFWLRQ� FRKRPRORJ\� RI� 0�6�� ZLWK� WKH� FRKRPRORJ\
RI� 0�� 7KLV� VHTXHQFH� DULVHV� IURP� WKH� VWXG\� RI� WKH� VKRUW� H[DFW� VHTXHQFH

�I�
���ª�.HU��� �8�,4��0���A� ,P��� �!���

DQG� PRUH� SUHFLVHO\�� IURP� WKH� FRPSDULVRQ� RI� .HUI� DQG� ,PI� ZLWK� 4�80�6���
7KHUH� ZLOO� FRPH� RXW� D� VKLIW� RQ� WKH� SHUYHUVLWLHV� LQYROYHG�� GXH� WR� WKH� SHUYHUVH

GHJUHH� RI� H�� )RU� WKLV� UHDVRQ� ZH� IL[�WKUHH� SHUYHUVLWLHV�� � T� �RI� 0��� DQG� I� DQG
���� �RI� 0�6��� VDWLVI\LQJ�7�Q�6��� � T�6������ �7��WW�����  � T�6��� DQG
��T� ���
����� .HUQHO� RI� M� �� %\�FRQVWUXFWLRQ� ZH�KDYH� .HU��  � ^FR�H� ,ILA�0��L;LL;OL;OFR
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��� 7KXV�� WKH� RSHUDWRU� Q
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KDYH�

3URSRVLWLRQ� ����� 7KH� RSHUDWRU� Q
�� &9²�0�6��� ²!�.HUI� LQGXFHV� DQ� LVRPRU�
SKLVP� LQ�FRKRPRORJ\�
3URRI�� :H�ILUVW�DSSO\� ���� �ZLWK� �� PDGH� XS�RI� LQYDULDQW� VHWV�DQG� ^ILX`� LQYDULDQW
FRQWUROOHG� PDSV�� DQG� UHGXFH� WKH� SUREOHP� WR� 0�  � 5N�[�F6OV�� &RQVLGHU� SU
�� 5N�[
F6�V�6�� �\� 5Na[�[� F6OV�6�� WKH� QDWXUDO� SURMHFWLRQ� DV� LQ� ����� 6HW� Q�5N� [� F6�
��\
5N� [� F6OV�6�� DQG� Q
�5Na[� [� F6OV� �Ź�5Na[� [� F6OV�6�� WKH� QDWXUDO� SURMHFWLRQV�
:LWK� WKH� QRWDWLRQ� RI� ����� ZH� KDYH� SU
Q�  � Q
SU�� 7KH� UHODWLRQV� SU
;��  � =��
-
=M�²�;M�� DQG� L[�K� �KL;L� LPSO\

���� MS
��SU��I�������̂ U�UI�� ����-+� �KM�
ZKHUH� M� �UHVS�� �
�� LV� WKH� LQWHJUDWLRQ� DORQJ� WKH� ILEHUV� RI� Q� �UHVS�� Q
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FRQFOXGH� WKDW� WKH� GLDJUDP
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LV� ZHOO� GHILQHG� DQG� FRPPXWDWLYH�� 7KH� YHUWLFDO� URZV� DUH� TXDVL� LVRPRUSKLVPV
�VDPH� SURFHGXUH� DV� ������ 7KLV� ILUVW� UHGXFHV� WKH� SUREOHP� WR� 0�  � 5Na[� [� F6OV
DQG� ILQDOO\�WR� 0� �� F6
V� �
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,Q� RUGHU� WR� SURYH� WKDW
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LV�DQ� LVRPRUSKLVP� LQ� FRKRPRORJ\�� ZH�GLVWLQJXLVK� WKUHH� FDVHV�
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&RQWUDFWLQJ� WKH� VHFRQG� IDFWRU� WR� D� SRLQW� DQG� SURFHHGLQJ� DV� EHIRUH�� ZH� UHGXFH
WKH� SUREOHP� WR� SURYH� WKDW
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PDS
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LQGXFHV� DQ� LVRPRUSKLVP� LQ� FRKRPRORJ\�
�� �� � U�Q�6��� ����� :H�FDQ� SURFHHG� LQ� WKH� VDPH� ZD\�EHFDXVH
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�� L�!� U�Q�6��� ����� 6LQFH� ,+/��F6
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3URSRVLWLRQ� ����� 7KH� LQFOXVLRQ� 4�\�0�6��� ��ª�,PI� LQGXFHV� DQ� LVRPRUSKLVP� LQ
FRKRPRORJ\�
3URRI�� *LYHQ� DQ� LQYDULDQW� IXQFWLRQ� ��  � Q
IL�� 0� ²!�5� DQG� DQ� LQYDULDQW� GLIIHU�
HQWLDO� IRUP� FR�H� ,LO
�0��� ZH�JHW� �� ILFR� � IRMFR�� :H�FDQ� WKHUHIRUH� DSSO\� ���
DQG� UHGXFH� WKH� SUREOHP� WR� WKH� FDVH� 0�  � 5N�[� F6�V�� ZKHUH� WKH� DFWLRQ� LV� JLYHQ
E\�����

3URFHHGLQJ� DV� LQ� ����ZH�DUULYH� DW� WKH� FDVH� 0�  � F6OV�� +HUH�� LQ� RUGHU� WR� SURYH
WKDW� WKH� LQGXFHG� PDS
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�D�� �� LV� WKH� LQWHJUDWLRQ� DORQJ� WKH�ILEHUV� RI� WKH� QDWXUDO� SURMHFWLRQ� Q�� 0� ²!

0�6��
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3URRI�� &RQVLGHU� T� WKH� SHUYHUVLW\� RI� 0� GHILQHG� E\� T�6��  � U�Q�6��� �� ��� 7KH
IVKRUW� H[DFW� VHTXHQFH� ���ª�.HUI� ²Ź�,4
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7KH� FRQQHFWLQJ� KRPRPRUSKLVP� LV�GHILQHG� E\� 6>D@�  � >��O�AG�[L� $�;L�$�;L��$
�W
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&RUROODU\� ����� /HW� �-!��6�� [� 0� ²!�0� EH� D� VHPLIUHH� DFWLRQ�� 7KH� ORQJ� H[DFW
VHTXHQFHV
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DUH� H[DFW�� ZKHUH�IRU� WKH�VHFRQG�VHTXHQFH�ZH�KDYH�DVVXPHG� 0�6�� WR�EH�ZLWKRXW
ERXQGDU\�
3URRI�� ,Q� ERWK� FDVHV�ZH�DSSO\� WKH� SUHYLRXV� WKHRUHP� WDNLQJ� LQWR� DFFRXQW� &RURO�
ODU\������ )RU� WKH� ILUVW�RQH�ZH�FRQVLGHU� WKH� SHUYHUVLW\� U� GHILQHG� E\� U�Q�6��� �� ���
%\�GHILQLWLRQ�� ,+M�0�6��� LV� WKH� FRKRPRORJ\� RI� WKH� FRPSOH[� PDGH� XS� RI� GLI�
IHUHQWLDO� IRUPV� RQ� 0� �� 0V� �6�� YDQLVKLQJ� RQ� D� QHLJKERUKRRG� RI� 0V� �6��
WKHUHIRUH�
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�0�6�� ��0V
�6���

)RU� WKH� VHFRQG� FDVH�� ZH�FRQVLGHU� WKH� SHUYHUVLW\� U�  � ��� 7KLV� SHUYHUVLW\� VDW�
LVILHV�FRQGLWLRQ� �F��RI� WKH� SUHYLRXV� WKHRUHP� EHFDXVH� LI� 0�6�� KDV� QR� ERXQGDU\
WKHQ� OV�!��� IRU�HDFK� �� H����� � �Ƒ

����� 7KH� VHTXHQFH� ���� GRHV� KRW� EHFRPH� QHFHVVDULO\� ����� /HW� XV�JLYH�DQ� H[DPSOH�
&RQVLGHU� WKH� XQLW� VSKHUH� 6�����RI� +3������ZKHUH� +3� DUH� WKH� TXDWHUQLRQV�� 7KH
SURGXFW� E\�TXDWHUQLRQV� LQGXFH� WKH� DFWLRQ� �
��6��[�6�����²!�6������ ,GHQWLI\� 6����
ZLWK� WKH� VXVSHQVLRQ� ,6�����  � 6�����[�>���� �@�^6�����[�^�`�� 6�����[�^��``�� &RQ�
VLGHU� WKH� DFWLRQ� �'��6��[�6������
� 6����� GHILQHG� E\� ��!����>[�� W@��  � ?\�G� �[��W@�
7KH� VHTXHQFH� ���� EHFRPHV
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ZKLFK� FDQQRW� EH� H[DFW� EHFDXVH� ��6������ �� ��
:H� ILQLVK� WKH� ZRUN� ZLWK� D� JHRPHWULFDO� LQWHUSUHWDWLRQ� RI� WKH� YDQLVKLQJ� RI� WKH

(XOHU� FODVV�� JHQHUDOL]LQJ� >���S�� ���@�

3URSRVLWLRQ������ ,I�WKH�SULQFLSDO�ILEUDWLRQ� Q�� �0��� 0V� ���Ź��0��� 0V� ��6�� KDV
D�VHFWLRQ�� WKHQ� >H@� � ��

7KH� H[LVWHQFH� RI� D� VHFWLRQ� RI� Q�� �0� �� 0V�� �
� �0� �� 0V
��6�� LPSOLHV
WKH� YDQLVKLQJ� RI� WKH� (XOHU� FODVV� >H
@� RI� WKH� DFWLRQ� �3
��6�� [� �0� �� 0V� �� �!
�0� �� 0V� ��� 7KXV�� WKH� VLQJXODU� VWUDWD� PXVW� KDYH� DW� PRVW� FRGLPHQVLRQ� IRXU� DQG�
WKHUHIRUH�� 7A4A�  � �
�A�� �� ��� IRU�HDFK� �� H�63�� 7KLV� LPSOLHV� ����
�$��6��� 
+
��0� �� $�V���6���� :H� KDYH� ILQLVKHG� WKH� SURRI� EHFDXVH� >H@� � >H�@�

$FNQRZOHGJPHQW

7KH� DXWKRU� ZRXOG� OLNH� WR� WKDQN� WKH� 'HSDUWPHQW� RI� 0DWKHPDWLFV� RI� 3XUGXH
8QLYHUVLW\� IRU� WKH� KRVSLWDOLW\� SURYLGHG� GXULQJ� WKH� HODERUDWLRQ� RI� WKLV� ZRUN�
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D�J\VLQ�VHTXHQFH� IRU� VHPLIUHH�DFWLRQV� RI� V�� ����

5HIHUHQFHV
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LILHHV��$QQ��*OREDO�$QDO��*HRP�������������������

��� *�� %UHGRQ�� ,QWURGXFWLRQ� WR�FRPSDFW� WUDQVIRUPDWLRQ� JURXSV�� 3XUH� $SSO��0DWK��� YRO������$FD�
GHPLF� 3UHVV��1HZ�<RUN�DQG� /RQGRQ�� �����

��� -�� /��%U\OLQVN\�� (TXLYDULDQW� LQWHUVHFWLRQ� FRKRPRORJ\�� SUHSULQW�� ,�+�(�6��� -XQH�� �����
��� :�� *UHXE�� 6��+DOSHULQ�� DQG� 5�� 9DQVWRQH�� &RQQHFWLRQV�� FXUYDWXUH�� DQG� FRKRPRORJ\�� 3XUH

$SSO��0DWK���YRO������$FDGHPLF�3UHVV��1HZ�<RUN�DQG�/RQGRQ�� �����
��� 0�� *RUHVN\� DQG� 5�� 0DF3KHUVRQ�� ,QWHUVHFWLRQ� KRPRORJ\� WKHRU\�� 7RSRORJ\� ��� �������
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��� B�� ,QWHUVHFWLRQ�KRPRORJ\��,,��,QYHQW��0DWK��������������������
��� *�� +HFWRU� DQG� 0�� 6DUDOHJL�� ,QWHUVHFWLRQ� KRPRORJ\� RI� 6���DFWLRQV�� 7UDQV�� $PHU�� 0DWK�� 6RF�

�WR� DSSHDU��
��� 5��0DF3KHUVRQ�� ,QWHUVHFWLRQ� KRPRORJ\� DQG� SHUYHUVH� VKHDYHV�� &ROORTXLXP� /HFWXUHV�� $QQXDO

0HHWLQJ�RI�WKH�$06��6DQ�)UDQFLVFR�� -XQH� �����
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&LHQW,ILFDV�� 6HUUDQR� �����������0DGULG�� 6SDLQ

(�PDLO� DGGUHVV�� VDUDOHJL#FF�FVLF�HV
&XUUHQW� DGGUHVV�� 8QLYHUVLWH� GHV� 6FLHQFHV� HW� 7HFKQRORJLHV� GH� /LOOH�� /DERUDWRLUH� GH� *HRPHWULH�
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