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We prove that the basic intersection cohomol-
ogy IH ]_?(M /F) of the singular riemannian folia-
tion F determined by an abelian isometric action

O: G x (M, ) — (M, p)

is finite dimensional and verifies the Poincaré du-
ality. This duality includes two well-known fare-
way situations:

- Poincaré duality for basic cohomology (the ac-
tion ® is almost free).

- Poincaré duality for intersection cohomology
(the abelian Lie group G is compact).



Poincaré duality

For an orientable compact m-dimensional mani-
fold M the cohomology H (M) is finite dimen-
sional and the pairing product

/ H (M)x H (M) — R,
defined by
@) [ ang

is non degenerate.
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Riemannian foliations

— The leaves of a foliation F have the same di-
mension /.

— These leaves are locally at constant distance.

—The transverse structure M/F “is a mani-
fold” .

— An almost free isometric action : Gx M —
M produces a riemannian foliation.
— Working example.
P:RxS —§°
with
1cS

(s, (21,22, 23)) = (€"%21, €529, €

for a,b,c € R —{0}.
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The basic cohomology H *(M /F)

— X (F) vector fields of M tangent to F.
~ Basic differential forms w € Q (M) with
ixw = ixydw = 0 for each X € X'(F).

— Complex of basic differential forms Q (M /F).

~ Basic cohomology H (M/F). Finite dimen-
sional.

— Pomcarc duality. The pairing product
/ H (M/F)x H (M/F) — R,
defined by
(c, B) H/ aANBAv
M

, =dim F ,
is non degenerate, where v € Q) (M) is a
tangent volume form (orientability condition):

a volume form on each leaf.
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Example

¢: R x S° — S° with
D(s, (21, 29, 23)) = ("%, e'hS o ol
for a,b,c € R — {0}.
— Actors
— Fundamental vectorfield X € X(S°).
— Connection form X € Ql(M )
— Curvature form e = dx € (S°/F).

— Euler class [e] € HZ(M/]:).

23),

| (R-[1] i=0
CH(S)F)={ R-[e] i=2
R-leANe] =14

— Poincaré duality (v = X):
le A e
|



Singular Riemannian foliations. SRF

— The leaves of a foliation F may have different
dimensions.

— These leaves are locally at constant distance.

— Putting together the leaves with the same di-
mension one gets a stratification §. For each
stratum S, the restriction (S, Fg) is a rieman-
nian foliated manifold.

—The transverse structure M/F “is a strati-

fied pseudomanifold” in the sense of Goresky-
MacPherson.

— An isometric action ®: G x M — M pro-
duces a singular riemannian foliation.

— Working example.
U:R xS — "
with
U(s,[21, 22, 23,t]) = [e
for a,b,c € R —{0}.
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The basic cohomology H *(M /F)

— X(F) vector fields of M tangent to F.
~ Basic differential forms w € Q (M) with
ixw = ixydw = 0 for each X € X'(F).

— Complex of basic differential forms Q (M /F).
~ Basic cohomology H (M/F). Finite dimen-

sional.

— Pomcarc duality. The pairing product
/ H (M/F)x H (M/F) — R,
defined by
(c, B) H/ alNB AV
M

... 1t does not work!!
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Example

U R x SO — SO with
b

U(s, [21, 20, 23, 1]) = [€" %21, "% 29, €' 23, 1],

for a,b,c € R —{0}.

| (R - [1] i =0
~H(SY/F) =S R-[endt] =3
R-leANeAdt] i=5

\

— The Poincaré duality does not work since

dim H” (86 /f) £ dim H (86 /f)
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Why??

In order to understand the situation, consider
the blow up

L:S?x[-1,1 — SO
(21, 22, 23t) = |21, 29, 231]

— We compute the basic cohomology H- (S6 /F)
by using the Verona forms o*f the blow up. A
Verona form is a form w € {2 (85 x |—1, 1]/F)
verifying
deg (w|b0undary> = deg (dw\bOU’ndary) = 0.

— Examples

f(z1,20,23)  f(21, 29, 23) sin 27t
e e N dt

te (1 —t)e
— Failure of Poincaré duality:
dim H' (8%/F) =1#0=dm H (s°/F)
since
e A dl = d(te).
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Recovering Poincaré duality

(Goresky-MacPherson)
— The perverse degree of a differential form w of
Q' (87 x [~1,1]/F) is ]| = deg (@{poundary )
— A perversity is an integer p € Z.
— w I8 a p-intersection differential form when
lwll <P and [[dw] <.
— Basic intersection cohomology IH ; (86 |/ F )
— Verona's case: p = 0.

— Poincaré duality:.

5=0,1 5—23
i =0 R[ 1] R[ 1]
1 =1 0 0
P =2 0 R| e |
i =3 RleAdt] 0
1 =4 0 0
i=bRleNneAdt]RleNeAdt]

e A dl = d(te).




Basic intersection cohomology
BIC

— Blow up.
L:(M,F)— (M,F).
— Perverse degree. For each stratum S
| = lls: @' (M/F) —Z
— A perversity is a map p: & — Z. The zero

perversity is 0(S) = 0. The top perversity is
t(S) = codim p; S — 3.
— w 1s a p-intersection differential is a form when
|lwlls < P(S) and ||dw|[s < P(S5),
for each stratum S.

— Basic p-ntersection cohomology IH ;(M /F)
H(M/F) = H'(M/F)

—IH ;(M /F) is the intersection cohomology of

Goresky-MacPherson if 0 < p < ¢ and F is
compact.
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Poincaré duality

—The BIC IH ;(M /F) is finite dimensional and
the pairing
/ H_(M/F) x H_ (M/F) — R,
defined by

(a,ﬂ)%/ﬂa/\ﬁ/\y

is non degenerate, where p +q = t.

— This result has been proven for the case where
JF comes from an isometric action

O Gx M — M,

where GG is an abelian Lie group.
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Idea of the proof

We use the Mayer-Vietoris technics in order to
reduce the question to the following twisted prod-
uct:

T x H Rn,
where

— T is a compact Lie group containing G as a
dense subgroup. Notice that G acts on T/H
producing a riemannian foliation JF7j.

— H is a closed subgroup of T acting by isome-
tries on R"”. We write F5 the induced SRF'.

The cohomology IH ; (T X g R™ / F ) can be com-
puted with the complex of T-invariant forms

% T
n
(2, (T <y R"/F)) ",
which is quasi-isomorphic to (not easy!!)

A Gecre.ap @ (7))

where

{71, YaYas1s - -, ) Is a basis of g,
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“AYaxr 1y Vs Votls - - - » Ve 18 abasis of b, and

{’yl,...,ﬁ/a,...,’yb,...,WC,WC_H,...,’)/]E} isa
basis of {t.

Finally, H;(T X 17 ]R”/F) is

H (T/H/F) & H_(R"/F).

Both terms are finite dimensional and verity the
Poincaré¢ duality:.
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