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more specifically, with a new system called the CRONE suspension, based on non-integer
derivation. The CRONE suspension results from a traditional suspension model whose
spring and damper are replaced by a mechanical and hydropneumatic system defined by a
non-integer order force-displacement transmittance, This sysiem is called the CRONE sus-
pension because of the link with the second-generation CRONE control, i.e. the vertical
template. That is why the principle of the second-generation CRONE control is used to
synthesise the CRONE suspension's transmiltance. The suspension paramelers are deter-
mined from a constrained optimisation of a performance criterion. Am—dmwnfvﬁmdum
quarier-car model is used 1o evaluate performance. The frequency and time responses, for
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the constancy of the resonance ratio in the frequency domain, and of the damping ratio in

the time domain.
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1. INTRODUCTION

Automotive suspensions are designed 1o provide good
vibration insulation for the , and to main-
tain adequate adherence of the wheels for braking, ac-
celeration and handling,

The introduction of electronics in aulpmotive sus-
pensions has been considered for decades, but it is
only recently that the automotive indusiry has begun
1o seriously consider modulated, semi-active and ac-
tive suspensions, Many reporis (Rakheszja and
Ahmed, 1991; Yasoda nnd Dm'. 1991; Jezequel and
Roberti, 1992) have shown that the introduction of
active or semi-active clements in the suspension in-
ereases vehicle performance, even given the ride com-
foryroad-holding ability dilemma (Hedrick and But-
suen, 1990), using an optimal approach (Daver, er
al., 1992; Moreau, et al., 1993). The improvement is
not oaly due 1o progress in hydraolics and electronics
(Oustaloup and Nouillant, 1950; Dunwoody, 1991;
Gohring and Von Glasner, 1993) but also thanks to
control-law research on the active or semi-active cle-
ments of suspension systems (Redfeld and Karnopp,
1989; Yue, ef al., 1989; Morcau, e al,, 1996).
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This paper deals with a robust control law for a sus-
pension system which develops a force that is pro-
portional to the non-integer derivative of its relative
displacement. This system is called the CRONE sus-
pension because of the link with the second-genera-
tion CRONE control (Commande Robuste d'Ordre
Non Entier) (Oustalogp, 1991), ie. the template
which characterizes both the control and the suspen-
sion.

The paper is divided into five parts. Section 1 gives
the principles of the CRONE suspension, and of its
model. Section 2 develops the synthesis method of
the suspension. Section 3 describes the constrained
optimisation used to determine the parameters of the
CRONE suspension, Section 4 examines the fre-
quency and time responses which show the robust-
ness of both the resonance and damping ratios versus
load variation. Finally, in Section 5 conclusions are
Eiven.

2. MODELING

The quarter-car model shown in Fig. 1 has been sw-

died by many authors, to analyse and optimise auto-
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The CRONE suspension results from a traditional
suspension model whose spring and damper are repla-
ced by a mechanical and hydropneumatic sysiem
(Fig. 1), defined by a non-intcger order transmittance.
i, is the mass sopported by each wheel, and is tmken
as equal 1o a quarter of the total mass of the body. k;
is the stiffoess of the spring, and by the damping
coefficient for a traditional suspension. C(s) is the
CRONE suspension transmiitance replacing the
traditional suspension transmittance, k, is the
stiffness and by the damping coefficient of the tyre.
m, is the unsprung mass. z4(t) is the deflexion of the
moad, and z,(t) and z,(t) are the vertical displacements
af the wheel and bady respectively.

1 z,(1)

1 (1)

z,(t)

k; by

Fig. 1. Two degree-of-freedom model

The suspension develops a force Fs(s) which is a
function of the relative displacement Zy2(s), and
which obeys symbolically the general relation:

Fa(s) = C(s) Z)5) , (1)

ZiAs) = Zu(s) - Zxs) . @)

If it is assumed that the tyre does not leave the
ground and that z, (1} and z,(t) are measured from the
static equilibrium position, then the application of
the fundamental law of dynamics leads (o the linea-
rised equations of motion:

£(0) - 40) o)
ma 2a(0) = (1) , @)

with

my z(t) =
and

in which
fi(0) =k (z(0) - m) + by (za) -20)) (9
and £5(t) is the force developed by the suspension.

mwmmfum of equations (3), (4) and (5),
assuming zero initial conditions, are

m 8 Z1(s) = ki (Zals) - Zi(s))
+ by 8 (Zo(s) - Zu(s)) - Fals)
mz 5° Za(s) = Fafs) . M
or, given equation (1) of Fx{s),
mi & Zi(s) = ki (Zafs) - Zu(s))

+ by s (Za(s) - Zu(s)) - C(s) (Zufs) - Zal®)
and

(6)
and

(8)

mz 5* Za(s) = Cls) (Zu(s) - Zals)) - ©

To analyse the vibration insulation of the sprung
mass, two ransmittances are defined:

_Zals) _ C(s)
T = = 1
%) Zy(s) mz s + Cis) L

S J.ll 3 :-——-:'— 11
)= Zi(s) mas®+C(s) %

To study ride comfort and road holding ability, three

= Aals) = Zids) = Zai(s) 7
H.(s) Vo) + Hia(s) Vo) " Hoi(s) Vols) (12)

in which A.(s) is acceleration of the sprung mass,
Z,2(8) suspension deflection, Zg,(s) tyre deflection
and Vo(s) road input vertical velocity. A commonly
used road input model is that vy(t) is white noise
whose intensity is proportional 1o the product of the
vehicle's forward speed and a moad roughness parme.-
ter.

3. SYNTHESIS METHOD OF THE CRONE
SUSPENSION

The synthesis method of the CRONE suspension is
based on the interpretation of transmittances Ta(s)
and 5,(s) which can be wrillen as:

Ta(g) = &) __ 1
2(5) T+ 8O (13)

s e 14

2(s) = PR (14)
in which

By =—CL (13)

ma

The transmittances Ty(s) and S4(s) can here be con-
sidered 1o be those of an elementary control loop
whose fi(s) is the open-loop transmittance.

Gwmﬁ.atrclauun{lj‘jnpumﬂﬂnvmuf

gain, the principle of the sec E
control (Oustaloup, 1991) can be used by synthesi-
sing the open-loop Nichols locus which traces a ver-
tical template for the nominal mass.

1.1 First version of the CRONE suspension

A first way of synthesising the Nichols locus, de-
fined in Fig. 2, consists of determining an open-loop
transmittance which presents an asympiotic be
haviour of order n between 1 and 2.

This asymptotic behaviour can be obtained with a
transmittance of the form:

B = (22)°. - (16)



Identification of equations (15) and (16) leads wo:

) = (- an
m which
m=2-n € J0,1[ (18)
and
wo=——L1 19)
l:mz ﬂuh I""'
Equation (1) then becomes:
Fas) = [;g;) [Zi(s) - Zds)] | (20)
namely, in the time domain:
) =;§5 [-.II-)-[it(t} -240)] . @)

' Equation (21), thus obtained, expresses that the
CRONE suspension develops a force which is pro-
portional to the non-integer derivative of its relative
ﬁMLThnmmw;uudutsbﬂwmﬂmd

1 (Oustaloup, et al., 1993).

3.2 Second version of the CRONE suspension

Another way of synthesising the open-loop Nichols
locus, given thal robusiness does nol require an in-
finitely long template, consists of determining a
transfer }(s) which successively presents (Fig.3):
- an order-2 asymplotic behavipur al low frequencies
io eliminaie racking error;
- an order-n asymplotic behaviour, where n is bet-
ween | and 2, exclusively around frequency wm,, o
limit the synthesis of the non-integer derivation over
a truncated frequency interval,

- an order-1 asympiotic behavipor at high frequencies,
to ensure satisfactory filtering of vibrations at high
frequencies.

Such localised behaviour can be obtained with &
transmittance of the form:

{l+ ’
in which:

W << W4, On << @p and m=2-ne 10,1 [ . (23}
Identification of equations (15) and (22) gives:

1Ams =y (24)
I+-'-I‘
Cis) = Ca-—--—*— 25
I+—-'i—

O
The equation thus obtained defines the ideal version
of the suspension. The comesponding real version
{Oustaloup, 1991) is defined by a transfer of integer
order;

{1-}—L
C(s) = C‘aJ—I—EL (26)

]'[{1+-l-)
in which:
"—”l—Lr-i"?l:l--:c:n}! --'--u.
Vo =n; an S "“ @n
a = (an)™; m=mn.l1'ﬂ and on=on "7,
with N number of cells.
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Fig. 2. Open-loop Nichols locus of the first-version
CRONE suspension
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Fig. 3. Open-loop Nichols locus of the second-
version CRONE sospension

4. DETERMINATION OF CRONE SUSPENSION
PARAMETERS: CONSTRAINED

Bydsflilngth:mmm{]ﬁ}mlhmpﬂ:tm
vplt), all&nqmnmu'ihuu:eqwﬂymmmn-
square valpes. T‘I:.a:uwhrlh:du:rm.lmmﬂm sy of
CRONE suspension parameters 18 on mi-
nimisation of a criterion J, composed of the Ha-norm
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of the transmittances H,(jw), H)5(jw) and Hy(jw),
namely:

= -
J=HJ IHc(iml’dWrE‘-I | HiaGw) * de
i La
- -,
- -
+ B |HaGo) do+ B4 | |Hio)® do
As L
in which p; are the weighting factors, \; the Hy-norm
computed for the traditional suspension and H{jw)
the transmittance between force Fy{jo) developed by
the suspension and the road input velocity Vg(jw),
namely:
HGo) = 2209 —my BGo).  @9)
Vo(jm)

To obtain a significant comparison between tradi-
tional and CRONE suspension performances, two
constraints are fixed for the minimal sprung mass:

- equal unit gain frequency of open loap Bjw);

- equal resonance ratio of transmitance Ta(jw).

For the traditional suspension, the expression of unit
gain frequency ©,, and resonance ratio (), are given

by
. =!ﬁ+1ﬁ+4n_}iﬁ
Wz v 5 (30)

Qs = ?-T._EI : an
Vii+8g-1-40+80

ST . GRS
2Yk2 mz ik

For the CRONE suspension, the expression of unit
gain frequency @, and respnance ratio Q) are given by
(Moreau, 1995)

in which L2

e R,
- {l‘l‘lz 'IEII-E]t ol G
and
A L
Q = [[l-m] %J (34)
"~ 5. PERFORMANCE
5.1 Example

The passive suspension used for comparison is the
rear hydropneumatic suspension of a Citroén BX.
The parameters of the quarter-car model are given
by :

- gprung mass: 150 kg £ my = 300 kg;
- unsprung mass: m; = 24 kg;
- stiffness of tyre:  k, =273 820 N/m;

- damping of tyre: b, = 50 Na/m;

(28)

- fior the passive hydropneumatic suspension
- stiffness: ky = 2 500 N/fm;
- damping coefficient: by = 850 Ns/m.
From this data, the constrained upumuauun of the
criterion J, computed using the optimisation inolbox

of Matlab (Matlab, 1992), provides the optimal pa-
rameters of the first-version CRONE suspension,

m=08 et wy=1216 109 rdfs . (35)

The optimal parameters of the second-version
CRONE suspension are:

- for the ideal version:
m = 0.8; Co=215; 36)
= 0.1 rdfs; on = 200 rd/s;
- fiar the real version:
N=35; Co=213;
o = wyo = 1.37; M = /o = 1.355;
= 0.1164 rd/s; oy = 0.4714 rdfs;
w2 = 0.5324 rd/s; g = 1.796 rd/s; (37
w3 = 2.435 rd/s; ws = 8215 rd/s;
@4 = 11.137 rdfs; e = 37.57 rd/s:
m;:jﬂ.nfﬂd&
5.2 Frequency responses
Figores 4, 5 and 6 show the frequency performances
in open loop and closed loop.

Figure 4 gives the Nichols loci f(je) for the tradi-
tional and CRONE suspensions. The phase margin
varies with mass m; for the traditional suspension.
On the other hand, the phase margin is independent
for the CRONE suspension, where the Nichols loci
in the open loop trace the emplate which characteri-
zes the second-generation CRONE control.

Figures 5 and 6 give the gain diagrams of T;(je) and
52(jw) for traditional and CRONE suspensions. For
the CRONE suspension, the resonance ratio can be
seen o be both weak and insensitive o variations of
mass ms. This shows a better robustness of the
CRONE suspension in the frequency domain,

5.3 Step responses

Figures 7 and 8 show the step responses of the car
body and the wheel for both suspensions. For the
CRONE suspension it can be seen that the firsi over-
shool remains constant, showing a better robustmess
for the CRONE suspension in the time domain (Fig.
7.b). The road-holding ability is the same for both
suspensions (Fig. 8).
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Fig. 6. Gain diagrams of S,(ju) for traditional (a) and CRONE (b) suspensions;
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6. TECHNOLOLOGICAL SOLUTION:
THE PASSIVE CRONE SUSPENSION

The passive CRONE suspension is developed from
the link between recursivity and non-integer derivation
(Oustaloup, 1995). In fact, on a frequency imierval, it
is possible 10 synthesise the non-integer derivation by
using M elementary spring-damper cells whose time
constants are distributed recursively (Fig. 9). Each cell
develops a foree f(1) defined by:

fift) = ki zeft) + b J&lw}. (38)
in which
k="'l ad b=—L-b ., 09
i &
o and 1 being the recursive factors and zpi(t) the
relative displacement of cell i.
From a symbolic expression of relation (38), namely

Fi(s) =[ki + by 8] Zef9), (40)

#it) (cm)

1.5

0 0.5
(b) time (s)

the transmittance of cell i is obtained, namely:

_Fﬂ- ki+h! '
Z{s) [ ]

fi(t) =...= K1) =..= fn(t)
and

M
Alzqt)-240]=% 4
rll[z.m 0] ,E; mzrm.

(41)

(42)

(43)

the global suspension transmittance CN(s) is of the

form
1
i o
. .
Os) im 1+-4-
;i
in which
W =K

(44)

(45)
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Fig. 9. Recursive arrangement of N elementary cells
spring-damper

The redoction of expression (44) 1o the same

denominator leads W the relation:
u]
N h(l‘"j‘
ki i E_l_} x;l._.i. (46)
Cuis) lak ]-[(1"'-57
im] [V F
where, in the median frequency interval (Oustaloup,
1995):
Qisl Diel =g > 1. (47
L1 0y

Finally, the expression of transmittance Cp(s) is in
fact the same as relation (26), namely:

N
I+
Cafs) =Co =——TU%, (48)
5
I3
in which
Co= —1— ki (49)
1+y 1
=1 T
So, the non-integer-order suspension transmittance
results from a recursive distribution of zeros and poles
in the frequency interval [w'y; @'N]-

In the automotive domain, and to limit suspension
dimensions, gas springs are used (Fig. 10a), each
being mountad with & damper (Fig. 10b). The passive
CRONE suspension (Fig. 11) is thus composed of N
gas spring-damper cells in accordance with Fig. 9.

(@)

|
|
@ @
spring-damper cell (a) and
: (1) body of damper; (2)

Fig. 11.Passive CRONE suspension in the
automotive domain

The passive CRONE suspension is now mounted on
an experimental Citro#n BX. The modification to the
traditional suspension is minor. This consists of a
brace with three drilled and mpped holes which permit
a mechanical and hydraulic bond between the
suq:msiuujmknduumpsmin;s.&:hufm
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is inflated 10 a pressure providing a stiffness in
accordance with synthesis. Each damper is mounted
on a gaz spring. The number of valves in each
damper is determined 10 obtain a mean viscous
friction coefficient in accordance with synthesis.

7. CONCLUSION

provides remarkable
of stability degree versus load variations of the vehi-
cle. Robustness is illustrated by the frequency and
time responses obtained for different values of the
load.

It has been shown that this robustness is due 10 the
template which implicitly characterizes the CRONE
suspension. This template characterizes the second-
generation CRONE coatrol explicidy.

From the concept of the CRONE suspension, two
technological solutions have been developed
(Morean, 1995). The first, called the passive
CRONE suspension, uses the link between re-
cursivity and non-integer derivation. This suspension
has now been mounied on an experimental Citrogn
BX. The second solution, called the passive pilo-
ted CRONE suspeasion, uses a continoously
controlled damper. Its design permits it to be
manufactured at the same cost as a traditional
automobile damper. Bench tests on a prototype have
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