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Poincaré Duality. Goresky & McPhersonI

h: HL(X:Q) x H (X;Q) — Q
intersection pairing non degenerate
p GM-perversity, 0 < p <t
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Poincaré Duality : homology/cohomology'

N [X]: Ho (X;R) S H(X:R)
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Poincaré Duality : homology/cohomology'

N [X]: Ho (X;R) S H(X:R)

[X

eH (X' R) fundamental class.

t (top perversity).

a field (Friedman-McClure)

; R) is a locally (p; R)-torsion free (Friedman)
; R) = (XRP%; Z) no Poincaré duality.
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Introduce a new version of the intersection cohomology:
Thom-Witney cohomology.

(X;R) > H (X;R),

TW.,p n—sx

N [X]: H

@ R any coefficient ring, p < t.
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Introduce a new version of the intersection cohomology:
Thom-Witney cohomology.

*

N [X]: H, (X;R) S H _(X;R),

TWJ(

@ R any coefficient ring, p < t.

° H;FW‘ﬁ(X; R) = H* (X; R) in the "locally torsion free”

Dp
case.

@ Cup/Cap product, Lefschetz Duality, topological
invariance, Sullivan minimal models, ...
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Idea of the construction of H__(X;R)

P

Locally system over a simplicial set of Halperin

o A— X

3compatible way

" Simplicial sheaf™ Cochain complex
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Idea of the construction of H'_(X;R)

P

Locally system over a simplicial set of Halperin

M

Linear filtration o: A—> X Filtered simplex

Scompatible way

" Simplicial sheaf™ Cochain complex
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Idea of the construction of H'_(X;R)

P

Locally system over a simplicial set of Halperin

A
Blow up
Linear filtration o: A — X Filtered simplex
gcompatible way
" Simplicial sheaf" Cochain complex
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Idea of the construction of H'_(X;R)

P
Locally system over a simplicial set of Halperin

A<—"" " Cochains

Blow up
Linear filtration o: A — X Filtered simplex
gcompatible way
" Simplicial sheaf" Cochain complex
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Idea of the construction of H'_(X;R)

P
Locally system over a simplicial set of Halperin

A<—"" " Cochains

{

Blow up Perverse degree

Linear filtration o: A — X Filtered simplex

gcompatible way

" Simplicial sheaf" Cochain complex
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Idea of the construction of H'_(X;R)

P
Locally system over a simplicial set of Halperin

A<—"" Cochains

|

Blow up Perverse degree

Linear filtration o: A — X Filtered simplex
scompatible way

Cochain complex
on A with
perverse degree
<p

" Simplicial sheaf”
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TW-cohomology construction : Filtered simplexes

o:A—> X
e g Xg---c X,_1S X, =X, filtered space.
e o 1(Xy) is a face of A

o A:AO*...*Ak*...*An
—
o1 (Xk)
Intersection homology Hz(X; R) is computed with filtered

simplexes.

p perversity. R coefficient ring.

D. Chataur & M. Saralegi & D. Tanré Intersection (Co)-Homology & Poincaré Duality



TW-cohomology construction : Filtered simplexes

Alx AVx AV

@ x A”x Al

0% A% A”

%0 % A?
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TW-cohomology construction : Blow upI

AO X Al
Al A1
o
w N?{AO

A =Ag+A; hasfor blow-up A = cAg x A

First example. First approach.
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TW-cohomology construction : Blow upI

JAN] W A
Ay Ao I

A =Ag+A; hasfor blow-up A = cAg x Ay

First example. Second approach.
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TW-cohomology construction : Blow upI

A:AO*A]_*A2

Second example. First step
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TW-cohomology construction : Blow up

Ay x cAq x Ay

CA()XAl XAQ

~

A= Ag=A; Ay hasfor blow-up A =clAgxcA; xA,

Second example. Second step
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TW-cohomology construction : Blow upI

¢l x - x Ay g x Ay — Dgx---x A,
o s (Face) = (Face) same dimension except

blow up of Ag#---xAy fiber
A A

r Y -
@ cQAg X X CAp_1 X A XAy x - xclA, 1 xA,
L. -/

~
Hidden faces

I=

o 0N = éZ + Hidden faces
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TW-cohomology construction : Perverse degree'

AV AV
- H* 1
vV = apex
w N?{Ao
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TW-cohomology construction : Perverse degree'

Al A1
- P* 1
v = apex
w N?{AQ
@ ||1,xa, || =— Not hidden faces

Intersection (Co)-Homology & Poincaré Duality
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TW-cohomology construction : Perverse degree'

Ay Ay
" 1
v = apex
w w{Ao
@ |[1,xa, || =—0 Not hidden faces
@ |[1a,xn,|| = dimA, Hidden faces
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TW-cohomology construction : Perverse degree

By ey B
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TW-cohomology construction : Perverse degree

By ey B
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TW-cohomology construction : Perverse degree

By ey B

° H]-CAOXAleZH = (—OCdlm Az)
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TW-cohomology construction : Perverse degree

Yy
Ay
- M
NP J
.Al

o

° H]-CAOXAleZH = (—Cﬁdlm A2)

(4] HIAOXCAlXAQH = (dlm c/A; + dim AQ,*‘I)
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TW-cohomology construction : Perverse degree

By < ey B

A,
‘ﬂ ;
P

Bo & ]
AV
o
0 |[Lcngxa;xa,|| = (—o0,dim Ay)
@ ||1a,xca,xa,|| = (dimcA; + dim Ay, —0)
o ||[1a,xa,xa,l| = (dim Ay + dim Ay, dim Ay)
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TW-cohomology construction : Perverse degree

EYEreTS
Ay
- M
Do J
.Al

o

* H]'CA0><A1><A2H - (—OC,dim A2)

(4] HIAOXCAlXAQH = (dlm c/A; + dim AQ,*‘I)

("] ||1A0><A1><A2H = (dlm Al +dim Az,dim AQ)

o || =1l == llos [l = [[x)-
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TW-cohomology construction: TW cochains on AI
o N*(A;R) = N*(cDo) @+ @ N* (cAp_1) ® N*(A,)

o (8 R) = {w e " (8 R)/ max(| ] [l ) < e}

o N*(A;R) = N*(A;R).

D. Chataur & M. Saralegi & D. Tanré
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TW-cohomology construction: TW cochains on AI

Il
2*2
>
=

N*(A; R)

fet 8 T 5 ar B
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TW-cohomology construction: TW cochains on AI

N*(A; R) ~ N*(A;R)
b av b
a B L) 0 B
2l Y
a c a'? c
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TW-cohomology construction: TW cochains on AI

N*(A; R) ~ N*(A;R)
b a=a b
a B L) 0 B
v ol
a ¢ a'=a ¢

D. Chataur & M. Saralegi & D. Tanré Intersection (Co)-Homology & Poincaré Duality



TW-cohomology construction: TW cochains on AI

N*(A; R) ~ N*(A;R)
b a=a b
a B L) 0 B
v ol
a ¢ a'=a ¢
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TW-cohomology construction: TW cochains on XI

° /V; (X; R) is the simplicial sheaf
{(wg) / ws € /V:(A; R),0: A — X regular simplex} :

regular = filtered + (A, # ).

e H® (X;R) Thom-Witney cohomology

TW.p

o H* (X;R) = H*(X; R), cohomology, when X normal.

TW,0
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TW-cohomology versus intersection cohomology'

H* (X;R)=H_(X;R)

T™W.p P

if (X;R) is a (p; R)-torsion free.
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TW-cohomology versus intersection cohomology'

H® (X:R)=H" (X;R)

T™W.p Dp

if (X;R) is a (p; R)-torsion free.
Long exact sequence

*

Goresky-Siegel's R

T H Peripheral term

J(XiR) = H(X;R) —

%%
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TW-cohomology versus intersection cohomology'

X with isolated singularities {x;},, dimX = n, p = p,

0—=H,.  (X; R)—=H, " (X; R) — @PExt (H,(L;;R); R)

D
il
/oca/ly torsion free
p+2 . p+2 .
0~ H P (X; R)=—— H.\ (XiR) 0
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TW-cohomology properties : Cup product'

N (X;R)® N(X; R) —=— N." (X;R).

p+q

(WUN)e =ws UN,

This cup product is computed in
N*(A;R) = N*(cAo; R)® - - @ N* (cAp_1; R) @ N* (A R),

where o: A = Ay *---+ A, — X regular simplex.

<a1®"'®an>u(ﬁl®"'®ﬁn):§<aluﬁl>®"'®<anuﬁn2

(- / (- /
~— ~— ~

Wo No Wo Y Mo
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TW-cohomology properties : Cap product'

In a similar way, we define the cap product

H., (X;R)®H'(X;R) —— H "(X;R).

j—

TW,E(
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TW-cohomology properties : Dualities'

Poincaré

A[X]: H, (X;R) S H __(X;R)

.
™W.,p

X is a n-dimensional oriented compact pseudomanifold.
[X] e H:(X; R) fundamental class and R is a ring and p < t.
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TW-cohomology properties : Dualities'

Lefschetz

*

A[X]: H: (X,0X;R) = H _(X;R)

TW,ﬁ< n—sx

X is a n-dimensional oriented compact 0-pseudomanifold.

[X] e Hf(X, 0X; R) fundamental class and R is a ring and
p<t.
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TW-cohomology properties: Topological Invariance

(1) H® (X;R), independent of the stratification.

TW,p

with
(1) p GM-perversity: p(k) <p(k+1) <p(k)+1.
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TW-cohomology properties: Topological Invariance

(X; R), independent of the stratification.
(X;R) = H® _(X*;R), X* intrinsic stratification.

TW,p%
" (X;R)= H' _(X;R), X' refinement of X.

T™W.,p'
with
(1) p GM-perversity: p(k) <p(k+1) <p(k)+1.
(2) p general perversity:

p(S) <B(S) < p(S') + codimS — codim$S’

if S< S
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Goresky & Pardon conjecture'

r+i
Hﬁ(ﬁ,i) (X Z2)

-
-~
-
-
-

H (X Za) = H (X Zo)

2p

L(p,i)(t) = min(2p(6), B(¢) + )

Effective improvement
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Goresky & Pardon conjecture'

r+i
HTW,L(E,:’) (X’ Z2)
-7 L
r - ~ S i r+i
H,., (XiZy) ——H.  (X;Z)

L(p,i)(£) = min(2p(¢), p(£) + i)

Effective improvement
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Sullivan minimal models : Regular case'

*

AL(A,Q)=Nxi, .y Xy dxi, - - ., dXi),

where (xg, ..., Xy) are the barycentric coordinates of A.

A” (X; Q) is the simplicial sheaf

PL

{(ws) / wo € A;(A, Q),0: A — X singular simplex}
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Sullivan minimal models : Regular case'

o A (X;Q) is a DGCA computing H" (X; Q)

PL

o There exists a minimal model (AV,d) = A:L(X;@).

@ It contains the rational cohomology of X since
H*(AV,d) = H (X; Q).

@ It contains the rational homotopy of X since
homg(V*, Q) = m(X) ® Q.
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Sullivan minimal models : Regular case'

o A" (X;Q) is a DGCA computing H*(X; Q)

P

o There exists a minimal model (AV, d) = APL(X;Q).

@ It contains the rational cohomology of X since
H*(AV,d) = H" (X; Q).

@ It contains the rational homotopy of X since

homg(V*, Q) = m(X) ® Q.

What about intersection homotopy?
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Sullivan minimal models : Singular case

AZAQ*A]_

Differential forms
on A
—X2 dX1 + X1 dX2
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Sullivan minimal models : Singular case

AZA()*A]_

Differential forms
on A
—Xodx1 + X1dxo

—X2 Xm + X1 dX2

(Xl + Xg)2
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Sullivan minimal models : Singular case

~

A= Ngx Dy A =cAy x [\

Differential forms | u Differential forms
on A on A
—Xodx1 + x1dxo | — ds

—X2 Xm + X1 dX2

t? ds
(Xl + Xg)2 -
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Sullivan minimal models : Singular case

A:AO*Al

~

A =cAyx A

Differential forms | u

Differential forms

Perverse degree

on A on A (t=0)
—Xodx1 + x1dxo | — ds 1
—XQXm + X1 dX2 . t2 ds —

(Xl + Xg)2

D. Chataur & M. Saralegi & D. Tanré
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Minimal models : Singular caseI

A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).
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Minimal models : Singular caseI

A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).
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Minimal models : Singular caseI

A, (B;Q) =
A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).

o A (A:Q) = {we A (8;Q)/ max(|[w]|x. |dwl|x) <
P}
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Minimal models : Singular caseI

A, (B;Q) =
A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).

o A (A:Q) = {we A (8;Q)/ max(|[w]|x. |dwl|x) <
P}
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Minimal models : Singular caseI

A, (B;Q) =
A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).

o Ar (A;Q) = {we Ay (A;Q)/ max(|[w]|k, ||dw]|x) <
P}
o A (X;Q) is the simplicial sheaf

PL,p

{(wa) / Wy € Z:Lj(A; Q),0: A — X regular simplex} .
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Minimal models : Singular caseI

A, (B;Q) =
A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).

o Ar (A;Q) = {we Ay (A;Q)/ max(|[w]|k, ||dw]|x) <
P}
o A (X;Q) is the simplicial sheaf

PL,p

{(wa) / Wy € Z:Lj(A; Q),0: A — X regular simplex} .
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Minimal models : Singular caseI

A, (B;Q) =
A (cDg; Q)@ QA (cAp1;Q ®A (An; Q).

o Ar (A;Q) = {we Ay (A;Q)/ max(|[w]|k, ||dw]|x) <
P}
o A (X;Q) is the simplicial sheaf

PL,p

{(wa) / Wy € Z:Lj(A; Q),0: A — X regular simplex} .

o H'(A,,(X:Q)) = H:, (X:Q)
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Perverse minimal models'

Regular ‘ Singular
A” (X;Q) DGCA {A,,,(X;Q)}, DGCA
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Regular

Perverse minimal models'

Singular

A* (X; Q) DGCA

PL

(AV,d)

D. Chataur & M. Saralegi & D. Tanré

{A7, (X;Q)}, DGCA
(AV,d) with V =@, V,
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Perverse minimal models'

Regular

Singular

A” (X;Q) DGCA

(V. d)
dV c ATV . ATV

D. Chataur & M. Saralegi & D. Tanré

{A7, (X;Q)}, DGCA
(AV,d) with V =@, V,
dV, c ATV ATV + @, _(AV)

Intersection (Co)-Homology & Poincaré Duality
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Perverse minimal models'

Regular

Singular

A* (X;Q) DGCA
(AV,d)
dV c ATV ATV

H*(V,d) = H*(X;Q)

D. Chataur & M. Saralegi & D. Tanré

{A7, (X;Q)}, DGCA
(AV,d) with V =@, V,
dV, c ATV ATV + @, _(AV)

H* ((AV)_,.d) = H, (X;Q)

<p’

Intersection (Co)-Homology & Poincaré Duality
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Perverse minimal models'

Regular Singular
A” (X;Q) DGCA {A,,,(X;Q)}, DGCA
(AV.d) (AV.d) with V = @,V,

dV c ATV ATV
H*(V,d) = H"(X; Q)
homg(V%, Q) <~ m(X) ® Q

D. Chataur & M. Saralegi & D. Tanré

dV, c AV ATV 4+ @, (AV)

H* ((AV)_,.d) = H, (X;Q)

<p’

Intersection homotopy ?

Work in progress ...

Intersection (Co)-Homology & Poincaré Duality
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Perverse minimal models'

Regular Singular
A” (X;Q) DGCA {A,,,(X;Q)}, DGCA
(AV.d) (AV.d) with V = @,V,

dV c ATV -ATV
H*(V,d) = H (X;Q)
homg(V¥,Q) «~ m(X) ® Q

dV, c AV ATV 4+ @, (AV)

H* ((AV)_,.d) = H, (X;Q)

<p’

Intersection homotopy ?

Work in progress ...

q

Any nodal hypersurface of CP* is intersection-formal. e
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Intersection cohomology with differential forms'

o [?- differential forms (Cheeger).
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L?-intersection cohomology

|

0

H (X\Z,n,) = H (X,R)

@) B

Metric p. locally defined on
Regular part (] — 1, 1[" *x&L) =] — 1, 1["*x(L\X,)x] — 1,1[
by

[y WG+ +dxE, + r2"k,u; + dr?,

ax depending on p,.
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Intersection cohomology with differential forms'

e [?- differential forms (Cheeger).

@ Controlled differential forms using a Thom-Mather
neighborhoods system (Brylinsky-Goresky-McPherson).

@ Desingularized differential forms (MS). e
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deRham intersection cohomology'

Unfoldable stratified pseudomanifolds

Local structure Blow up
~ [‘5 ~
m
R X L X ] — ].7 1 [ X smooth manifold
Q L continuous map
m o ®
R X CL X stratified pseudomanifold
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deRham intersection cohomology'

Unfoldable stratified pseudomanifolds

~

X '—Dﬁ_l (X\Z) smooth manifold
L L smooth trivial covering
X '—)X\Z smooth manifold
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deRham intersection cohomology'

Liftable differential forms

&2

Intersection (Co)-Homology & Poincaré Duality
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deRham intersection cohomology'

Perverse degree

Bundle with fiber L Blow up

e

X (:D lifting

L7(S)

%2}
5 X W liftable differential form

stratum
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deRham intersection cohomology'

Perverse degree

Bundle with fiber L Blow up

e

X (:D lifting

L7(S)

~

L L |lw||s = degree of @ on L

©
5 X W liftable differential form

stratum
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deRham intersection cohomology'

Intersection differential forms

Bundle with fiber | Blow up
L71(S) 7 X B g
L L l|lw||s = degree of & on L
S ‘ X W Tiftable differential form
srstu Q (X)) ={w/llwl]s. [|dw]|s <B(S)}
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deRham intersection cohomology'
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THANKS FOR YOUR ATTENTiIiON !
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