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JLOEHUW� KHFWRU� DQG� PDUWLQ� 6$5$/(*,

$EVWUDFW�� *LYHQ� D� IUHH� DFWLRQ� RI� WKH� FLUFOH� 6�� RQ� D� GLIIHUHQWLDEOH� PDQLIROG
0� ��WKHUH� H[LVWV� D� ORQJ�H[DFW� VHTXHQFH� WKDW� UHODWHV� WKH� FRKRPRORJ\� RI� 0� ZLWK
WKH�FRKRPRORJ\� RI�WKH�PDQLIROG� 0�6�� ��7KLV� LV�WKH�*\VLQ� VHTXHQFH�� 7KLV� UHVXOW
LV�VWLOO� YDOLG� LI�ZH�DOORZ� WKH� DFWLRQ� WR� KDYH� VWDWLRQDU\� SRLQWV�

,Q� WKLV� SDSHU� ZH�DUH� FRQFHUQHG� ZLWK� DFWLRQV� ZKHUH� IL[HG�SRLQWV� DUH� DOORZHG�
+HUH� WKH� TXRWLHQW� VSDFH� 0�6�� LV� QR� ORQJHU� D� PDQLIROG� EXW� D� VWUDWLILHG� SVHX�
GRPDQLIROG� �LQ� WHUPV� RI� *RUHVN\� DQG� 0DF3KHUVRQ��� :H�JHW� D� VLPLODU� *\VLQ
VHTXHQFH� ZKHUH� WKH� FRKRPRORJ\� RI� 0�6�� LV� UHSODFHG� E\� LWV� LQWHUVHFWLRQ� FR�
KRPRORJ\�� $V� LQ� WKH� IUHH� FDVH�� WKH� FRQQHFWLQJ� KRPRPRUSKLVP� LV� JLYHQ� E\� WKH
SURGXFW� ZLWK� WKH� (XOHU� FODVV� >H@�� $OVR��WKH� YDQLVKLQJ� RI� WKLV� FODVV� LV�UHODWHG� WR
WKH� WULYLDOLW\� RI� WKH� DFWLRQ�� ,Q� WKLV� *\VLQ� VHTXHQFH� ZH�REVHUYH� WKH� SKHQRPHQRQ
RI� SHUYHUVLW\� VKLIWLQJ�� 7KLV� LV�GXH� WR� WKH� DOORZDELOLW\� GHJUHH� RI� WKH� (XOHU� IRUP�

*LYHQ� D�IUHH� DFWLRQ� �3�RI� WKH� FLUFOH� 6�� RQ�D�PDQLIROG� 0� WKHUH� H[LVWV�D�ORQJ
H[DFW� VHTXHQFH� �WKH� *\VLQ�VHTXHQFH�� UHODWLQJ� WKH� FRKRPRORJ\� RI� WKH� PDQLIROGV
0� DQG� 0�6��

�
���������!+L�0��A+
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+HUH� >H@� �� +��0�6;�� GHQRWHV� WKH� (XOHU� FODVV� RI� �,!�DQG� �� WKH� LQWHJUDWLRQ
DORQJ� WKH� ILEHUV� RI� WKH� FDQRQLFDO� SURMHFWLRQ� Q�� 0� ²!�0�6�� �� 7KLV� UHVXOW� KDV
EHHQ� H[WHQGHG� WR� DOPRVW� IUHH� DFWLRQV� LQ� >�@�� ,Q� WKLV� FRQWH[W�� WKH� RUELW� VSDFH� LV
QRW� D�PDQLIROG� EXW� D�6DWDNp� PDQLIROG�

,I� WKH� PDQLIROG� 0� LV� FRPSDFW�� WKH� (XOHU� FODVV� YDQLVKHV� LI� DQG� RQO\� LI� WKHUH
H[LVWV� D� ORFDOO\� WULYLDO� ILEUDWLRQ� 7���0� ²!�6�� ZKRVH� ILEHUV� DUH� WUDQVYHUVH� WR� WKH
RUELWV� RI� �L!��VHH� >��� �@��� 1HYHUWKHOHVV�� WKHUH� DUH� VLPSOH� H[DPSOHV� VKRZLQJ� WKDW
WKH� DERYH� UHVXOWV� DUH� QRW� WUXH� LI�ZH�DOORZ� WKH� DFWLRQ� 2� WR� KDYH� IL[HG�SRLQWV�

,Q� WKLV� ZRUN� ZH� FRQVWUXFW� D� *\VLQ� VHTXHQFH� IRU� D� JHQHULF� DFWLRQ� H[WHQGLQJ
�
��� 7KH� ILUVW� LPSRUWDQW� UHPDUN� LV� WKDW� WKH� RUELW� VSDFH� 0�6�� LV� D� VLQJXODU
PDQLIROG� �PRUH� H[DFWO\�� D� VWUDWLILHG� SVHXGRPDQLIROG� LQ� WKH� VHQVH� RI� >�@��� SRV�
VLEO\� ZLWK� ERXQGDU\�� &RQVHTXHQWO\�� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� LQWURGXFHG
E\� *RUHVN\� DQG� 0DF3KHUVRQ� LQ� >�@�DSSHDUV� DV� D� QDWXUDO� FRKRPRORJ\� WKHRU\� WR
VWXG\� 6��DFWLRQV�� 7KH� PDLQ� UHVXOW� RI� WKLV� ZRUN� �7KHRUHP� ������� VKRZV� WKDW� IRU

5HFHLYHG�E\�WKH�HGLWRUV�$SULO���� �����
�����0DWKHPDWLFV�6XEMHFW�&ODVVLILFDWLRQ�������5HYLVLRQ���3ULPDU\� ��6������1����6HFRQGDU\

��1���
.H\� ZRUGV�DQG� SKUDVHV�� *\VLQ� VHTXHQFH�� (XOHU� FODVV�� VWUDWLILHG� VSDFHV�
3DUWLDOO\�VXSSRUWHG�E\�WKH�'*,&<7�6SDLQ��3URMHFWR�3%��������

������ $PHULFDQ� 0DWKHPDWLFDO� 6RFLHW\
������������� ������� ����� SHU�SDJH

���
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DQ\� SHUYHUVLW\� U�  � ���� ��� ��� U��� U¢�� ���� �� WKHUH� H[LVWV� DQ� H[DFW� VHTXHQFH

�\� +���0��L�!� ,+-�;�0�6;��G�0�6���� b� ,+Ë���0� �� )���6
�

A������0�A���

ZKHUH� �� LV�WKH� LQWHJUDWLRQ� DORQJ� WKH� RUELWV� RI� �3�� U�����²����� ��� ��� U������� U���
�������� >H@�O+-��0�)���6[�� LV�WKH�(XOHU�FODVV�RI��'��G�0�6[�� LV�WKH�ERXQG�
DU\� RI� WKH� RUELW� VSDFH� DQG� )W� F� 0� LV�WKH� XQLRQ� RI� WKH� FRQQHFWHG� FRPSRQHQWV
RI� FRGLPHQVLRQ� ��RI� WKH� IL[HG�SRLQW� VHW�
7KH� YDQLVKLQJ� RI� WKH� (XOHU� FODVV� >H@� KDV� DOVR� D� JHRPHWULFDO� LQWHUSUHWDWLRQ�

:H� VKRZ� WKDW� >H@�  � �� LV� HTXLYDOHQW� WR� WKH� H[LVWHQFH� RI� D� VLQJXODU� IROLDWLRQ�
LQ� WKH� VHQVH� RI� >��@��ZKRVH� UHVWULFWLRQ� WR� 0�^IL[HG� SRLQWV`� LV� D� ORFDOO\� WULYLDO
ILEUDWLRQ� RYHU� 6��� WUDQVYHUVH� WR� WKH� RUELWV� RI� WKH� DFWLRQ� *!��VHH�7KHRUHP� �������
,Q� WKLV� FDVH� WKH� FRGLPHQVLRQ� RI� WKH� IL[HG�SRLQW� VHW� LV�DW�PRVW� ��
7KH� PDLQ� WRRO� XVHG� KHUH� LV� D� �EORZ�XS�� RI� WKH� DFWLRQ� �-!�LQWR� D� IUHH� DFWLRQ

2�� 6��[�0� ²Ź�0�� :H�NQRZ� WKDW� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� RI� WKH� RUELW� VSDFH
0�6�� FDQ� EH� FDOFXODWHG� XVLQJ� D� FRPSOH[� RI� GLIIHUHQWLDO� IRUPV� RI� 0�6�� �VHH
>�@��� 7KHQ�� ZH� FDQ� DSSO\� WKH� XVXDO� WHFKQLTXHV� IRU� IUHH� DFWLRQV� LQ� RUGHU� WR� JHW
WKH� *\VLQ� VHTXHQFH� DQG� WKH� (XOHU�FODVV�

,Q� ����ZH� LQWURGXFH� WKH� �EORZ�XS�� RI� WKH� DFWLRQ� �w!��:H� UHFDOO� LQ� WKH� VHFRQG
VHFWLRQ� WKH� QRWLRQ� RI� LQWHUVHFWLRQ� GLIIHUHQWLDO� IRUP�� 6HFWLRQ� ��LV�GHYRWHG� WR� WKH
SURRI� RI� WKH� PDLQ� UHVXOWV� RI� RXU� ZRUN�� WKH� *\VLQ� VHTXHQFH� DQG� WKH� JHRPHWULFDO
LQWHUSUHWDWLRQ� RI� WKH� YDQLVKLQJ� RI� WKH� (XOHU� FODVV�� ,Q� WKH� $SSHQGL[� ZH� SURYH
VRPH� WHFKQLFDO� OHPPDV� VWDWHG� RQ� SUHYLRXV� VHFWLRQV�
,Q� D� FRPLQJ� SDSHU� ZH� H[SHFW� WR� H[WHQG� WKLV� VWXG\� WR� WKH� DFWLRQ� RI� D� FRP�

SDFW� /LH� JURXS� DQG� REWDLQ� D� VSHFWUDO� VHTXHQFH� UHODWLQJ� WKH� FRKRPRORJ\� RI� WKH
PDQLIROG�� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� RI� WKH� RUELW� VSDFH� DQG� WKH� /LH�DOJHEUD� RI
*�
7KH� VHFRQG� DXWKRU� LV�JUDWHIXO� WR� WKH� 'HSDUWPHQW� RI�0DWKHPDWLFV� RI�WKH� 8QL�

YHUVLW\� RI� ,OOLQRLV� DW�8UEDQD�&KDPSDLJQ� IRU� WKH� KRVSLWDOLW\� SURYLGHG� GXULQJ� WKH
ZULWLQJ�RI�WKLV� SDSHU�

,Q� WKLV� ZRUN� DOO� WKH� PDQLIROGV� DUH� FRQQHFWHG� DQG� VPRRWK� DQG� �GLIIHUHQWLDEOH�
PHDQV� �RI� FODVV� &������ 7KH� FRKRPRORJ\� +
�;�� �UHVS�� WKH� FRKRPRORJ\� +
�;��
LV� WKH� VLQJXODU� FRKRPRORJ\� �UHVS�� KRPRORJ\�� RI� WKH� VSDFH� ;� ZLWK� UHDO� FRHIIL�
FLHQWV�

���6WUDWLILFDWLRQV� DQG� XQIROGLQJV

/HW� �3��6��[�0� �!�0� EH�DQ� HIIHFWLYH�GLIIHUHQWLDEOH� DFWLRQ� RI�WKH� FLUFOH� 6�� RQ
DQ� Z�GLPHQVLRQDO� PDQLIROG� 0�� 7KLV� DFWLRQ� LQGXFHV� RQ� 0� D� QDWXUDO� VWUXF�
WXUH� RI� VWUDWLILHG� SVHXGRPDQLIROG�� LQYDULDQW� E\� 6��� ,Q� WKLV� VHFWLRQ� ZH� VWXG\
WKLV� VWUXFWXUH� DQG� ZH�FRQVWUXFW� DQ� XQIROGLQJ� RI� 0� �VHH� >�@��� LQYDULDQW� E\� 6��
)LQDOO\�� ZH�VKRZ� WKH� RUELW� VSDFH� 0�6�� LQKHULWV� D� VLPLODU� VWUXFWXUH� LQ� D�QDWXUDO
ZD\�

����� 6WUDWLILFDWLRQ� DQG� XQIROGLQJ� RI� 0�� 7KH� VWUDWLILFDWLRQ� RI� 0� FRPHV� IURP
WKH� FODVVLILFDWLRQ� RI� WKH� SRLQWV� RI� 0� DFFRUGLQJ� WR� WKHLU� LVRWURS\� VXEJURXSV�
6LQFH�WKH�VWUDWLILHG� SVHXGRPDQLIROG� 0� LV�D�VWUDWLILHG� VSDFH� �VHH�>���@��LW�SRVVHVVHV
DQ� XQIROGLQJ� �VHH� >��DQG� ��@���:H�UHFDOO� LQ� WKLV� SDUDJUDSK� WKHVH� QRWLRQV�

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



,17(56(&7,21�FRKRPRORJ\ ���

������� 'HILQLWLRQV� �VHH�>�@��� /HW� 2�� *[0� �ª0DQ� DFWLRQ� RI�D�FORVHG� VXEJURXS
*F6��� :H�ZLOO�ZULWH� ��!�J��[��  � 2J�[��  � J� ��[�� 7KURXJKRXW� WKLV� SDSHU� HYHU\
DFWLRQ� ZLOO�EH� VXSSRVHG� WR� EH� HIIHFWLYH��WKDW� LV�� HDFK� �£!J�LV�GLIIHUHQW� IURP� WKH
LGHQWLW\�� IRU� J� A� H�� 7KH� PDS� Q�� 0� ²!�0�*� LV�WKH� FDQRQLFDO� SURMHFWLRQ� RQWR
WKH�RUELW�VSDFH�0�*�

&RQVLGHU� RQ� 0� WKH� HTXLYDOHQFH� UHODWLRQ� a� GHILQHG� E\� [� a� \� LII� *[� � *\��
ZKHUH� *]� GHQRWHV� WKH� LVRWURS\� VXEJURXS� ^J� ��*�J� ��]�  � ]`� RI� D�SRLQW� ]� ��0�
7KH� FRQQHFWHG� FRPSRQHQWV� RI� WKH� HTXLYDOHQFH� FODVVHV�RI� WKLV� UHODWLRQ� DUH� WKH
VWUDWD� RI� 0�� ZKLFK� DUH� SURSHU� VXEPDQLIROGV� RI� 0�� )RU� HDFK� VWUDWXP� 6� ZH
ZLOO�ZULWH� *�� WKH� LVRWURS\� VXEJURXS� RI� DQ\�SRLQW� RI� 6�� 7KHUH� DUH� WKUHH� W\SHV
RI� VWUDWD�� UHJXODU� VWUDWXP� �LI� *V�  � ^LGHQWLW\� HOHPHQW� H�`���IL[HG� VWUDWXP� �LI
*V� � *��DQG� H[FHSWLRQDO� VWUDWXP� �LI� *V� A� ^H`�� *��� 7KH�SURMHFWLRQ� Q���6�²Ź�Q�6�
LV�D�SULQFLSDO� ILEUDWLRQ� ZLWK� ILEHU� *�*V� Ŷ�7KH� XQLRQ� RI�UHJXODU� VWUDWD� LV�DQ� RSHQ
GHQVH�VXEVHW�RI� 0� �VHH�>���S�� ���@��
:H�ZLOO�ZULWH� 0*� WKH� IL[HG�SRLQW� VHW� RI� 0�� 7KH� DFWLRQ� LV� VDLG� WR� EH� D

IUHH� DFWLRQ� �UHVS�� DOPRVW�IUHH� DFWLRQ�� LI� WKH� VWUDWD� RI� 2� DUH� UHJXODU� VWUDWD� �UHVS�
UHJXODU�RU� H[FHSWLRQDO� VWUDWD��

6LQFH�LQ� WKLV� VHFWLRQ� LW�ZLOO�EH�QHFHVVDU\�WR�GHDO�ZLWK� DFWLRQV� RI� 6�� DQG�ZLWK
WKH� LQGXFHG� DFWLRQV� RQ� WKH� OLQNV� 6
�� ZH� LQWURGXFH� WKH� QRWLRQ� RI� JRRG� DFWLRQ
ZKLFK� LQFOXGHV� ERWK�� 7KH� DFWLRQ� �,!���*�[�0� ²!�0� ZLOO�EH� VDLG� D�JRRG�DFWLRQ� LI
*��� 6�� RU� 0�  � 6��DQG� *� LV�D�ILQLWH�DEHOLDQ� VXEJURXS�RI� 62�O� �� ���� 1RWLFH
WKDW� LQ� WKLV� FDVH�ZH�KDYH� WKH� UHODWLRQ� ��*� [�6�� F� �� IRU� HDFK� VWUDWXP� 6�

7KURXJKRXW� WKLV� VHFWLRQ� ZH�ZLOO�VXSSRVH� WKDW� �,!�LV�D�JRRG� DFWLRQ�� ,Q�RUGHU� WR
GHVFULEH� WKH� VWUDWLILFDWLRQ� DQG� WKH�XQIROGLQJ� RI� 0� ZH�QHHG� WR� UHFDOO�VRPH� IDFWV
DERXW� WKH� ORFDO�VWUXFWXUH� RI� WKH� DFWLRQ� 4!�

������� /RFDO� VWUXFWXUH� RI� 0� �VHH� >��� S�� ���@��� (DFK� VWUDWXP� 6� SRVVHVVHV� D
WXEXODU� QHLJKERUKRRG� -96� � �¢7�� [�� 6�� 'O�;��VDWLVI\LQJ�

�L�� � \� LV�DQ� RSHQ� QHLJKERUKRRG� RI� 6�
�LL����[���a� �!�6� LV�D� ORFDOO\�WULYLDO� ILEUDWLRQ�ZLWK� ILEHU�WKH� RSHQ� GLVN� 'O�;

DQG� ��O� �� ��� DV� VWUXFWXUDO� JURXS�
�LLL�� WKH� UHVWULFWLRQ� RI� [� WR� 6� LV�WKH� LGHQWLW\�
�LY�� ��[� LV� HTXLYDULDQW� �RU� *�HTXLYDULDQW��� WKDW� LV�� [�J� �\��  � J� ��[�\��
�Y�� WKHUH� H[LVW� DQ� RULHQWDEOH� RUWKRJRQDO� DFWLRQ� 7����*V� [� 6
� ²ª�6
� DQG� DQ

DWODV� Vp�  � ^�8�� �S�`� VXFK� WKDW� WS��[a[�8�� ²!�8�[�'O�;�LV� *9HTXLYDULDQW�� WKDW
LV�

�S�J���[��  � �[�[��� >J���� U@�

IRU� HDFK� J� ��*V� DQG� [�  � T!a[�[�[��� >��� U@�� �� [a[�8��� +HUH�ZH�KDYH� LGHQWLILHG
'
�[� ZLWK� WKH� FRQH� F6O�  � 6
� [� >��� �>�6
� [� ^�`� DQG� ZULWWHQ� >��� U@� DQ� HOHPHQW
RI�WKH�FRQH� F6��
1RWLFH� WKDW� WKH� DFWLRQ� A� LV�D� JRRG� DFWLRQ� ZLWKRXW� IL[HG�SRLQWV�� 7KH� FKDUW

�8�� �S��RI� �Y�� ZLOO� EH� VDLG� D� GLVWLQJXLVKHG� FKDUW� RI� WKH� WXEXODU� QHLJKERUKRRG

������� 6WUDWLILFDWLRQ� RI� 0�� )RU� HDFK� LQWHJHU� �� ZH�SXW� 0�� WKH� XQLRQ� RI� VWUDWD
6� RI� 0� ZLWK� GLP�6��� L�� 7KLV�GHILQHV�D�ILOWUDWLRQ�RI� 0� E\�FORVHG�VXEVHWV�

0�  � 0P�'�0PB���'�������'�0L� '�0��'�0B��� ��
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,I� WKH� VXEVHW� 0PBL� �� 0PB�� LV� QRW� HPSW\� WKHQ� LW� LV� D� VXEPDQLIROG�� QRW
QHFHVVDULO\� FRQQHFWHG�� RI� FRGLPHQVLRQ� ���7KH� JURXS� *V� DFWV� WULYLDOO\� RQ� 6� F
0PBL�027B�� DQG� HDFK� J� ��*V� DFWV�WUDQVYHUVDOO\� E\�WKH�DQWLSRGDO� PDS�� 7KLV� LV
LPSRVVLEOH� EHFDXVH� WKH�DFWLRQ� �w!�LV�D�JRRG�DFWLRQ�� 7KHUHIRUH� WKH�DERYH� ILOWUDWLRQ
EHFRPHV

0�  � 0P�'�0PBL�  �0PB�� �;D��'�������'�0L� '�0��'�0B��  � ��
)RU� WKH� GHILQLWLRQ� RI� D� VWUDWLILHG� SVHXGRPDQLIROG� ZH� UHIHU� D� UHDGHU� WR� >�@�� $

VWUDWLILHG� SVHXGRPDQLIROG� LV� VDLG� WR� EH� GLIIHUHQWLDEOH� LI� WKH� VWUDWD� DUH� GLIIHUHQ�
WLDEOH�PDQLIROGV�

3URSRVLWLRQ� ������� 7KH� DERYH�ILOWUDWLRQ� HQGRZV� 0� ZLWK� D� VWUXFWXUH� RI�GLIIHUHQ�
WLDEOH� VWUDWLILHG� SVHXGRPDQLIROG�
3URRI�� :H�SURFHHG� E\� LQGXFWLRQ� RQ� WKH� GLPHQVLRQ� RI� 0�� )RU� GLP�0�  � �� WKH
SURSRVLWLRQ� LV�REYLRXV�� 6XSSRVH� WKDW� WKH� VWDWHPHQW� KROGV� IRU�HDFK�PDQLIROG� ZLWK
GLPHQVLRQ� VWULFWO\� VPDOOHU� WKDQ� WKDW� RI� 0�� :H� ILUVW� FKHFN� WKH� ORFDO� VWUXFWXUH
QHDU� D� VWUDWXP� 6� RI� 0�

/HW� �8�� �S��DQG� 
�V� EH� DV� LQ� �������Y��� %\�LQGXFWLRQ� K\SRWKHVLV� WKH� VSKHUH
6
� LV�D� VWUDWLILHG� SVHXGRPDQLIROG� ZLWK� WKH� VWUXFWXUH� LQGXFHG� E\� WKH� DFWLRQ� A� �
:H� VKRZ� WKDW� WS� VHQGV� GLIIHRPRUSKLFDOO\� WKH� VWUDWD� RI� [a[�8�� WR� WKH� VWUDWD� RI
8�[�F6
�
6LQFH� WKH� LVRWURS\� VXEJURXS� RI� DQ\� SRLQW� LQ� [a[�8�� LV� LQFOXGHG� LQ� *V� ��WKH

PDS� �S�LQGXFHV� D�GLIIHRPRUSKLVP� EHWZHHQ� [a[�8��Q� �0`ŶŶ�²�0\BL�� DQG


� �� LI�M� ��P��� ,��� ��
L�� �8�[� ^YHUWH[`� LI� M� �� P��� ,��� ,�
�� F�[^�6��-���P��6������P��`[@��� �>�� � LI� M!P�,�

ZKHUH� 6
�  � �6���� '� �6
���L�  � �6
����� '� ���� '� �6
�R� �� �� LV� WKH� VWUDWLILFDWLRQ
LQGXFHG� E\� 7��

,I� WKH� VWUDWXP� 6� LV�QRW� UHJXODU� ZH� KDYH� [a[�8�Q� �0� �� 0ZB��� V� Ë�� [� ^6
� �
�6�����`[� @��� �>�� ZKLFK� E\� LQGXFWLRQ� K\SRWKHVLV� LV� D� GHQVH� RSHQ� VXEVHW� RI� 8� [
F6��� +HQFH� WKH� RSHQ� VHW� 0� �� 0ZB�� LV� D� GHQVH� VXEVHW� RI� 0�� � � ��

5HPDUN� WKDW� WKH� WUDFH� RQ� [a[�8�� RI� WKH� VWUDWLILFDWLRQ� GHILQHG� E\� *�� LV� WKH
VDPH� DV� WKH� VWUDWLILFDWLRQ� GHILQHG� E\� *V�Ŷ�7KH� RSHQ� 0� �� 0PB�� LV�WKH� XQLRQ� RI
UHJXODU� VWUDWD�

$Q� LVRPRUSKLVP� EHWZHHQ� WZR� GLIIHUHQWLDEOH� VWUDWLILHG� SVHXGRPDQLIROGV� LV� D
KRPHRPRUSKLVP� ZKRVH� UHVWULFWLRQ� WR� WKH� VWUDWD� LV�D�GLIIHRPRUSKLVP�� ,Q� SDUWLF�
XODU�� WKH� PDS� WS� LV�DQ� LVRPRUSKLVP�

7KH� OHQJWK� RI� 0� LV� WKH� LQWHJHU� OHQ�0�� VDWLVI\LQJ� 0PBLHQ�$���A� 0P�LHQ�0��L
 � �� �� )RU� H[DPSOH�� OHQ�0�� !� OHQ�6
��� 1RWLFH� WKDW� WKH� DFWLRQ� LV�IUHH� LI�DQG� RQO\
LI� OHQ�0�� ���
������� (TXLYDULDQW� XQIROGLQJ�� ,I� WKH� DFWLRQ� 2� LV�IUHH�� DQ� HTXLYDULDQW� XQIROGLQJ
RI� 0� LV�MXVW� DQ� HTXLYDULDQW� WULYLDO� GLIIHUHQWLDEOH� ILQLWH� FRYHULQJ�� ,Q� WKH� JHQHUDO
FDVH�� DQ� HTXLYDULDQW� XQIROGLQJ� RI� 0� LV�JLYHQ� E\

������D�PDQLIROG� 0� VXSSRUWLQJ� D� IUHH� DFWLRQ� RI� *�
���� D� FRQWLQXRXV� HTXLYDULDQW� PDS� -AP���0�²!�0� VXFK� WKDW� WKH� UHVWULFWLRQ� WR

0� � 6A�
�=P�� LV� D� ILQLWH� WULYLDO� GLIIHUHQWLDEOH� FRYHULQJ�� DQG
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���� IRU� HDFK� ;R���6�� 6� VWUDWXP� QRQUHJXODU�� DQG� IRU� HDFK� [R���-"0�[�[R�� WKH
IROORZLQJ� GLDJUDP� FRPPXWHV

	� ²
²ª�&�[6
[>�O�� �>

²��ª� t�[G
ZKHUH

�L����A� F� 0� DQG� A� F� 0� DUH� *A�LQYDULDQW� QHLJKERUKRRGV� RI� [R� DQG� [R
UHVSHFWLYHO\�

�LL�����8�� �S��LV�D�GLVWLQJXLVKHG� FKDUW� RI� D� WXEXODU� QHLJKERUKRRG� RI� 6�
�LLL����WS�LV�D� *9HTXLYDULDQW� GLIIHRPRUSKLVP�� DQG
�LY����)�[�� ��� U��  � �[�� >�IV������ ?U?@�� IRU� D� *9HTXLYDULDQW� XQIROGLQJ� ¢IV����6�

5HPDUN� WKDW� IRU� HDFK� VWUDWXP� 6� WKH� UHVWULFWLRQ� ¢]"0����"A� 
��6�� ²Ź�6� LVD
VXEPHUVLRQ�� 7KH� PDS� 6
P���A� ²!�A� LV� D� *9HTXLYDULDQW� XQIROGLQJ�

6LQFH�WKH�FRQVWUXFWLRQ� RI�DQ�HTXLYDULDQW� XQIROGLQJ� LV�D�WHFKQLFDO� SRLQW� ZLWKRXW
LQIOXHQFH� IRU� WKH� UHVW� RI� WKH� ZRUN�� WKH� SURRI� RI� WKH� IROORZLQJ� VWDWHPHQW� FDQ� EH
IRXQG� LQ�WKH�$SSHQGL[�

3URSRVLWLRQ� ������� )RU� HYHU\�JRRG� DFWLRQ� 2�� *�[�0� ²!�0� WKHUH� H[LVWV� DQ� HTXL�
YDULDQW�XQIROGLQJ�RI�0�
����� 6WUDWLILFDWLRQ� DQG� XQIROGLQJ� RI� %�� 1RZ�� ZH� VKRZ� KRZ� WKH� VWUDWLILFDWLRQ
DQG� WKH� XQIROGLQJ� RI� 0� LQGXFH� D� VWUDWLILFDWLRQ� DQG� DQ� XQIROGLQJ� LQ� WKH� RUELW
VSDFH� %�  � 0�*�� E\� PHDQV� RI� WKH� FDQRQLFDO� SURMHFWLRQ� Q�� 0� ²!�%�� 7R� WKLV
HQG�� ZH�VWXG\� WKH� ORFDO� VWUXFWXUH� RI� %��

������� /RFDO� VWUXFWXUH� RI� %�� )RU� HDFK� VWUDWXP� 6� RI� 0�� WKH� LPDJH� Q�£7�
LV� D� QHLJKERUKRRG� RI� Q�6�� �VHH� ��������� 7KH� PDS� S�� Q�A�� ²ª�Q�6�� JLYHQ
E\� S�Q�[���  � Q[�[�� LV� ZHOO� GHILQHG�� :H� DUH� JRLQJ� WR� VKRZ� WKDW� \AV�*V�  
�Q�)��� S�� Q�6��� '����*��� LV�D� WXEXODU� QHLJKERUKRRG� RI� Q�6�� LQ� %��

/HPPD� ������� 7KH�PDS� S�� Q��7�� ²!�Q�6�� LV�D� VXEPHUVLRQ�
3URRI�� /HW� \R� EH� D�SRLQW� RI� Q�6��� :H�FKRRVH� D�GLVWLQJXLVKHG� FKDUW� �8�� �S��RI
-9�V�VXFK� WKDW�

���� 9� � Q�8�� LV�D�QHLJKERUKRRG� RI� \����DQG
���� WKHUH� H[LVWV� D�GLIIHUHQWLDEOH� VHFWLRQ� R� RI� Q���8�²Ź�9��

7KXV�� LI� [� LV� D� SRLQW� RI� 8� WKHUH� H[LVWV� J� �� *� ZLWK� J� Ŷ�[� �� D�9��� 7KH
HOHPHQW� J� LV�QRW� XQLTXH�� EXW� J
� ��[� �� R�9�� LPSOLHV� Ja[J
� �� *V���WKHQ� Q�8�� �
QD�9��  � R�9��*V�� %HFDXVH� [� LV� HTXLYDULDQW� ZH�JHW� �WWB���Ë���  � Q[a[R�9�� ²
[a[R�9��*V� �� 6LQFH� WKH� UHVWULFWLRQ� �S��[a[R�9�� ²!�D�9�� [�F6�� LV�DQ� HTXLYDULDQW
GLIIHRPRUSKLVP� ZH�REWDLQ� WKH� FRPPXWDWLYH� GLDJUDP

[a[D�9�� ²A�A� ���R�9�� [F6�

Q

�9�����-/�� 9[F�6I�
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ZKHUH� S�� 6
� ²!�6� �*V� LV� WKH� FDQRQLFDO� SURMHFWLRQ� DQG

8�\�>��U@��  � �Q�\��>S����U@��

)LQDOO\�� WKH� KRPHRPRUSKLVP� \�� VDWLVILHV� SU)� \�Q�[��  � Q[�[��  � SQ�[��� ZKHUH
SU.�� 9�[�F�6O�*V�� ²Ź�9� LV� WKH� FDQRQLFDO� SURMHFWLRQ�� ����

7KH� IDPLO\� ���  � ^�9�� \��`� SUHYLRXVO\� FRQVWUXFWHG� LV�DQ�DWODV� RI� AV�JV� ��(DFK
�9�� \��� ZLOO�EH� VDLG� D�GLVWLQJXLVKHG� FKDUW� RI� ���JV� �� OQ� RUGHU� WR� VLPSOLI\� VRPH
FDOFXODWLRQV�� ZH�VKDOO� VXSSRVH� WKDW� HDFK� )� LV�D�FXEH��WKDW� LV��LW� LV�GLIIHRPRUSKLF
WR� D�SURGXFW� RI� LQWHUYDOV�

������� :H�KDYH� DOUHDG\� VHHQ� WKDW� WKH� IDPLO\� ^Q�6��6� VWUDWXP� RI� 0`� LV�D�SDU�
WLWLRQ� RI� %� LQ� VXEPDQLIROGV�� FDOOHG� VWUDWD� RI� %���7KLV� OHDGV� XV� WR� WKH� ILOWUDWLRQ

�ŶŶ'%M'� %MBL� '�Ŷ�Ŷ�Ŷ�'�%��'��BL�  � �� �

ZKHUH� HDFK� %£� LV� WKH� XQLRQ� RI� WKH� VWUDWD� RI� %� ZLWK� GLPHQVLRQ� OHVV� WKDQ� RU
HTXDO� WR� M�� 7KLV� ILOWUDWLRQ� HQMR\V� WKH� IROORZLQJ� WKUHH� SURSHUWLHV�
�D�� %�²�%Ä���ZKHUH�Q� � UD�GLP�*�
�E�� %��� %Q�L� LV�D� GHQVH� RSHQ� VHW�� DQG
�F�� �ÄB�� �� �ÄB��  � 8�Q�^VWUDWD� RI�FRGLPHQVLRQ� ��ZLWK�*V� � 6�`��
,Q� RUGHU� WR� SURYH� �D�� FRQVLGHU� D� UHJXODU� VWUDWXP� 6�� 7KH� SURMHFWLRQ� Q���6�²!

Q�6�� LV� D� *�SULQFLSDO� EXQGOH� DQG� KHQFH� GLP�Q�6��  � P�GLP� *�� /HW� 6� EH� D
VWUDWXP� RI� 0PB��� &RQVLGHU� �8�� WS��D�GLVWLQJXLVKHG� FKDUW� RI� -LV� �� 7KH� GHQVLW\
RI� 0� �� 0PB�� LPSOLHV� WKH� H[LVWHQFH� RI� D� P�GLPHQVLRQDO� VWUDWXP� 5� RI� 0
VDWLVI\LQJ� [a[�8�� ���5� A� ��� 7KHUH� H[LVWV� D� VWUDWXP� ¢�� RI� 6
� �IRU� WKH� DFWLRQ

)���YHULI\LQJ� �S�[a[�8��Q�5��  � 8�[��"[@��� O>�� +HQFH�� GLPA6��  � GLP�8��
GLP�5� �P�GLP� *�� DQG� WKHUHIRUH� %� �%Q�

3URSHUW\� �E�� LV�SURYHG� LQ� D� VLPLODU� ZD\�
)LQDOO\�� LI� Q�6�� LV� D� VWUDWXP� RI� GLPHQVLRQ� Q��� ��� ZH� JHW� IURP� WKH� SUHYLRXV

GLDJUDP� GLP�6
�*V��  � ��� 7KXV� *V� � 6
� DQG� �� � ���
)RU� WKH� GHILQLWLRQ� RI� VWUDWLILHG� SVHXGRPDQLIROG� ZLWK� ERXQGDU\� ZH� UHIHU� WKH

UHDGHU� WR� >�@�

3URSRVLWLRQ� ������� 7KH�ILOWUDWLRQ� %�  � %Q� G� �ÄB��  � ,%� '��ÄB�� '� �����'�%��'
�BL�  � ��� HQGRZV� %� ZLWK� D� GLIIHUHQWLDEOH� VWUDWLILHG� SVHXGRPDQLIROG� VWUXFWXUH�
SRVVLEO\�ZLWK�ERXQGDU\�
3URRI�� $VVXPH� WKDW� WKH� VWDWHPHQW� LV�WUXH� IRU� DQ\� JRRG� DFWLRQ� RI� OHQJWK� VPDOOHU
WKDQ� OHQ�0��� 7KH�ERXQGDU\� G%�  � ?-^Q�6�� VWUDWD�RI� %�*V�  �6��DQG� GLP�6� 
P��� �`� LV� D�PDQLIROG�� $FFRUGLQJ� WR� �������� G%� SRVVHVVHV� D� QHLJKERUKRRG� $
GLIIHRPRUSKLF� WR� WKH� SURGXFW� %� [� >��� �>�� ,W� UHPDLQV� WR� VKRZ� WKDW� %� �� G%� LV
D�VWUDWLILHG� SVHXGRPDQLIROG�� :H�QHHG� WR� FKHFN� WKH� ORFDO� EHKDYLRU� RI� WKH� DERYH
ILOWUDWLRQ�

/HW� Q�6�� EH� D� VWUDWXP� RI� %��� G%� DQG� �9�� \L������� D� FKDUW�� $FFRUGLQJ� WR
�������� IRU� HDFK� VWUDWXP� Q�6R�� A� Q�6�� RI� %� PHHWLQJ� Sa[�9�� WKHUH� H[LVWV� D
VWUDWXP� �U��RI� 6
� VXFK� WKDW� WKH� GLDJUDP

7�
���.�Q6R� ����²�²!���&7�)�;��R;@��� ��>

Q� �U[S[� LGHQWLW\

Sa[�9�QQ�6��� ²�²� )[���D��[@��� �>

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



,17(56(&7,21�&2+202/2*< ���

FRPPXWHV�� %\� LQGXFWLRQ�� WKH� TXRWLHQW� 6
�*�� LV� D� VWUDWLILHG� SVHXGRPDQLIROG�
ZLWK� VWULFWO\� SRVLWLYH� GLPHQVLRQ� DQG� ZLWKRXW� ERXQGDU\� �VHH� �������F���� )LQDOO\�
VLQFH� Q� DQG� S� DUH� VXEPHUVLRQV� DQG� �S� LV� D� GLIIHRPRUSKLVP� ZH� JHW� WKDW� \�
LV� D� GLIIHRPRUSKLVP�� $QDORJRXVO\� ZH� VKRZ� WKDW� \�� VHQGV� GLIIHRPRUSKLFDOO\
SaO&?Q�6�� WR� 9�� 0RUHRYHU� \L� LV�DQ� LVRPRUSKLVP�� �����$

������� 8QIROGLQJ�RI� %�� :H�UHFDOO�WKH� GHILQLWLRQ�RI� XQIROGLQJ�RI� D� VWUDWLILHG
SVHXGRPDQLIROG� JLYHQ� LQ� >�@�� )RU� WKH� FDVH� OHQ�0��  � �� DQ� XQIROGLQJ� RI� %� LV
D� ILQLWH�WULYLDO� FRYHULQJ�� $VVXPH� OHQ�0�� !� ��� $Q� XQIROGLQJ�RI� %� LV�D�FRQWLQ�
XRXV� PDS� 63E� IURP� D� PDQLIROG� %� WR� %�� VXFK� WKDW� WKH� UHVWULFWLRQ� ¢I%�� %� �
A¢a��/E�� ²!�%��/E� LV�D�GLIIHRPRUSKLVP� LQ� HDFK� FRPSRQHQW� DQG� WKH� IROORZLQJ
FRQGLWLRQ� KROGV�
)RU� HDFK� \R� �� Q�6��� 6� QRQUHJXODU� VWUDWXP�� DQG� IRU� HDFK� \R� �� -�Aa
�\R�

WKHUH� H[LVWV� D�FRPPXWDWLYH� GLDJUDP

7

���

ZKHUH�

6!


7

9[6
�*V[@�O�� �>

9�[�F�6��*V�

�L�� \� F� %� DQG� �9�F� %� DUH� QHLJKERUKRRGV� RI� \R� DQG� \R� UHVSHFWLYHO\�
�LL�� �9�� \��� ���� LV� D� GLVWLQJXLVKHG� FKDUW� RI� D� WXEXODU� QHLJKERUKRRG� RI

6�*V�
�LLL�� \U� LV�D�GLIIHRPRUSKLVP�� DQG
�LY����5�[�&�U��  � �[�� >A,*V�4�� ?U?@��� IRU� DQ� XQIROGLQJ� �\,*££��A*V� �

6
�*V�
5HPDUN� WKDW� IRU� HDFK� VWUDWXP� 6� RI� 0� WKH� UHVWULFWLRQ� ¢I%��-�"¢a[�6�*V���


6�*V� LV�D�VXEPHUVLRQ�� 7KH� H[LVWHQFH� RI� HTXLYDULDQW� XQIROGLQJV� IRU� 0� LPSOLHV
WKH� H[LVWHQFH� RI� XQIROGLQJV� IRU� %��
3URSRVLWLRQ� ������� )RU� HYHU\�JRRG� DFWLRQ� 2�� *�[�0� ²!�0� WKHUH� H[LVWV� D� FRPPX�
WDWLYH� GLDJUDP

0

��� 6
P

0

%

��
N

5
ZKHUH
�D�� x�� 0�²Ź�%� LV�D�SULQFLSDO� ILEUDWLRQ�
�E�� 6"P���0�²!�0� ���D©� HTXLYDULDQW�XQIROGLQJ�RI�0�� DQG
�F���6�� ¢V�D©�XQIROGLQJ�RI�%�

3URRI�� 6HH�$SSHQGL[�����$

��� 'LIIHUHQWLDO� IRUPV

7KH�DLP�RI�WKLV�VHFWLRQ�LV�WR�UHFDOO�WKH�QRWLRQ� RI�LQWHUVHFWLRQ� GLIIHUHQWLDO�IRUPV
�VHH� >�@��� :H� DOVR� HVWDEOLVK� D� ILUVW� UHODWLRQ� EHWZHHQ� WKH� LQWHUVHFWLRQ� GLIIHUHQWLDO
IRUPV� RI� 0� DQG� WKRVH� RI� %�
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)URP� QRZ� RQ� ZH� ZLOO� VXSSRVH� *�  � 6���� :H� ZLOO� ZULWH� �P� � 0PB�� DQG
=J�  � %QB�� WKH� VLQJXODU� SDUWV� RI� 0� DQG� %� UHVSHFWLYHO\�� :H� IL[�WZR� XQIROGLQJV
 �D���0� A!�0� DQG�  �A��%� ²!�%� VDWLVI\LQJ� �������� %\� T� ²��T��� ���� ��TP�� ZH
GHQRWH� D�SHUYHUVLW\�� WKDW� LV� ��� � �� DQG� TN��� TN�L��� TN��� �� �VHH�>�@��

����� ,QWHUVHFWLRQ� GLIIHUHQWLDO� IRUPV�� 7KH� LQWHUVHFWLRQ� FRKRPRORJ\� RI� 0� DQG
%� FDQ�EH�FDOFXODWHG� ZLWK�D�FRPSOH[�RI�GLIIHUHQWLDO� IRUPV� RQ� 0��/0� DQG� ��=V
UHVSHFWLYHO\�� 7KLV� FRUUHVSRQGV� WR� WKH� FRPSOH[� RI� LQWHUVHFWLRQ� GLIIHUHQWLDO� IRUPV
�VHH� >�@���ZKLFK� ZH�UHFDOO� QRZ�

������� $�GLIIHUHQWLDO� IRUP� FR�RQ� 0�=D�� �UHVS�� %��=��� LV�OLIWDEOH� LI�WKHUH� H[LVWV
D�GLIIHUHQWLDO� IRUP� WR� RQ� 0� �UHVS�� %��� FDOOHG� WKH� OLIWLQJ� RI� FR��FRLQFLGLQJ� ZLWK
���HD� RQ� A;�0��0�� �UHVS�� 	¢P� RQ� A�
���=����� %\�GHQVLW\� WKLV� IRUP
LV�XQLTXH�

,I� WKH� IRUPV� FR�DQG� Q� DUH� OLIWDEOH� WKHQ� WKH� IRUPV� FR���Q�� FR$Q� DQG� GD!� DUH
OLIWDEOH�� DQG� ZH�KDYH� WKH� IROORZLQJ� UHODWLRQV�

FR��� Q��� FR��� IM���������FRa�?Q� � FR�$IM�� � � �DQG� � �GFR� � GHE�

+HQFH�� WKH� IDPLO\� RI� OLIWDEOH� GLIIHUHQWLDO� IRUPV� LV�D� GLIIHUHQWLDO� VXEFRPSOH[� RI
WKH�'H�5KDP� FRPSOH[�RI� 0� �UHVS�� %��

������� &DUWDQ
V� ILOWUDWLRQ�� /HW� N�� 1� ²Ź�&� EH� D� VXEPHUVLRQ� ZLWK� $� DQG� &
PDQLIROGV�� )RU� HDFK� GLIIHUHQWLDO� IRUP� FR�A� �� RQ� $� ZH� GHILQH� WKH� SHUYHUVH
GHJUHH� RI� FR��ZULWWHQ� ??FR??F���DV� WKH� VPDOOHVW� LQWHJHU� N� YHULI\LQJ

���� ,I� ¢£R������ ��¢£N�DUH� YHFWRUILHOGV� RQ� $� WDQJHQWV� WR� WKH� ILEHUV� RI� N� WKHQ
NR
�NN°� ²���� +HUH� Lo� GHQRWHV� WKH� LQWHULRU� SURGXFW� E\� ���� :H� ZLOO� ZULWH
__�__F�  � �RR�� )RU� HDFK� 
N� !� �� ZH� OHW� )N4
1� � ^FR��� 4
�$��__Z__F� �� N� DQG
£,�GFR??F���N`�� 7KLV� LV�WKH� &DUWDQ
V� ILOWUDWLRQ� RI� N� �VHH�>�@��
1RWLFH� WKDW� IRU� D�� �� ¼�4
�$�� ZH� KDYH� WKH� IROORZLQJ� UHODWLRQV

�����������__D� �� �"__F�PD[�__D__F�__�"__F�� ���DQG� ���??D�$��??F� �� ??D??F� �� ??�??F� �

������� 7KH� DOORZDELOLW\� FRQGLWLRQ� LV� ZULWWHQ� LQ� WHUPV� RI� WKH� &DUWDQ
V� ILOWUDWLRQ
RI� WKH� VXEPHUVLRQV� 6
P���A[� �6�� �ª� 6� DQG� 6I%���"%aO�V�*V�� ²�6�*V�� ZKHUH
6� LV�D�VWUDWXP� RI� 0�

$� OLIWDEOH� IRUP� FR� RQ� 0� �� =A� LV� D� T�LQWHUVHFWLRQ� GLIIHUHQWLDO� IRUP� LI� IRU
HDFK� VWUDWXP� ��� LQFOXGHG� LQ� ,�0� WKH� UHVWULFWLRQ� RI� FR� WR� �¢A�
�6�� EHORQJV� WR

$QDORJRXVO\�� D�OLIWDEOH� IRUP� FR�RQ� ��=�� LVD� T�LQWHUVHFWLRQ� GLIIHUHQWLDO�IRUP
LI� IRU� HDFK� VWUDWXP� ©6�*V� LQFOXGHG� LQ� =�� WKH� UHVWULFWLRQ� RI� FR�WR� A%a[�6�*V�
EHORQJV� WR� )Ä�LO
� � � ��B�B� ����ZKHUH� ��� LV�WKH� FRGLPHQVLRQ� RI� 6�*V� �

:H� VKDOO� ZULWH� ���
�0���UHVS�� ¢A�%��� WKH� FRPSOH[� RI� A�LQWHUVHFWLRQ� GLI�
IHUHQWLDO� IRUPV�� ,W� LV� D� GLIIHUHQWLDO� VXEFRPSOH[� RI� WKH� 'H� 5KDP� FRPSOH[� RI
0� �UHVS�� %��� EXW� LW� LV� QRW� DOZD\V� DQ� DOJHEUD�� ,W� FRLQFLGHV� ZLWK� 4
�0�� �UHVS�
4�
�%���LI� WKH� DFWLRQ� �W!�LV�IUHH�

:H�VKRZ�LQ�>�@�WKDW� WKH�FRPSOH[� RI� A�LQWHUVHFWLRQ� GLIIHUHQWLDO� IRUPV� FRPSXWHV
WKH� LQWHUVHFWLRQ� FRKRPRORJ\�� ,Q� IDFW� ZH�KDYH� WKH� LVRPRUSKLVPV

����+
��UT�0��A,+S�0�A+
�0�A+
�0��
�� ��+
�AT�%��A,+S�%��

)�W4
����L�������ZKHUH� N� LV�WKH� FRGLPHQVLRQ� RI� 6�

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



,17(56(&7,21�&2+202/2*< ���

�� �+
�AT�%�G%��A,+3�%�G%��
+HUH� S� GHQRWHV� WKH� FRPSOHPHQWDU\� SHUYHUVLW\� RI� T� �VHH� >�@�� DQG� ��T�%�� G%�
WKH� FRPSOH[� RI� GLIIHUHQWLDO� IRUPV� RI� ��T�%��� ZKLFK� YDQLVK� RQ� ���� � � ,Q� RU�
GHU� WR� PDNH� XQLIRUP� WKH� QRWDWLRQV�� ZH� ZLOO� ZULWH�� ��+
��"T�0���  � ,+A�0��
+
��tIT�%��� �,+L�%��� DQG� +
��"T�%��G%��� �,+��%�� G%��

����$�� $Q� LPSRUWDQW� WRRO�� XVHG� LQ� ���WR� JHW� WKH� *\VLQ� VHTXHQFH�� LV� WKH� VWXG\� RI
WKH� UHODWLRQVKLS� EHWZHHQ� WKH� GHJUHHV�GHILQLQJ�WKH� &DUWDQ
V� ILOWUDWLRQ� RQ� 0� DQG
%�� $�ILUVW� VWHS� LQ� WKLV� GLUHFWLRQ� LV�JLYHQ�E\

���� OLUDLV�  �:Q:VL*V
ZKHUH� 6� LV� D� VWUDWXP� RI� =0� DQG� Q� LV�D� GLIIHUHQWLDO� IRUP� RQ� -vII[� �6�*V�� Ŷ�,I
WKH� DFWLRQ� �,!�KDV� QRW� IL[HG�SRLQWV�� WKHQ� WKH� FRGLPHQVLRQV� RI� 6� DQG� 6�*V� DUH
WKH� VDPH�� 7KHUHIRUH�� WKH� HTXDOLW\� ���� LPSOLHV

FR���-d�%�� 
!�Q
FR����IT
�0��

,Q�WKLV�FDVH�WKH�PDS� Q
���,+A�%�� �!�+
�0�� LV�ZHOO�GHILQHG�
,Q� RUGHU� WR� SURYH� ���� LW� VXIILFHV�WR� UHPDUN� WKDW� LQ�WKH� IROORZLQJV� FRPPXWDWLYH

GLDJUDP
	¢?6�� �
�!� 6"%�;�6�*6�

6�������²w��� ������6�*V
WKH� UHVWULFWLRQ� RI� x� WR� WKH� ILEHUV�RI� 6
P� LV�D�VXEPHUVLRQ� RQWR� WKH� ILEHUV�RI� 6&E�Ŷ

����� ,QYDULDQW� IRUPV�� ,W� LV� ZHOO� NQRZQ� WKDW� WKH� 'H� 5KDP� FRKRPRORJ\� RI� D
PDQLIROG� VXSSRUWLQJ� DQ� DFWLRQ� RI� *� LV� FDOFXODWHG� E\� WKH� FRPSOH[� RI� GLIIHUHQ�
WLDO� IRUPV� LQYDULDQW� E\� WKH� DFWLRQ�� 7KH� VDPH� SKHQRPHQRQ� KDSSHQV� ZKHQ� WKH
LQWHUVHFWLRQ� FRKRPRORJ\� LV� LQYROYHG�

������� $� GLIIHUHQWLDO� IRUP� FR� RQ� 0� �� <�0�LV� FDOOHG� LQYDULDQW� XQGHU� WKH� DFWLRQ
RI� *� LI� LW� VDWLVILHV� �!
�FR�²�FR�IRU� HDFK� J� �� *�� 7KH� LQYDULDQW� GLIIHUHQWLDO� IRUPV
DUH�D� VXEDOJHEUD� RI� 4�
�0��� a/0���ZKLFK�ZLOO�EH�GHQRWHG� E\� ,4�
�0��� =A��� ,W
LV� VKRZQ� LQ� >�@� WKDW� WKH� LQFOXVLRQ� �4
�0� �� =A�� A�!�4
�0� �� =A�� LQGXFHV� DQ
LVRPRUSKLVP� LQ� FRKRPRORJ\�

7KH� IROORZLQJ� OHPPDV� DUH�GHYRWHG� WR�SURYH� WKDW� WKH�RSHUDWRUV� XVHG� LQ� >�@�VHQG
WKH� OLIWDEOH� GLIIHUHQWLDO� IRUPV� WR� WKHPVHOYHV�� 7KLV� ZLOO� SURYH� WKDW� WKH� LQFOXVLRQ
,�T�0��  � ,4
�0� �� =0��&?�W��0�� ��
��"T
�0�� LQGXFHV� DQ� LVRPRUSKLVP� LQ
FRKRPRORJ\�

/HPPD�������� &RQVLGHU� 4!��*�[�0� ���0� DQG� �3
��*�[�0
� �!�0
� WZR�DFWLRQV
DQG� I�0²!0
� DQ� HTXLYDULDQW� GLIIHUHQWLDEOH� PDS�� 6XSSRVH� WKHUH� H[LVWV� DQ
HTXLYDULDQW�GLIIHUHQWLDEOH�PDS� I�� 0�²!�0
� ZLWK�6
P
,�  ���6D�� ��,I� *[�²�*��[�
IRU�HDFK� [� ��0�� WKHQ�WKH�PDS� I
� VHQGV�-IA�0
�� WR� A
�0��

3URRI�� )RU�HDFK�IRUP� FR��-d�0
�� WKH� OLIWLQJ�RI� I
FR� LV� I
FR�EHFDXVH� �IAI
FR
 � I
-�I0
D!�RQ� 0�AAA=P�� �� )XUWKHUPRUH�� IRU� HDFK� VWUDWXP� �� RI� =Z� WKHUH
H[LVWV� D� VWUDWXP� 6
� RI� =D����ZLWK� I�6�� F� 6
�� 7KLV� JLYHV� XV� WKH� FRPPXWDWLYH
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WKHQ� I
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�F.��0��� ���

)RU� HDFK� PDQLIROG� $�� ZH�ZLOO� FRQVLGHU� RQ� WKH� SURGXFW� 1� [�0� WKH� DFWLRQ

*� GHILQHG� E\� J� ���[�� \��  � �[�� J� �\�� DQG� WKH� HTXLYDULDQW� XQIROGLQJ� �6�9[D�� 
LGHQWLW\� [��"0���1�[�0�²Ź�1�[�0�� :H�VKDOO�ZULWH� �U����$�[�0� �ª�$� WKH�FDQRQLFDO
SURMHFWLRQ�
/HPPD� ������� /HW� $� EH�D�GLIIHUHQWLDO�IRUP� RQ� 1� ZLWK�FRPSDFW� VXSSRUW�� 7KHQ�

FR���MT�1� [�0��  ª�,� FR�$�Q
1$���-A
�0�

ZKHUH� �1�GHQRWHV� WKH� LQWHJUDWLRQ� DORQJ� WKH�ILEHUV� RI� QA� Ŷ
3URRI�� $SSO\� /HPPD� ������ WR� WKH� IROORZLQJ� FRPPXWDWLYH� GLDJUDP

$[0� �

²� 0

�6Q[P 6
X

$[0 �9 0
ZKHUH� QA� LV�WKH� FDQRQLFDO� SURMHFWLRQ�� :H�JHW�WKDW� Q
1$�EHORQJV� WR� -L�A�1[0�
7KH� UHVXOW� IROORZV� E\�QRWLFLQJ� WKDW� WKH� $�IDFWRU� LV�WDQJHQW� WR� WKH� VWUDWD�� ����
/HPPD�������
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3URRI�� $SSO\� /HPPD� ������ WR� WKH� FRPPXWDWLYH� GLDJUDP

�!*[0
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0

6V�

�-! 0
ZKHUH� �,!�LV�WKH� DFWLRQ� RI� *� RQ� 0� �VHH� �������������
/HPPD��������/HW� +�� 1�[>��� �@�[�0�²!�1�[�0� EH�D�GLIIHUHQWLDEOH�PDS�GHILQHG
E\� +�[�W�\��  � �+��[�W��\��� 7KHQ

FR���-d�1� [0�AKWR�� �\d�1�[�0��
ZKHUH�KFR�[��\�� � -�?K
FR��[�� W�� \��G�GW�GW�
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ZKHUH� +�[�� W�� \��  � �+��[�� W��� \��� 8VLQJ� �������ZH�GHGXFH� WKDW� +
FR� EHORQJV
WR� ���L1� [� >��� �@�[�0��� 1RZ�� VLQFH� WKH� >��� O@�IDFWRU� LV� WDQJHQW� WR� WKH� VWUDWD�
ZH�JHW�WKDW� KFR�EHORQJV�WR� ��"�1� [�0��� ����

7KH� RSHUDWRUV� XVHG� LQ� >�@�WR� VKRZ�WKDW� WKH� LQFOXVLRQ

,4
�0��� �0����!�4
�-:��� =D��
LQGXFHV� DQ� LVRPRUSKLVP� LQ� FRKRPRORJ\� DUH� FRPSRVLWLRQ� RI� RSHUDWRUV� RI� W\SH
����������������DQG��������7KHUHIRUH�ZH�JHW
3URSRVLWLRQ� ������� 7KH� LQFOXVLRQ� ,-Ë�
�0�� ��ª�-LA�0�� LQGXFHV� DQ� LVRPRUSKLVP
LQ�FRKRPRORJ\�
����� 'HFRPSRVLWLRQ� RI� LQYDULDQW� IRUPV�� ,Q� WKH� FDVH� RI� D� IUHH� DFWLRQ�� HDFK� LQ�
YDULDQW� IRUP� RQ� 0� LV�ZULWWHQ� LQ� WHUPV� RI� WKH� GLIIHUHQWLDO� IRUPV� RQ� WKH� RUELW
VSDFH� %� DQG� WKH� ILEHU� *�� :H�H[WHQG� WKLV� GHFRPSRVLWLRQ� WR� WKH� FDVH�RI�QRQIUHH
DFWLRQV�� )LUVW� ZH�QHHG� VRPH� GHILQLWLRQV�
������� 7KH�IXQGDPHQWDO� YHFWRUILHOG� ;� RI� �£!�LV�GHILQHG� E\� WKH� UHODWLRQ� ;�[��  
)H2[�O��� ZKHUH� 4![�J�� � J� �[�� 7KLV� YHFWRUILHOG� LV� LQYDULDQW� E\� WKH� DFWLRQ� RI� *
DQG� WDQJHQW� WR� WKHLU� RUELWV�� ,Q� SDUWLFXODU�� LW� YDQLVKHV� RQ� WKH� VHW� RI� IL[HG�SRLQWV�
6LQFH� 6
P� LV� HTXLYDULDQW� WKHQ� WKH� IXQGDPHQWDO� YHFWRUILHOG� ;� DQG� Ð� DQG� ;
DUH� �6U"0�
�UHODWHG��7KDW� LV�� �6"0�
;� �;R�
0�
:H�GHILQH�WKH�IXQGDPHQWDOIRUPV� [� DQG� ��E\�[� ���;�!��� DQG� [� � IL�;�� ��

ZKHUH� S� DQG� S� DUH� WZR� ULHPDQQLDQ� PHWULFV� RQ� 0� �� =P� DQG� 0� UHVSHFWLYHO\�
7KHVH� IRUPV� GHSHQG� RQ� WKH� FKRLFH� RI� S� DQG� S�� ,PSURYLQJ� WKH� SURSHUWLHV� RI
S� DQG� S� ZH�ZLOO�KDYH� ULFKHU� IXQGDPHQWDO� IRUPV�

/HPPD� ������� 7KHUH�H[LVW� WZR�ULHPDQQLDQ� PHWULFV� S� DQG� S�� RQ� 0� ��=0� DQG
0� UHVSHFWLYHO\��VDWLVI\LQJ�

�D�� S� DQG� S� DUH� LQYDULDQW�
�E�� ��ML�  �S� RQ�0�� �"P;d/P���� B
�F�� S�;�� d�� � �� IRU� HDFK� YHFWRUILHOG�d�RQ� 0� WDQJHQW� WR� WKH�ILEHUV�RI� ¢¢P
�

¢¢"P;�6��²!�6�� ZKHUH� 6� LV� DQ� H[FHSWLRQDO� VWUDWXP� RI� 0�� DQG
�G��IRU� HDFK�IL[HG� VWUDWXP� 6� WKHUH� H[LVWV� D� *V�HTXLYDULDQW� ULHPDQQLDQ� PHWULF

-�� RQ� 6O� VXFK� WKDW� WKH� VWUXFWXUDO� JURXS� RI� 6AP
� �A
��6�� ²!�6� FDQ� EH� UHGXFHG
WR� WKH�JURXS� RILVRPHWULHV� RI� �6���-I��
3URRI�� 6HH�$SSHQGL[�����$
������� $�ULHPDQQLDQ� PHWULF� S� RQ� 0�
/0� LV�VDLG� WR� EH�D�JRRG� PHWULF� RI� 0� LI
WKHUH� H[LVWV� S�� VDWLVI\LQJ� WKH� SUHYLRXV� FRQGLWLRQV� �D��� �E��� �F��DQG� �G��� )URP� QRZ
RQ�ZH�IL[�D�JRRG� PHWULF� S� RI� 0�� 7KH� IROORZLQJ� SURSHUWLHV� RI� WKH� IXQGDPHQWDO
IRUPV� DVVRFLDWHG� WR� S� DQG� £L� DULVH� GLUHFWO\� IURP� WKH� SUHFHGLQJ� OHPPD�

�L�� 7KH� /LH�GHULYDWLYHV� /[[� DQG� /a�� DUH� ��
�LL����[�;��  �K�A� �� �DQG�ZH�ZLOO�VXSSRVH� K�²�,��
�LLL����??[??V� � �� LI� 6� LV�DQ� H[FHSWLRQDO� VWUDWXP�
�L\����??[??V� �� LI� �� LV�D�IL[HG�VWUDWXP�
�Y�� )RU� HDFK� IL[HG� VWUDWXP� 6� ZH� KDYH� �S
;V
�²�;� RQ� WQH� ILEHUV� RI� 6"P
�

6¢"P;�6��²!�6�� +HUH� [AL� GHQRWHV� WKH� IXQGDPHQWDO� IRUP� DVVRFLDWHG� WR� �6
�� ���
DQG� �FS��8�� LV�D�GLVWLQJXLVKHG� FKDUW�
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������� )RU� HDFK� FR��� ,�O
�0�<�0�� WKHUH� H[LVW� WZR� IRUPV� FRL��� FR����4
�%�,�E�
VXFK�WKDW

FR� � Q
FRL���[�$�Q
FR��
7KH� IRUPV� FRL� DQG� FR��DUH� XQLTXH�� LQ� IDFW� Q
FRL�²�L[FR� DQG� Q
FR�� � FR��� [�$
L[FR�� 7KH� DERYH� H[SUHVVLRQ� ZLOO�EH� FDOOHG� WKH� GHFRPSRVLWLRQ� RI� FR�
$QDORJRXVO\�� IRU� HDFK� Q� �� ,LO
�0�� WKHUH� H[LVW� WZR� XQLTXH� IRUPV� Q[�� Q���

4
�%��VXFKWKDW
�� �x
WQ��;!?x
Q��

7KLV� H[SUHVVLRQ� LV�FDOOHG� WKH� GHFRPSRVLWLRQ� RI� Q��
,I� FR�LV�OLIWDEOH� ZH�JHW�WKH� IROORZLQJ� UHODWLRQ� EHWZHHQ� WKH� WZR�GHFRPSRVLWLRQV�

FR� � RMaL���[�$�&���

7KH� UHODWLRQ� EHWZHHQ� WKH� SHUYHUVH� GHJUHH� RI� Q�� Q[���DQG� Q�� LV� WKH� IROORZLQJ�

3URSRVLWLRQ� ������� )RU� HDFK�IRUP� Q�4
�0�� DQG�IRU� HDFK�VWUDWXP� 6� RI� 0�� ZH
JHW

??Q??V� �PD[�??QL??V�*V�� ??[??V��� ??P??V�*V��
3URRI�� %\�����DQG� ����LW�VXIILFHV�WR�VKRZ�WKDW

__U�__�!PD[�__I�L__V�*V�� __MI__V� �__A�__V�JV��

:H�GLVWLQJXLVK� WZR� FDVHV�

�� 6� LV� DQ� H[FHSWLRQDO� VWUDWXP�� )L[� N� !� ��� 7KH� FRQGLWLRQ� ���� RQ� Q� LV
HTXLYDOHQW� WR� ]
LR�����Ŷ�LANQ
U?L�  � LLR�Ŷ�Ŷ�Ŷ�L£Wx
Q��  � �� IRU� HDFK� IDPLO\� ^¢��� ���� ����N`
RI�YHFWRUILHOGV� WDQJHQW� WR� WKH� ILEHUV�RI� 6"P
��AP;�6�� �ª�6� �VHH��������F���

)URP� ����WKLV� FRQGLWLRQ� LV�HTXLYDOHQW� WR� LLR�Ŷ�Ŷ�Ŷ�LLN�U£L� � Lo��Ŷ�Ŷ�Ŷ�L¢N�Q�� � �� IRU� HDFK
IDPLO\� ^¢LR��Ŷ���	� `� RI�YHFWRUILHOGV� WDQJHQW� WR� WKH� ILEHUV�RI� -]����-¢I%a[�6�*V���

6�*V� ��ZKLFK� KROGV� LI� DQG� RQO\� LI� N� !� PD[�??QL??6�*V��:O�??V�*V��Ŷ�7KXV� ??Q??V�!
PD[�__I��__V�*V�� +LOOV��� __IIH__V�*����VHH��������LLL���

�� 6� LV� D� IL[HG� VWUDWXP�� )L[� N� !� ��� 6LQFH� ;� LV� WDQJHQW� WR� WKH� ILEHUV
RI� 6"0?�6"A�6�� ²!�6�� FRQGLWLRQ� ���� RQ� Q� EHFRPHV� LLR�ŶŶ�Ŷ�L]Nx
QL�  � �� DQG
LA���� LLNtx
Q��  � �� IRU� HDFK� IDPLO\� ^AR����!AIF`� RI�YHFWRUILHOGV� WDQJHQW� WR� WKH
ILEHUV�RI� 	0��	¢OL6�� �!�6�

1RZ�ZH�SURFHHG� DV�DERYH� WDNLQJ� LQWR� DFFRXQW� WKDW� ??[??V� � ,� �VHH��������LY���

7KH� IRUP� L[G[� YDQLVKHV� LGHQWLFDOO\�� 7KXV�� WKH� GHFRPSRVLWLRQ� RI� G[� LV
UHGXFHG� WR� G[�  � Q
H� IRU� D� IRUP� H� ��4���%���=%��� FDOOHG� WKH� (XOHU�IRUP� RI� �,!
�ZH�ZLOO�DOVR�ZULWH� H���� 5HPDUN� WKDW� H� LV�D� F\FOH�� 7KH� (XOHU� IRUP� s� RI� 2� LV
WKH�OLIWLQJ�RI� H��
3URSRVLWLRQ� ������� )RU� HDFK� VWUDWXP� 6� RI� 0� ZH�JHW

?�� LI6F0VODQGGLP6�P���
??H??V�*V�  � ^� Q� � � � � ��>� �RR�� �� � �RWKHUZLVH�

3URRI�� :H�GLVWLQJXLVK� WZR� FDVHV�
�� 6� LV� DQ� H[FHSWLRQDO� VWUDWXP�� 6LQFH� ;� LV� RUWKRJRQDO� WR� WKH� ILEHUV� RI

6"0���-�"a[�6���!�6� WKHQ� G[����� ��� � MI�Ir�� �@�� ��� IRU�HDFK�XQLWDU\� YHFWRUILHOG� ^
WDQJHQW� WR� WKH� PHQWLRQHG� ILEHUV�� +HQFH� ZH�JHW� __H__�V�*V� � ,O�AMI�,OV��� �� �VHH� �����
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5HPDUN�WKDW� LI� �,!�LV�DOPRVW�IUHH��WKHQ� H���6Ò�%��
�� 6� LV�D�IL[HG� VWUDWXP�� (DFK�ILEHU� )� RI� 6AP
���A��;�6��²Ź�6� LV�HTXLYDULDQWO\

LVRPHWULF� WR� �6
�� ->�� HQGRZHG� ZLWK� WKH� IUHH� DFWLRQ� ��� �� 7KH� UHVWULFWLRQ� [?I
EHFRPHV� WKH� IXQGDPHQWDO� IRUP� \� RI� 7��� 7KHQ�� ZH�JHW�WKH� GHFRPSRVLWLRQ

���� s� �rL��K
ZKHUH� WKH� UHVWULFWLRQ� W??)� LV�WKH� (XOHU� IRUP� H� RI� �
��DQG� L�?)� YDQLVKHV� LGHQ�
WLFDOO\�

,I� �� !� �� ZH� FODLP� WKDW� WKH� (XOHU� IRUP� s� �� 4��6O�*V�� LV� QRW� ]HUR�� LQ� WKLV
FDVH� WKH� UHVWULFWLRQ� s?)� GRHV�QRW� YDQLVK� LGHQWLFDOO\� DQG� WKHUHIRUH� WKH� SHUYHUVH
GHJUHH� __H__�V�*V�LV� ��� ,Q� RUGHU� WR� SURYH� WKH� FODLP� LW� VXIILFHV�WR� YHULI\� WKDW� >H@��
,+O�6O�*V�� LV�QRQ]HUR�� 6XSSRVH� WKDW� WKHUH� H[LVWV� \���-=�[�6O�*V�� ZLWK� G\�  
H�� 7KXV�� WKH� GLIIHUHQWLDO� IRUP� ;V!�a�3
w� LV� D� FYFOH� �I� A�6
��� ZKHUH� ;V�
LV� WKH� IXQGDPHQWDO� IRUP� RI� �9� 6LQFH� ,+O�6O�� 
� +O�6O��  � �� WKHUH� H[LVWV
�� ��A���6
�� ZLWK� GI�  � ID� �� 3
\�Ŷ�:H�KDYH� DUULYHG� DW� D�FRQWUDGLFWLRQ� EHFDXVH

��� 6
� �!�5� LV�D�GLIIHUHQWLDEOH�PDS�� GI� A� �� �GI� �IXQGDPHQWDO�YHFWRUILHOG�RI
�
��� � ���DQG� 6
� LV�FRPSDFW�
,I� ��  � �� WKH� GLPHQVLRQ� RI� 6
� LV� ��� 6LQFH� s?S� LV� D� WZR� IRUP�� LW� YDQLVKHV

LGHQWLFDOO\�� 7KHUHIRUH� __q__V�*V������ ���$

&RUROODU\� ������� ,I� WKH� DFWLRQ� �,!�KDV� QR�IL[HG� SRLQWV�� WKHQ�IRU� HDFK� OLIWDEOH�IRUP
FR��ËO
�0� �=P�� ZH�KDYH

���� &2�MT�0�A&2L�&���Md�%��
3URRI�� 7KH� GHFRPSRVLWLRQ� RI� GHE� LV� JLYHQ� E\�� �GFR�L�  � GFRL� �� r�$�FE��DQG
�GFR���  � �GFR��� )RU� HDFK� VWUDWXP� 6� RI� 0� ZH� JHW� PD[�__¢M__V�� __t�G�__V��  
PD[�__k!L__V�*V� ª�,,A�__V�JV� �� ,O�GFRL� �� s� $�FE�??6�*V��,O�GFR�??V�*V���� 0RUHRYHU�� VLQFH
??s�$�FE�??V�*V��� :xV�*V��� S�__V�*V� �� ,,©�__V�JV� ZH�REWDLQ� WKH� UHODWLRQ

PD[�__|_8�� ??GFE??V��  � PD[�??FRL??V�*V�� ??FE�??6�*V��??GFRL??6�*V�� ??GFE�??V�*V��
1RWLFH� WKDW� WKH� FRGLPHQVLRQ� RI� 6� LQ� 0� LV� WKH� FRGLPHQVLRQ� RI� 6�*V� LQ� %�
7KXV

FR���)�N&7�� ��6�� 	FEL�FE��� )TNdO
A�6�*V��
0� %

IURP�ZKLFK�WKH� UHVXOW�KROGV�����;
������� (XOHU� FODVV�� :H�ZULWH� )�� WKH� XQLRQ� RI���FRGLPHQVLRQDO� FRQQHFWHG� FRP�
SRQHQWV� RI� 0*�� DQG� DOVR� LWV� LPDJH� E\� Q�� 3URSRVLWLRQ� ������ VKRZV� WKDWWKH
UHVWULFWLRQ� RI� WKH� (XOHU� IRUP� H� WR� %��� )�� EHORQJV� WR� 0A�%� �� )���� ZKHUH� �� LV
WKH�SHUYHUVLW\� ��������������� 7KH�FODVV� >H@�H� ,+8%� �� )���LV�WKH�(XOHU�FODVV
RI� �3��1RWLFH�WKDW� WKH�(XOHU�FODVV� >s@� RI� g� EHORQJV�WR� +��%��

��� *\6,1� 6(48(1&(

,Q� WKLV� VHFWLRQ� ZH� HVWDEOLVK� WKH� *\VLQ� VHTXHQFH� WKDW� UHODWHV� WKH� FRKRPRORJ\
RI� 0� DQG� WKH� LQWHUVHFWLRQ� FRKRPRORJ\� RI� %�� :H� DOVR� JLYH� D� JHRPHWULFDO
LQWHUSUHWDWLRQ� RI� WKH� YDQLVKLQJ� RI� WKH� (XOHU� FODVV�� 5HFDOO� WKDW� *� GHQRWHV� WKH
XQLWDU\� FLUFOH� 6���
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7KH� VHW� 0� LV�D�PDQLIROG� VXSSRUWLQJ� DQ�DFWLRQ� RI� *� �WDNLQJ� WKH� WULYLDO� DFWLRQ

RQ� ^���� �`� DQG� @��� ��� �>���� 7KH� PDS� 6
P� LV�DQ� HTXLYDULDQW� IXQFWLRQ�� %\�FRQ�
VWUXFWLRQ� OHQ�0��  � OHQ�0��O� DQG� WKH�UHVWULFWLRQ� RI� ��P� WR� 0� �0���0PB�B��
LV�D�ILQLWH� WULYLDO� FRYHULQJ�� 7KLV� JLYHV� �D��DQG� �E��

,Q� RUGHU� WR� FKHFN� �F��ZH�ILUVW�QRWLFH� WKDW� QHDU� 6� ��6"� WKH� PDS� 6
P� EHFRPHV
������ 'V[@�� ��� O>�!� -V� GHILQHG�E\� A0�]�� U��  � )�]�� ?U?��� &RQVLGHU� �8�� �S�
D� GLVWLQJXLVKHG� FKDUW� RI� -V� ZLWK� [R� �� 8� DQG� WDNH� ��  � [aO�8�� DQG� ��  
	¢?��� ZKLFK�LV� LUaOL8�Q'V�[@� �� ��� �>�� 7KH\�VDWLVI\� �L��DQG� �LL��

'HILQH� WKH�PDS� \��E\� FS�]�� U��  � �[V�]��� ��� U��� ZKHUH� �S�]�� � �LV�]��� >��� M@�� �
LW� LV�D� *V�GLIIHRPRUSKLVP� VDWLVI\LQJ� �LY��

6LQFH�WKH� LVRWURS\� VXEJURXS� RI�DQ\�SRLQW� RI� t¢� LV�LQFOXGHG� LQ� *�V� ZH�FRQFOXGH
WKDW� WKH�WUDFH� RQ� A� RI�WKH�VWUDWLILFDWLRQ� GHILQHG�E\� *� LV�WKH�VWUDWLILFDWLRQ� GHILQHG
E\� *V��� 7KHUHIRUH� T!�LV�DQ� LVRPRUSKLVP�� ZKLFK� JLYHV� �LLL������$

7KH� HTXLYDULDQW� XQIROGLQJ� LV� ULJLG� LQ� WKH� IROORZLQJ� VHQVH�

/HPPD� ������� /HW� <��+� [� 1� ²!�$� EH�D� JRRG� DFWLRQ� RI�D� /LH� JURXS� +� RYHU�D
PDQLIROG� 1�� 7KH� JURXS� +� DOVR� DFWV� RQ� $[��� ZKHUH� ,� LV� DQ� LQWHUYDO� RI� 5�
E\� K
�[�� U��  � �K�� [� �U��� ,I� ��A[�� ��$� [� �� ²ª�$� [� �� LV� DQ� HTXLYDULDQW� XQIROGLQJ�
WKHQ� WKHUH� H[LVWV� D� FRPPXWDWLYH� GLDJUDP

I

�L��

$[�

�6Y9[

$[�

ZKHUH� ���9���$� ²!�$� LV�DQ� HTXLYDULDQW� XQIROGLQJ� RI� $� DQG� I� LV�DQ� HTXLYDULDQW
GLIIHRPRUSKLVP�
3URRI�� %\�GHILQLWLRQ� RI� HTXLYDULDQW� XQIROGLQJ� WKH� PDS� ���9[�� ORFDOO\� ORRNV� OLNH
WKH� DSSOLFDWLRQ�

����� )�[�LGHQWLW\�� -�[6
[@�O�� �>�[M� �ª�8�[�F6
� [�-� �
ZKHUH� -� F� �� LV� DQ� LQWHUYDO� �VHH� ��������� 1RWLFH� WKDW� XQGHU� ����� WKH� PDS
T�� 1� [� ,� ²!�,�� GHILQHG� E\� T�\��  � W� IRU� ��$U[��\��  � �[�� W��� EHFRPHV� WKH� SURMHF�
WLRQ� RQ� WKH� ���IDFWRU�
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8VLQJ� �����ZH�FDQ�FRQFOXGH�
�� T� LV�DQ� HTXLYDULDQW� VXEPHUVLRQ�� DQG
�� WKH� UHVWULFWLRQ�  ��Y[���I
����
-9[� ^�`� � $� LV�DQ� HTXLYDULDQW� XQIROGLQJ

RI� $�
7KH� ILUVW�SURSHUW\� LPSOLHV� WKH� H[LVWHQFH� RI� D� FRPPXWDWLYH� GLDJUDP� OLNH� ����

ZLWK� -�DW[�[� LGHQWLW\�� �������[�²!�$[�� LQVWHDG� ��A� [�LGHQWLW\� ��$[�� ²!�$[��
1RZ�� WKH� VHFRQG� SURSHUW\� ILQLVKHV� WKH� SURRI�� ���$

������� 3URRI� RI� �������� $VVXPH� LQGXFWLYHO\� WKDW� WKH� VWDWHPHQW� LV� WUXH� IRU� DQ\
JRRG� DFWLRQ� RI� OHQJWK� VPDOOHU� WKDQ� OHQ�0��� /HW� -�P���0� A� 0� EH� WKH� HTXLYDUL�
DQW� PDS� JLYHQ� E\� �������� 5HFDOO� WKDW� OHQ�0�� �� OHQ�0��� WKHUHIRUH� E\� LQGXFWLRQ
WKHUH� H[LVWV� DQ� HTXLYDULDQW� XQIROGLQJ� -�a� ��0� A� 0�� :H� FRQVLGHU� WKH� FRP�
SRVLWLRQ� ª�P� � ��A��P� ��ZKLFK� YHULILHV� ���������� DQG� ����� ,W� UHPDLQV� WR� YHULI\
����
/HW� ;R� EH� D� SRLQW� RI� D� QRQUHJXODU� VWUDWXP� 6� DQG� OHW� [R� EH� D� SRLQW� RI

��\
�[R��� ,I� ;R�L� 0PB£BL� ZH� FRQVLGHU� [R��� 0� ZLWK� �6P�[R��  � [�� DQG� ZH
DSSO\� WKH� LQGXFWLRQ� K\SRWKHVLV� WR� ¢I0�� ,I� [R���0PB£BL� ZH�DSSO\� �������DQG
ZH�REWDLQ� WKH� FRPPXWDWLYH� GLDJUDP� �����

'HILQLQJ� ¢"� �6I=[����� ZH�JHW� �L��DQG� �LL��� 6LQFH� FS�LV�D� *V�HTXLYDULDQW� LVR�
0

PRUSKLVP� WKH� FRPSRVLWLRQ� A ��� LV�D� *V�HTXLYDULDQW� XQIROGLQJ�� %\�WKH� SUHYL�
RXV� OHPPD� WKHUH� H[LVWV� D� *V�HTXLYDULDQW� GLIIHRPRUSKLVP� \�� 8� [� 6
[
@��� ��� O>�!� \� VXFK�WKDW� FS6e
A\� � LGHQWLW\� [���� [� LGHQWLW\�� :H�WDNH� �S� � \a[
ZKLFK�YHULILHV��LLL��DQG� �LY������$

����� 3URRI�RI��������� /HW� 63P
��0� ²!�0� EH� DQ� HTXLYDULDQW� XQIROGLQJ� RI� 0
�VHH�3URSRVLWLRQ� �������� 6LQFH� ��P� LV�HTXLYDULDQW� LW�LQGXFHV� WKH�FRQWLQXRXV� PDS
6&%��0�*�  �%� ���%� GHILQHG�E\� �6���W�[��� � Q	0�[��� 7KHQ� �D��DQG� �E��KROG�
,Q� RUGHU� WR� SURYH� �F��DVVXPH� LQGXFWLYHO\� WKDW� WKH� VWDWHPHQW� LV�WUXH� IRU� DQ\�JRRG
DFWLRQ� RI� OHQJWK� VPDOOHU� WKDQ� OHQ�0��� ,Q� SDUWLFXODU�� IRU� DQ\� QRQUHJXODU� VWUDWXP
6� ZH�KDYH� D�FRPPXWDWLYH� GLDJUDP

6
� ²��!���6
�*V

����� A

6
� ²��A� 6
�*V�
VDWLVI\LQJ��D����E���DQG� �F��

7DNH� \���� Q�6��� \����6"%a[�\R���[�� � Q�\���� DQG� [�� � Q�\���� &RQVLGHU� WKH
GLDJUDP� ���� JLYHQ� E\� 3URSRVLWLRQ� ������� :H�FDQ� FKRRVH� WKH� RSHQ� VHW� 8� VPDOO
HQRXJK� WR� KDYH

���� 9� � Q�8�� LV�D�QHLJKERUKRRG� RI� \R���DQG
���� D�GLIIHUHQWLDEOH� VHFWLRQ� UU� RI� Q�� 8�²!�9��
'HILQH� 7�  � S
[�9�� DQG� � �Ha[�FU��� :H�JHW� �L��DQG� �LL��� )ROORZLQJ� WKH

VDPH�PHWKRG� XVHG� LQ� WKH� SURRI� RI� 3URSRVLWLRQ� ������DQG� XVLQJ� WKH� HTXLYDULDQFH
RI� ��P���ZH�FDQ�ZULWH

7�  � ��%�[S�[�9��  � QA[Q�[Q[�[R�9� �
�[[�[D�9�,*V�

�A
�&o
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6LQFH�WKH�UHVWULFWLRQ� FS���A[[a[R�9�� ²!�R�9�[6
[� @²���� �>�LV�D� *V�HTXLYDULDQW
GLIIHRPRUSKLVP� �VHH� ��������� LW� LQGXFHV� WKH� KRPHRPRUSKLVP� � \��� 
9� ²Ź�9�[
6
�*V[� @��� ��� �>�� 7KH� PDS� \�� VDWLVILHV� �LLL��� )LQDOO\�� IRU� HDFK� x�[�� �� 
9� ZH
FDQ�ZULWH

5\�Q�[��  � 5^Q� [�S� [� LGHQWLW\`A�[�� ����GHILQLWLRQ� RI� \OU��
 � O?3�S�[�� �VHH�������
 �Q�S�!0�[�� �VHH�O���
 � \�Q�"0Ë[�� �VHH���������
 � \�6"%x�[�� �VHH������

IURP�ZKLFK��LY��LV�VDWLVILHG�����$

������ �3URRI� RI� �����������:H� SURYH� WKLV� UHVXOW� IRU� DQ\� JRRG� DFWLRQ�� ZKHUH� ZH
VXSSRVH� ;� �;� � �� LI� *¢6;�
$VVXPH� LQGXFWLYHO\� WKDW� WKH� VWDWHPHQW� LV� WUXH� IRU� DQ\�JRRG� DFWLRQ� VXFK� WKDW

WKH� OHQJWK� RI� WKH� LQGXFHG� VWUDWLILFDWLRQ� LV� VPDOOHU� WKDQ� OHQ�0��� ,W� VXIILFHV�WR
FRQVWUXFW� WZR�ULHPDQQLDQ� PHWULFV� Y� DQG� Y���RQ� 0� �� ,P� DQG� 0� UHVSHFWLYHO\�
VDWLVI\LQJ� �E��� �F���DQG� �G��� LQ�WKLV� FDVH�WKH�PHWULFV

S�  � �� �W!
JY�� � DQG� � �S�� � �� ��!
�!

�VHH�>���S�����@���YHULI\��D����E����F���DQG� �G��
,Q� RUGHU� WR� JHW� Y� DQG� Y� ZH�SURFHHG� LQ� WZR� VWHSV�
�,�� FRQVWUXFWLRQ� RI� WZR� ULHPDQQLDQ� PHWULFV� Y��DQG� �� RQ� RSHQ� VHWV�RI� WKH

W\SH� A� �� =P� DQG� �� UHVSHFWLYHO\��VHH�������VDWLVI\LQJ��E��� �F����G��DQG
�,,�� SDVWLQJ� WKHP� E\�D�SDUWLWLRQ� RI�XQLW\�
�,�� )L[� DQ� RSHQ� VHW� A� DV� LQ� �������&RQVLGHU� -�� DQG� A�� WZR� ULHPDQQLDQ

PHWULFV��RQ� 6
�=J�� DQG� 6
� UHVSHFWLYHO\��VDWLVI\LQJ��D����E����F����G��DQG�LQYDULDQW
E\� WKH� VWUXFWXUDO� JURXS� RI� �A�� ZKLFK� H[LVW� E\� LQGXFWLRQ�� %\�PHDQV� RI� �8�� FS�
ZH� LGHQWLI\� � ��?� ÍÍ�� ��0��ZLWK�� �8� [� F6
�� ��8�[�6
[@� �� ,�� O>�� 3��� ��1RZ�ZH
GLVWLQJXLVK� WZR� FDVHV�

�� 6� LV� D�IL[HG� VWUDWXP�� :H� GHILQH� Y�£¢� � SX� �� M�� �� GU�� RQ� t¢� ²�a/P�DQG
��  � L©L����A� ��GU�� RQ� A�� ZKHUH� SY� LV�DQ\� ULHPDQQLDQ� PHWULF� RQ� 8�
:H�FKHFN� WKH� SURSHUWLHV� �E��� �F���DQG� �G��
�E�� 3
Y�� �SX� ����JA� ��GU��  � SX� ��-"� ��GU��  � w!���
�F�� )RU� HDFK� VWUDWXP� 5� PHHWLQJ� �� WKH� ILEHUV� RI� �P
�� �6A����L"�� ²!�5� DUH

LQFOXGHG� RQ� WKH� ILEHUV�RI� 3�� 1RWLFH� WKDW� HDFK� RI� WKHVH� ILEHUV�LV� *�V��HTXLYDULDQWO\
LVRPHWULF� WR� �6
�� -"��� :H�XVH� QRZ� WKH� LQGXFWLRQ� K\SRWKHVLV�

�G��%\�FRQVWUXFWLRQ�
�� 6� LV� DQ� H[FHSWLRQDO� VWUDWXP�� 7KH� IXQGDPHQWDO� YHFWRUILHOG� ;� LV� WUDQV�

YHUVH� WR� WKH� 6
�[�@��� ��� ��>� IDFWRU�� 7KXV�� WKHUH� H[LVWV� D� GHFRPSRVLWLRQ� 7��  
7�6
� [�@��� ��� ��>�����(�� ZKHUH� ;� LV�WDQJHQW� WR� (�� 7KH� PDS� 3� LQGXFHV� D�GHFRP�
SRVLWLRQ� 7����� ,P��  � 7^�6
� �� ,V��[� @��� �>`���(�� ZKHUH� (� LV�WKH� VXEEXQGOH
3Ä(�� 7KH�YHFWRUILHOG�;� LV�WDQJHQW�WR� (�� :H�GHILQH� Y�£¢� �-W� ��GU����SL� DQG
��  �-I� �� GU�� ��3
SL� ZKHUH� SL� LV�DQ\� ULHPDQQLDQ� PHWULF� RQ� (� ��:H� QHHG� WR
FKHFN� SURSHUWLHV� �E�� DQG� �F��

�
��E�� 3
YY�  �A¢-.� ��GU����3
S?�  ��� �
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�F��7KH� YHFWRUILHOG� ;� LV�RUWKRJRQDO� WR� WKH� IDFWRU� 6
�[�@��� ��� ��>� DQG� WKHQ� WR
WKH� ILEHUV�RI� ��P��� �A��
��5��²!�5�� IRU� HDFK� VWUDWXP� 5� PHHWLQJ� ���

�,,�� /HW� (�  � ^�"`�DQG� (�  � ^:`� EH� FRYHULQJV� RI� 0� DQG� 0� UHVSHFWLYHO\
PDGH� XS� RI� RSHQ� VHWV� DV� LQ� �,��� &RQVLGHU� ^Y���Y��`��� �D� IDPLO\� RI� ULHPDQQLDQ
PHWULFV� VDWLVI\LQJ� �E��� �F���DQG� �G��� )L[� D�SDUWLWLRQ� RI� XQLW\� ^I������²!�>��� �@`
VXERUGLQDWHG�WR� 6�� 1RWLFH�WKDW� WKH� IDPLO\� ^ID�  � ID	0
���� �
� >��� �@`�LV
D� SDUWLWLRQ� RI� XQLW\� VXERUGLQDWHG� WR� (�� 'HILQH� WKH� ULHPDQQLDQ� PHWULFV� Y�  
<A]�IY¢Yt¢��Q� 0� �� =P� DQG� Y�  � <M]IDY�� RQ� 0�� ,W� LV�HDVLO\� FKHFNHG� WKDW� Y
DQG� Y� VDWLVI\��E����F���DQG� �G������$

$GGHG� LQ�SURRI�� 6LQFH� WKHQ�� ZH�KDYH� OHDUQHG� DERXW� WKH� ZRUN� RI� .�� -lQLFK�� 2Q
WKH�FODVVLILFDWLRQ�RI���Q��PDQLIROGV��0DWK��$QQ��������������������� 7KH�HTXL�
YDULDQW� XQIROGLQJ� FRQVWUXFWHG� LQ� WKH�$SSHQGL[� LV�WKH�YHUVLRQ� ZLWKRXW� FRUQHUV� RI
WKH�GHVLQJXODULVDWLRQ� LQWURGXFHG� LQ�WKH�DERYH�SDSHU�� 6R��ZH�KDYH�WKH�XQLTXHQHVV
RI� WKLV� HTXLYDULDQW� XQIROGLQJ�� ,Q� SDUWLFXODU�� /HPPD� ������ IROORZV�GLUHFWO\� IURP
WKLV�IDFW�

5HIHUHQFHV

��� -��3��%UDVVHOHW��*��+HFWRU�� DQG�0��6DUDOHJL��7KpRUqPH�GH�GH�5KDP�SRXU� OHV�YDULpWpV�VWUDWLILpHV�
$QQ��*OREDO�$QDO��*HRP��������������������

��� *��%UHGRQ�� ,QWURGXFWLRQ� WR�FRPSDFW� WUDQVIRUPDWLRQ� JURXSV��3XUH�DQG�$SSO��0DWK��� $FDGHPLF
3UHVV��1HZ�<RUN�DQG� /RQGRQ�� �����

��� -�� /�� %U\OLQVN\�� (TXLYDULDQW� LQWHUVHFWLRQ� FRKRPRORJ\�� ,QVW�� +DXWHV� eWXGHV� 6HL�� SUHSULQW��
-XQH� �����

��� 0��*RUHVN\� DQG� 5�� 0DF3KHUVRQ�� ,QWHUVHFWLRQ� KRPRORJ\� WKHRU\�� 7RSRORJ\� ��� �������� ����
����

���B�� ,QWHUVHFWLRQ�KRPRORJ\��,,��,QYHQW��0DWK��������������������
��� :�� *UHXE�� 6�� +DOSHULQ�� DQG� 5�� 9DQVWRQH�� &RQQHFWLRQV�� FXUYDWXUH�� DQG� FRKRPRORJ\�� 3XUH

DQG� $SSO��0DWK��� $FDGHPLF� 3UHVV�� 1HZ�<RUN�DQG� /RQGRQ�� �����
��� 0�� 1LFRODX� DQG� $�� 5HYHQWHV�� 2Q� VRPH� JHRPHWULFDO� SURSHUWLHV� RI�6HLIHUW� EXQGOHV�� ,VUDHO� -�
0DWK��������������������

��� 0�� 6DUDOHJL�� 7KH�(XOHU� FODVV�IRU� IORZV� RI�LVRPHWULHV�� 5HVHDUFK� 1RWHV� LQ� 0DWK�� ���� �������
��������

��� B�� +RPRORJLFDO� SURSHUWLHV� RI�XQIROGDEOH� VWUDWLILHG� SVHXGRPDQLIROGV�� ,OOLQRLV� -�� 0DWK�� �WR
DSSHDU��

���� 0�� 6DUDOHJL� DQG� *�� +HFWRU�� )RUPHV� GLIIpUHQWLHOOHV� G
LQWHUVHFWLRQ� GHV� SUHVWUDWLILFDWLRQV� DE�
VWUDLWHV��&��5��$FDG��6HL��3DULV�������������������

���� +�� -�� 6XVVPDQQ�� 2UELWV� RI�IDPLOLHV� RI� YHFWRU�ILHOGV� DQG� LQWHJUDELOLW\� RI�GLVWULEXWLRQV�� 7UDQV�
$PHU��0DWK��6RF����������������������

����'��7LVFKOHU��2Q�ILEHULQJ�FHUWDLQ�IROLDWHG�PDQLIROGV�RYHU� 6����7RSRORJ\����������� ��������
���� $��9HURQD�� 6WUDWLILHG� PDSSLQJV²6WUXFWXUH� DQG� WULDQJXODELOLW\�� /HFWXUH� 1RWHV� LQ�0DWK��� YRO�

������6SULQJHU�9HUODJ�������

/DERUDWRLUH� GH� *pRPpWULH� HW� $QDO\VH�� 8�5�$�� '� ���� DX� &�1�5�6��� 8QLYHUVLWp� &ODXGH
%HUQDUG� �/\RQ� ���������� 9LOOHXUEDQQH� &HGH[�� )UDQFH

,QVWLWXWR� GH� 0DWHPiWLFDV� \� )tVLFD� )XQGDPHQWDO�� &RQVHMR� 6XSHULRU� GH� ,QYHVWLJDFLRQHV
&LHQWtILFDV�� 6HUUDQR� �����������0DGULG�� 6SDLQ

(�PDLO� DGGUHVV��� VDUDOHJL#FF�FVLF�HV
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