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ABSTRACT

‘We propose efficient algorithms to compute the Grobner basis of an
ideal I C k[xy,...,x,] globally invariant under the action of a com-
mutative matrix group G, in the non-modular case (where char(k)
doesn’t divide |G]). The idea is to simultaneously diagonalize the
matrices in G, and apply a linear change of variables on I corre-
sponding to the base-change matrix of this diagonalization. We
can now suppose that the matrices acting on / are diagonal. This
action induces a grading on the ring R = k[xy,...,x,], compatible
with the degree, indexed on G, that we call G-degree. The next step
is the observation that this grading is maintained during a Grébner
basis computation or even a change of ordering, which allows us
to split the Macaulay’s matrices into |G| submatrices being roughly
same size. In the same way, we are able to split the canonical basis
of R/I (the staircase) if I is a zero-dimensional ideal. Therefore,
we derive abelian versions of the classical algorithms Fy, F5 or
FGLM. Moreover, this new variant of F;/Fs allows complete par-
allelization of the linear algebra steps, which has been successfully
implanted. On instances coming from applications (NTRU crypto-
system or Cyclic-n problem), a speed-up of more that 250 can be
obtained. For example, a Grobner basis of the Cyclic-11 problem
can be solved in less than 8 hours with this variant of F;. More-
over, using this method, we can identify new classes of polynomial
systems that can be solved in polynomial time.

Categories and Subject Descriptors

1.1.2 [Computing Methodologies]: Symbolic and Algebraic Ma-
nipulation—Algorithms

1. INTRODUCTION

Solving multivariate polynomial systems is a fundamental prob-
lem in Computer Algebra, since algebraic systems can arise from
many applications (cryptology, robotics, biology, physic, coding
theory, etc...). One method to solve such systems is based on the
Grobner basis theory. Efficient algorithms to compute Grobner
bases have been proposed, for instance Buchberger’s algorithm [1],
Faugere Fy or F5 [7, 8]. If the system has only a finite number of
solutions the usual strategy is to compute a Grobner basis for the
DRL ordering, and then perform a change of ordering to obtain a
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Grobner basis for the lexicographic ordering with the FGLM algo-
rithm [6]. However, problems coming from applications are often
highly structured : in several algebraic problems the set of solu-
tions (the algebraic variety) is invariant under the action of a finite
group. The underlying algebraic problem is to compute the variety
V(I) associated to an ideal I C [x1,...,x,] supposed to be globally
stable under a finite matrix group G C GL,(k), which means that
Vfel VAcG f*el Ifallthe equations are invariant under the
action of the group, several approaches have been proposed to solve
the system while taking the symmetries into account. In [2] Colin
proposes to use invariants [20] to solve the system. This method
is very efficient if the Hironaka Decomposition of the ring of in-
variants is simple, but for the Cyclic-n problem [12] for example,
it seems better to use a second method based on SAGBI Grobner
Basis techniques [5]. However, it remains an open issue to solve ef-
ficiently the system in the general case. In the biology problem [4]
or in the physic problem [10], an approach has been proposed if
the group G is supposed to be the symmetric group or copies of
the symmetric group (elements of the form (o,...,0) € 6{ with
kp=n.)

MAIN RESULTS. We present efficient algorithms together with
complexity analysis to solve polynomial systems which are glob-
ally invariants by any commutative group G. The algorithms are
based on three main ideas : first, since the group G is commuta-
tive, it is possible to diagonalize the group G, assuming that the
characteristic of the field k and |G| are coprimes. Thus, up to some
linear change of variables, we obtain an ideal /4 invariant under a
diagonal group G4 isomorphic to G.

The second idea is to introduce a grading on R = kfxy,...,x,]
given by the group G4. This grading exists for every finite group H
and is indexed on X (H), the set of irreducible linear representations
of the group H. The decomposition R = B ycx(#) Ry is known as
the decomposition of R into isotypic components (see [18]). In our
case, since G4 is diagonal, the set X(G ) is isomorphic to G4 and
the isotypic components are generated by monomials. Therefore,
we introduce the notion of Gg-degree of a polynomial: assuming
that G4 is generated by diagonal matrices Diag(B;1,...,Bin) of
order g; with q1|q2]|...|qx = e and that f is a primitive e-root of 1,
we say that a polynomial f € k[xy,...,x,] is Gy-homogeneous of
Gg-degree (dy,...,dy) € Zg, X -+ X Lg if f(Binx1,-+, Bin¥n) =

on polynomials has been used in invariant theory or to speed up
Grobner basis computation in [18, 20, 19, 13]. However, to the best
of our knowledge, the impact of such a grading on the complexity
of Grobner bases has not been studied.

Taking into account that the operation of taking the S-polynomial
preserves this grading, the final idea is to observe that this can be
used to speed up the Grobner basis computation. More precisely,
the Macaulay’s matrix can be decomposed in |G| smaller inde-
pendent matrices, being roughly same size. In particular, it allows



us to split the matrices arising in classical Grobner basis algorithms
based on linear algebra like Macaulay/Lazard algorithm [16], Fy [7]
or F5 [8]. Therefore, the complexity (in time and in memory) of
computing Grobner bases of such invariant ideals can be decreased
in both theory and practice. In the same way, in the case of a zero-
dimensional ideal I, the canonical basis of the ring R/I4 can also
be decomposed in monomials having same G »-degree and thus we
are able to split the multiplication matrices arising in FGLM.

In addition, this grading can be used to transform very easily a
globally invariant problem into a problem for which all the equa-
tions are Gg-homogeneous: we show that for each original equa-
tion f we can take the G»-homogeneous components of f.

We have implemented in the computer algebra system Magma,
“abelian” version of the F5 and F'GLM algorithms that run several
times faster, compared to the same implementation of these clas-
sical algorithms. For example, applying FGLM on the Cyclic-10
problem (a system with 34940 solutions), instead of computing 10
multiplication matrices of size 34490, our algorithm compute 900
quasi-square matrices of sizes at most 348.

In order to compare similar implementations, we have imple-
mented an “abelian” version of F4 [7] in FGb (C language): com-
puting a Grobner basis of the Cyclic-10 problem is about 500 times
faster with the new approach. Moreover, a grevlex Grobner ba-
sis for the Cyclic-11 problem (184756 solutions) can be computed
in less that 8 hours. We also demonstrate that our approach has
a significant impact in other fields: NTRU is a well known cryp-
tosystem and the underlying problem can easily be modeled by
quadratic equations which are left globally invariant by the action
of the cyclic group. We observe a factor of 250 in favor of the
new approach for small size problems and more importantly we can
solve previously untractable problems. Surprisingly, during these
experiments, the linear algebra parts (that is building the matrices
and the gaussian elimination parts) can sometimes be so acceler-
ated that the management of the list of critical pairs becomes the
most time-consuming part whereas it is usually negligible.

More generally, the algorithms given in this paper can also be
used for other kind of structured polynomial systems such as quasi-
homogeneous or multi-homogeneous polynomials. Hence we have
now a systematic and uniform approach to solve those structured
problems. Several further developments can be made on the sub-
ject: the Abelian-F5 and Abelian-FGLM algorithms have to be im-
plemented in C, and it seems possible to obtain a parallelized ver-
sion of the Abelian-FGLM algorithm. We already have identified
new classes of invariant problems which can be solved in polyno-
mial time; for other class of problems the degree reached during
the Grobner basis computation is much lower than expected and
it would be very useful to compute explicitly the Hilbert Series of
ideals invariant under a diagonal group.

The organization of the paper is as follows: in section 2, we re-
call classical notations and explain the relations between the ideals
I and I, and the matrix groups G and G¢. In section 3, we explain
the grading induced by the diagonal matrix group G¢, and intro-
duce the notion of Gg-degree of monomials and polynomials. The
vector space generated by all monomials having same Gg-degree
is no more than an isotypic component ([18]) but since the formu-
lation is simpler in the case of a diagonal group, we introduce the
notion of Gg-degree of monomials and G -homogeneous polyno-
mials. The sections 4 and 5 provide variants of the F5 and FGLM
algorithms. The complexity questions are answered in section 6,
and benchmarks are made in section 7.

2. LINEAR CHANGE OF VARIABLES

2.1 Frequently used notations

From now we assume that G is a finite commutative subgroup
of GL,(k), the set of square matrices with coefficient in a field k
of characteristic 0 or p such that p and |G| are coprimes. G will

be used to denote a diagonal matrix group, conjugated to G. Ry =
k[x1,...,x,] is the ring of polynomials with coefficients in k. In the
following, we will have to consider a finite simple extension of k
that will be denoted K = k(). The set of monomials of Ry will
be denoted .#g, or simply ./ if there isn’t any ambiguity. We fix
an admissible monomial ordering < on the set of monomials (only
admissible ordering are allowed, for a precise definition, we refer
to [3] p. 53). For a given degree d, .#;(Ry) (or only .#y) will
be the set of all monomials in R of degree d. For a polynomial
in R, LC(f) (resp LM(f), LT(f)) denotes the leading coefficient
(resp leading monomial, leading term) in f. We have the relation

LT(f) = LC(f)LM(f).

2.2 Action of GL,(k) on polynomials. Invariant
rings.

This subsection describes the basic properties of the action of
GL, (k) on polynomials. We recall that G is a finite subgroup of
GL, (k). Let X be the column vector whose entries are xi, ..., .
For f a polynomial in R and A € G, let f4 be the polynomial ob-
tained by substituting the components of A.X to xy,...,x,. Since
(f4)B = f4B, we obtain an action of G on R. Let R; be the vec-
tor space of all homogeneous polynomials of degree d. Then R =
@7 _o R, and we observe that the action of G preserves the homo-
geneous components.

Definition 1 We denote by RC the set of invariant polynomials,
that means polynomials invariant under the action of G : 4 = f
for every A in G.

Although we won’t work exclusively in the ring R of invari-
ant polynomials, we will use several known properties on this set,
especially in the complexity section.

Example 1 The symmetric group S, can be embedded in GL,(k),
and R®" is no more than the set of the 01 0 ... 0
so called symmetric polynomials. Let C, 00 1 ... 0
be the subgroup of &, generated by the n- M= o
cycle 6 = (12...n). Cy is a cyclic group of o0 o
order n, embedded in GL, (k) generated by: 1 0 0 . o0
For example if n = 3 then x%xz +X%)C3 +x§x1 belongs to RC"\RG”.
2.3 From commutative group to diagonal group

This subsection presents one of the main ideas of the paper, al-
though it is very simple. We recall some well known facts about
commutative matrix groups.

Theorem 1 Any finite commutative group is isomorphic to some
21X X L) qi L, withq1] ... |qr. Moreover, the integers q1,. .., qy
are unique.

Definition-Proposition 1 Following the notations of the previous
theorem, the integer e = qy, is called the exponent of the group and
is the lowest common multiple of the orders of the elements of the

group.

Theorem 2 Let G be a finite commutative matrix group, and e be
its exponent. Let & be a primitive e-th root of 1, in an extension of k
and K = k(&). The subgroup G is diagonalizable over K, meaning
that there exists a matrix P in GL,(K), such that the group Gg =

P~'GP={P"'AP | A € G} is a diagonal group.

PROOF. Every matrix A € G is cancelled by the polynomial
X¢ — 1, which fully splits on K since char(k) /|G|, so every matrix
of G is diagonalizable, and it is well known that a set of diagonal-
izable matrices that commutes is codiagonalizable. []

Example 2 Let k be any field of characteristic 0 or coprime with
n. Then if we denote K = k(&) where & is a primitive n-root of 1



The matrix associated to the cycle (1...n) becomes the diagonal

matrix Dg = diag(&,...,E"1,1).

Definition 2 Let I be an ideal in R, = k[xy,...,xn]. I is said to be
stable under the action of G (G-stable) if

Vfel YAeG flel

Proposition 1 Let I be a G-stable ideal, and let Gg and P be the
diagonal group and the base-change matrix obtained in theorem 2.
Then 1y = K@ {fT, f €I} is an ideal of Rk stable under Gg. If

I= <f17"'7fm>Rk’ then 19 = <j1P77frIr-:>RK

Example 3 7o illustrate the definition, we use the well known Cyclic-
n problem. The ideal I of Ry, is generated by:

hy=x1+-+x,
hy = Xx1X2 +X0X3 + -+ - + XpX1

Ny 1 =X1X0 .. X1 +X2 .. XpX1 + -+ XpX1 .. X2

hy =x1x0 ... Xp_1Xp— 1
The ideal I is obviously invariant under the cyclic group C,, since
each h; verifies h?/[" = h; and is also stable under the scalar ma-
trix L, with & a primitive n-root of 1, since h?l” = Ep. The
group G is generated by Mg and &I, and Gg. With P the ma-
trix given in example 2, Gg = PGP is generated by Dy and
&1L, is a diagonal group isomorphic to Z/nZ x Z/nZ. We de-
note by f; the polynomials hf , which generate 1g: for instance,
fi=3x3,fr= —3x1x2+3x§,f3 :x% +x§+3x1x2x3 —Q—x% — 1 when
n = 3. It is easy to prove that for the Cyclic-n problem, the polyno-
mial fi is always equal to nxy,.

3. GRADING INDUCED BY A DIAGONAL
MATRIX GROUP ON A POLYNOMIAL
RING

In this section, we define the G4-degree of a monomial where
G 4 is a diagonal matrix group. This G4-degree induces a grading
of Rk given by the isomorphism G¢ ~[[Z/q;Z.
3.1 Gy-degree of monomials

Let Gy be a diagonal group of GL,(K), with diagonal coeffi-
cients in U, = {£0, &1, ... E¢~11, with e the exponent of G and &

a primitive e-root of 1, as defined in the previous section. Let ¢ be
an isomorphism

G — Z/q1Z X - XL/ gl
¢:< 2 /a1 X¢(D)>< /ak >

D
and let D; be the preimage of (0,...,0,1,0,...,0), so D; generates
J

a subgroup of G of cardinal |g .
Example 4 With Gy the group arising in previous example 3, we
take ¢ such that ¢(Dg) = (1,0) € Z/nZ x Z/nZ and ¢ (EL,) =
(0,1)
Proposition 2 For every monomial m € .4 and for each j, there
exists a unique W; € {0,...q; — 1} such that mPi = & %

PROOF. Letm = Hxlq" and D; = Diag(Py,...,Bn). Since D; has
order g;, the coefficients f8; are g;-roots of 1, so can be denoted
ézji. Then

) vy ioq;
sz = (lel)al X X (ann)an = (Hﬁial)m = 5 % )2 %

Then, we can take u; = Y ¢;0; mod ¢;. Since & has order e, 5‘77
has order g; and the unicity of y; is clear. [

Instead of considering y; in {0,...,q; — 1}, we take t; in Z/q;Z,
which makes sense since & ¢ has order g;.

Definition 3 The k-uple (U1,...,W) € [1Z/qiZ is said to be the
G g-degree of m and is denoted deg,, (m), although it depends on
the choice of the matrices D; (more exactly, the choice of ¢). We
denote by G = [1Z/qiZ the set of all Gy-degrees.

Remark 1 It is yet unclear that every i € G is the Gg-degree of
some monomial. It will be proved in the complexity section.

Proposition 3 Since degg,, (m)-+degg,, (m') = degg,, (mm') for all

m,m’ € M, R can be graded by R = @ Vect(M,), where M, is
gcG

the set of monomials of G ¢-degree g.

PROOF. Leti€ {1,....k},m,m’ € .4 and y;, p! such that mP” =
éffif”im andmPi =€ " m. Then (mm'\Pr = mPim'Pi = & i D)
It follows that the G-degree verifies degg, (mm') = degg, (m) +
deg,, (m') for all monomials m,m’ € .# . Since degg,, (1) = (0,...,0),
deg,, is a monoid morphism between .# and 6. O

Remark 2 If we denote by .#, , the set of monomials of degree
d and Gg-degree g, My oMy g C Maya g1 forall d,d',g,g.
Therefore R = @ Vect(AMy q).
deN,geG

Notice that for computing degg,, (m) with m = [1x{%, we just have
to know degg;_ (x;) since degg, (m) = Y odegg,, (x;). This grading
will be used to reduce the sizes of the matrices in the Diagonal-Fj
algorithm.

Example S Let Gy be the matrix group generated by the diago-
nal matrix Dg = Diag(E,E2,1) where & is a primitive 3 root of
1. Each x; has Gg-degree i mod n, so m = Hx?’ has G g-degree
Y a;j mod n. Hence, x1x2x3 (resp. xlx%) has G g-degree O (resp. 2).

Example 6 (cont. of example 3) The G p-degree of x; is (i,1).

3.2 Gy-homogeneous polynomials

In this subsection, we define the notion of Gg-homogeneity.
The cornerstone of the Abelian-F5 algorithm (section 4) is that
the S-polynomial of two Gg-homogeneous polynomials is Gg-
homogeneous, which will be proved in theorem 3.

Definition 4 A polynomial f in Rk is said to be G ¢-homogeneous
if all monomials of f share the same Gg-degree (U1, .., W) € G.
In this case, we set degg, (f) = degg,, (LM(f)).

Proposition 4 If f is Gg-homogeneous and m is a monomial, then
mf is Gg-homogeneous. Moreover, degg,(mf) = degg,, (m) +

degg,, (f)-

PROOF. If /i is a monomial of f, then deg,, (7iim) = deg,, (771) +
degg, (m) = degg, (f) +degg, (m), so all monomials of mf share
the same G g-degree degg, (f) +degg,, (m) = degg, (mf). O

Theorem 3 Let f,g be two G g-homogeneous polynomials of R.
The S-polynomial of (f,g), defined by

_LM()VIM(g) . LM(f)VLM(g) LC(f)
SOy T i 1w
is Gg-homogeneous, and degg,, (S(f,8)) = degg,,(LM(f)VLM(g)).

(LM(f)V LM(g) denotes the lowest common multiple of LM(f)
and LM(g).)




PROOEF. Since LM(f) and LM (g) divide LM (f) Vv LM(g), both
LM(f)VIM(g) .4 EM([)VLM(g)
LM(f LM(g)

by previous proposition, polynomials
LM(ZX;/(?)W(‘? ) igg )) gand LM(ZK,;/(%/[@) f are Gg-homogeneous.

Moreover, they share the same leading monomial, so they have

same Gg-degree, which is the Gg-degree of S(f,g). We actually

proved that degg, (S(f,g)) = degg,, (LM(f)VLM(g)). O

fractions are monomials, therefore

Example 7 Following example 3, it appears that each f; has G-
degree (0,i) € Z/nZ x Z/nZ under G 5 generated by Dg and E1,.

3.3 Gy-homogeneous ideals

In this subsection, G4 is a diagonal group, and Iy is a Gg-
stable ideal generated by fi,...,fm- A Grobner basis computa-
tion preserves the G»-degree, but the polynomials f; are not nec-
essarily Gg-homogeneous. Our aim here is to prove that the Gg-
homogeneous-components of the f; are in I, and so to compute
a Grobner basis of Ig, we take the Gg-homogeneous components
of generators of /¢ as inputs. This operation has a negligible cost
since at each degree d, the abelian-F5 algorithm (presented in the
next section) separates the set .2 into subsets .#y o of same G-
degree g.

Definition 5 An ideal J of Rk is said to be G g-homogeneous if for
any polynomial f € J, its Gg-homogeneous components are also
inJ.

Theorem 4 An ideal is G g-stable if and only if it is G ¢-homogeneous.

It is obvious that a Gg-homogeneous ideal is Gg-stable. To prove
the other implication, we will first prove a lemma.

Lemma 1 Let f € Iy, and D € Gg, then the gr(D)-homogeneous
components of f are in Ig.

PROOF. Let g be the order of D in G, and &p = 52 Then,
all diagonal coefficients of D are powers of Ep. f can be written
Z?;(I) fj, with f]D = &) fj; in other words, the f; are the gr(D)-
homogeneous components of f. Let Xr ="(fo, fi,..-,f4—1), V =
(élj)k)()gﬁkgq_], and Yy = VXy. Since f?k = [’,kfj, the column
vector Yy isequal to’ (£, f2, ... 7thH). Since f €1y and I is G-
stable, all components of ¥ belong to /. ButV is a VanDerMonde

invertible matrix, so the components of Xy are obtained from Yy by
linear combinations, and the f; belong to /5. [J

PROOF. We now prove the theorem by induction on k where
GZ/Q\Zx - X ZL]/qiZ : the case k = 1 is the lemma. Now as-
sume that k > 2 and let D; be the matrices generating G4 as defined
in section 2. Let f € I5. By the lemma, the gr(D;)-homogeneous
components of f are in /5. Denote by G, the subgroup of G gen-
eratedby D17 N 7Dk71’ then G_@ ~ Z/qIZ XX Z/qklea andlg
is also G-stable, and by induction the G-homogeneous compo-
nents of each gr(Dy)-homogeneous component of f are in /5, but
they are exactly the Gg»-homogeneous components of f. [

Example 8 Let Gy be the diagonal group of order 2 generated
by the matrix diag(—1,1), acting on R = k[x1,x,]. Suppose that
x%xz +x%x% —x1+1 €1y, with Iy a Gg-stable ideal. Then since
degg,, (xi) =imod?2, degg,, (x?xz) =degg, (x1)=1land degg,, (1) =
degg,, (¥2x3) = 0, 50 x3x2 — x| and x3x3 + 1 belong to 1.

4. ABELIAN-r;s ALGORITHM

Now, we are able to describe the Abelian-F5 algorithm, which
is a variant of F5 that takes advantage of the action of the abelian
group Gg. As usual, Iy is a Gg-stable ideal, with G4 a diago-
nal group isomorphic to G, the set of Gy -degrees. Let fi,..., fin

be polynomials generating /4, supposed to be G4-homogeneous
(according to theorem 4). All computation of the reduced Grébner
basis of /5 would implicitly use the

grading R = EBgeé Ry since it computes Wy s ... iy
S-polynomials. There exist several ver- my.fi

sions of the Fs-algorithm (see [8, 5]), .
we present here a variant of the matrix
version. The Fs-algorithm constructs
matrices degree by degree. At a fixed :
degree d, it constructs m matrices of the myfi

form M, ; for each i between 1 and m,

and performs row reduction on them to obtain My ;. In the homo-
geneous case, i, ...,y are all monomials of degree d, whereas
in the affine case, they are all monomials of degrees between O
and d. For the sake of simplicity, we assume that all polynomi-
als f; are homogeneous. The rows are indexed by couples of the
form my, f;, the matrix M, ; is deduced from the matrix Mdj,-,l by
adding all rows my, f; with my, describing the set of monomials of
degree d — deg(f;), except monomials removed by the Fs-criterion
(see [8, 5]). The key of the Abelian-F5 algorithm is the following :
the polynomials f; are G4-homogeneous, and also the polynomials
my, fi. Therefore, the only non-zero coefficients of the row indexed
by my, f; are on columns indexed by monomials having same G-
degree. So, instead of building one Macaulay matrix M ;, we will

Mg =myfj

construct |G| matrices My ; ,, forall g € G.

Abelian-F5 (homogeneous-case)
Input: The set G of Gg-degrees, homogeneous and Gg-homogeneous
polynomials (fi,...,fn) with degrees d; < ... < d,, and a maximal de-
gree D.
Output: the elements of degree at most D of a Grobner basis of (f1,..., f;)
fori=1,...,m.

for i from 1 to m do %, := 0 end for
for d from d, to D do
forginGdo _
Md,(),g = @, M‘,'r()’g =0
for i from 1 to m do
case ~
d<d)Myig:=Mg;i 14
d =d,)if g = degg, (fi) then
My ;g := add new row f; to Mdﬁi—l.g with index (i, 1)
else
Mg =M 14
end if

d > d;) My ; , -=add new row m.f; for all monomials m of degree
d—d; with degg,, (m) = g —degg,, (fi) that do not appear as leading mono-
mials in the matrix Md—d,-,i—l,u—degcy () 10 Mg i_1 ¢ with index (i,m).

end case
Compute Md,i,g by Gaussian elimination from M ; ..
Add to %; all rows of M, ; , not reducible by LT(%;).
end for
end for

end for
return 4, ,--- %,

Notice that all the loops on g € G are independent, so at each
degree d, it is possible to parallelize on |G| different processors to
speed up the computations. Assuming that the degrees of the pri-
mary invariants are relatively prime, we will see in the complexity
section 6 that the number of monomials of .#; having same G-
degree is almost the same for all g. In the affine case, we will prove
without any assumption that the monomials of degree between 0O
and d are evenly distributed on G. These considerations allow us
to bound the complexity of the computation of a Grobner basis on
such ideals, and we will verify that in practice they make an im-
provement on the timings (see 7).

S. ABELIAN-FGLM ALGORITHM

In this section, we explain how to take advantage of the G-
grading to speed up the change of ordering, using a variant of the



classical FGLM algorithm [6]. We suppose that dim(/5) = 0, and
that a Grobner basis ¢<, for an ordering < (for instance the DRL
ordering) of the ideal /4 has already been computed, and we are
interested in computing the Grobner basis of /¢ for an other order-
ing =, (for example, the lexicographical ordering). First, we recall
briefly the idea of the classical FGLM algorithm [6], and then we
give the Abelian-FGLM algorithm. In this section, Deg(/5) will
denote the degree of I, defined by the dimension of Rk /1.

5.1 The FGLM algorithm

The idea of the FGLM algorithm is to pick up monomials m in
M}, by increasing order for <5, and look for linear combinations in
R/I between the Normal Forms NF (m, %<, ). Here is the pseudo-
code of the algorithm applied to /4, although it works on every
zero-dimensional ideal.

FGLM algorithm
Input: The normal form ¢ such that ¢(f) =NF(f,%%, ), an ordering <,
Output: The Grobner basis of 1 for <.

L:={[] //list of monomials in .#

| 1/ staircase . for the ordering <5, in construction
] 71V =g(s)

[] // The Grobner basis for <,

1 // mis amonomial in .Z.

v:i=@(m) 1)
s :=#S // number of elements in S.
if v € Vectg (V) then

we can find (A;) € k¥ s.t. v= )i AiVi 2)
i=1

S
G :=GU {m— Yy li~S,':|
i=1
else
§:=8SU[m] andV :=V U]
L:=Sort(LU[xim |i=1,...,r],=2)
Remove duplicates from L
end if
Remove from L all multiples of LM<, (G)
if L=0 then i
return G
end if
Loop

The two steps (1) and (2) are made by using linear algebra : we

first compute the staircase
& ={m € .# | mnot reducible by LM (¥4<,)}

The elements of & form a ba-
sis of Rg /Iy, which as dimension
Deg(ly), the degree of 1. Then,
we compute the matrices of mul- :
tiplication by the variables x; in M; =mu
Rk /15 : we have to compute n ma- :
trices of size Deg(l/y) x Deg(Iy)
of the form M; where the columns
are the coefficients of NF(x;m;, %%, ) in terms of &. The step (1) is
done as follows : a new monomial to consider (except 1) is of the
form m = x;m’, with m’ <, m, so we already know the expression of
NF(m', %<, ) in terms of &, which is a vector V'. Then, NF(m, %<, )
is computed by the product V = M;V’. The step (2) consists in
deciding if m belongs to the new staircase in construction .% or if
it is the leading monomial of a polynomial of the Grébner basis for
<. To this end, we build a base-change matrix Q between & and
& ¢ if s is the number of elements of the staircase . = {u; <
-+ =5 ug} at the current point of the algorithm, and V; the vectors
corresponding to NF(u;, %<, ), then QV; is equal to the i-th vector
of the canonical basis. Since the matrix Q is invertible, if all the
components but the s first ones of QV are zero, then we deduce
a new element of the Grobner basis ¥<,, otherwise m is a new
element of . and we have to update Q, to map V on the i + 1-th
element of the canonical basis.

mix;p mpXi ... Mgsxi

ms

5.2 The Abelian-FGLM algorithm

We can explain now the main difference between our version and
the classical FGLM-algorithm, which follows from the proposition:

Proposition 5 Let f be a Gg-homogeneous polynomial, and 9<,
be the Grobner basis of the ideal 1y for =1. Then NF(f,9<,) is
Gg-homogeneous and has same G ¢-degree as f.

PROOF. We have already seen that the property of being G-
homogeneous is stable under S-polynomials operations, so NF(f,¥<,)
is G-homogeneous. Moreover the only operations used in a Normal-
Form computation are of the form f «— f — Amp with p € g<,,

A € K and m a monomial such that LM (p) x h is equal to some
monomial in f, so degg, (f) = degg, (f). O

If V is the column vector associated to NF(f,%x,) in terms of
&, where f is Gg-homogeneous, we know that all components
of V corresponding to monomials of & having a different G-
degree are zero. Moreover, M,V is the column vector associated to
NF(x;f,%<,), and since deg,, (xif) = degg, (f) +degg,, (x;), all
components of NF(x; f,9<, ) of Gg-degree different from degg, (f)+
degg,, (x;) are zero. So, we set & = {m € & | degg,, (m) = g} for
each g € G, and we can construct n|G | matrices M; ,, the rows of
which are indexed by &, tdegg, () and the columns by &,. More-

over, a linear dependance between a normal form NF(m, %<, ) and
{ NF(m',9<,) | m € .} could happen only with monomials of
. having same Gg-degree as m. It is therefore possible to split
the two staircases & and . into |Gg| parts. Moreover, we can
construct |G4| base-change matrices between theses parts having
same Gg-degree. The algorithm proceeds as the classical FGLM
algorithm, but use smaller matrices : M; , to compute NF(x;m, 9=, )
and Q, as base-change between &, and ., the subsets of & and
- having G 4-degree g.

6. COMPLEXITY QUESTIONS

In this section, we discuss the arithmetic complexity of the algo-
rithms presented before. This complexity will be counted in terms
of operations in K = k(&).

Remark 3 A very interesting case is when & belongs to k, so K = k.
Assume that k is the finite group T, with p prime. Then
Eeck<=X—1splitsonk<—=17/eZCZL/(p—1)Z <= p=1]e]
By Dirichlet’s theorem, there are infinitely many such primes. More-
over, the distribution of such primes is 1/¢(e), where @ is the Eu-
ler’s totient function. To compute the Griobner basis of an ideal
over Q, it is more efficient to compute modulo some such primes
and use modular methods to recover the original Grobner basis.

We start by giving without proof a bound on the cost of the two first
linear steps :

Proposition 6 The cost of the diagonalization of the matrix group
G is bounded by O((q) + -+ + qx)n®), and the cost of computing
the f¥ is bounded by 0((";d)ndmlogdloglogd) if there are m
polynomials of degree less than d in n variables.

6.1 Dimensions of the subspaces r,,

6.1.1 General facts about ring of invariants

The first object we are interested in is the ring of invariants RG7,
with G4 the diagonal matrix group. Notice that we consider the in-
variants in a theoretical point of view to obtain complexity bounds,
so we don’t have to compute them. In this paragraph, we recall
some well known facts about RC, without any assumption on G,
excepted that G is a finite matrix group of GL,(K), char K doesn’t
divide |G|, and G is diagonalizable on K. We follow the presen-
tation of [20]. Although Sturmfels works on C, the results can be
easily extended since the characteristic polynomials of matrices in
G fully split on K.



Theorem 5 [20] The invariant ring Rg is Cohen-Macaulay : there
exist a set of n homogeneous polynomials 01, ...,0, andt other in-

variant polynomials 1y, ...,N; such that Rg = @5:1 niK[6y,...,0,].

The set of polynomials 6; is called a set of primary invariants of G
and the set of 7; a set of secondary invariants of G. A consequence
of the previous theorem is the following proposition

Proposition 7 [20] The Hilbert (Molien) series of the ring Rg is

> Yizdeem)
HRS,2) =Y 2dim(R¢ ) = I AT
dgo K.d Hj:](lfzdeg(ej))

Proposition 8 [20] The set of secondary invariants depends on the
chosen set of primary invariants, moreover the degrees of the pri-
mary invariants and the number of secondary invariants are related

by the formula : t =] ;deg(8;)/|G|

Now, we want to give an estimation of the size of Rg (set of invari-
ant polynomials of degree d) compared to R;. To give an estimation
of the complexities of Abelian-F5 and Abelian-FGLM algorithms,
we are interested in two quantities.

Definition 6 We define the density of Rg in Ry and the density of
RC in R by

dim(RS

5(rG) = SmUEd)

D : G
N Zd:()dlm(Rd)
= dim(R,) and 6(R¥)= lim = ——4-

Do YD dim(R,)
The goal of this subsection is to prove the following theorem:

Theorem 6 The density §(RC) is well defined and is equal to 1/|G|.
If a set of primary invariants of RS can be chosen such that their de-
grees are relatively prime, the density §(RS) has the limit §(RC) =
1/|G| as d tends to infinity.

PROOF. Denote by «; the degree of 6;, and by « the greatest
common divisors of the ;. We are interested in an asymptotic esti-
mation of the coefficient in z¢ in the Hilbert series of Rg. For now,

denote by f(z) the power series 1/(IT;=;(1 —z%)), and [2]f(z)
the coefficient in z¢ in the expansion of f. Clearly, [z?]f(z) = 0 if

o doesn’t divide d. Then, if ald, [z4]f(z) = [zd/a]m.
j=1—2

Since the integers @; /o have no common factor, it follows that 1 is
the unique pole of multiplicity # in the previous rational function,
the other poles having a smaller multiplicity. Following the idea
of [11] Theorem 4.9 p.256, we obtain that

1

d/a 1 _1d/o
= =I5

j=1(1 —2%/%) j=1

A1)

where 7 is the coefficient of ﬁ in the partial fraction expansion,
which can be obtained by
1 o

Y= lim =
S R I | (T

Since (d/ oty o (d/a)"1, we have obtained that:
4o
J 0 ifatd
RIIE =Y et po@) ifald
J
We are now able to give the density of RS :
Y dim y oy
dimRG ~ 1 ~ "
d=0 D=+ ocq<D.ald [1jaj D=+l j=
But 29:0 dim Ry o ZdD:() d"~!, and by applying proposition 8,
— 00

we conclude that 5(R$) = 1/|G|. Assume now that o = 1, then
[#]f(z) = ‘1{;;‘ +o(d" 1), so [zY|H(RY,z) = ’1‘—‘1’;1 +o(d" 1), and
the second part of the theorem follows. [

— 2" T (14 2+ 22+ 2%/0 )

Remark 4 [fthe degrees of the primary invariants have a common
Jactor, the second part of the theorem is false. The following (triv-
ial) example illustrates this fact.

Example 9 Let G be the subgroup of diagonal matrices of size 2
with eigenvalues 1. Then K[x,y|® = K[x?,y?], and all the densi-

ties 8(RG) are zero for odd d.

6.1.2 Application to diagonal groups

Now we go back to the situation where G is a diagonal group
isomorphic to Hfle Z/q;Z. Recall that .4, is the set of mono-
mials of degree d and G-degree g. We denote by 0 = (0,...,0)
the Gg-degree of 1. Then Rg is no more that Vectg (.#,, 3), and

dim(RG) = |4,

Definition 7 Following definition 6, we define the densities 5(Ry)
and §(Ry g) for any g € G as

N dim(Rd_’g) N ‘Q//dugl
)= Gim(ky) ~ T

Zg:o |///d,
and 8(R,) =pim_ 725_0 ‘///j

Theorem 7 The density §(Rg) is well defined and is equal to 1/|G|.
If a set of primary invariants of RC can be choosen such that their
degrees are relatively prime, the density (R, ) has the limit 5(R%) =
1/|G| as d tends to infinity.

PROOF. Assume first that all sets .#, are non-empty, and let be
mg € Mg for all g € G. Denote by dp, its degree. Then .#; can
be written .4, = mg. My I{m € Mg | mgtm}. Therefore, for d big
enough, .Z; , = mg///d—d,,,g.,@ U{m e 4,4 | mg{m}. Assuming
the condition of the degrees of the primary invariants, we obtain by
theorem 6

Mgl aanol Lty Hme Mag | mgtm)]

= +
| Mal | My-a,,| |Hg-q,,] |- #a]
1/l Py

and the second part of the theorem is proved. In the same way, we
conclude by sketching the proof of theorem 6 that

/|G| if M, #0
5(R,) = o8
®)={ {19 {7
But by definition, Y’ 6(R,) = 1, so we proved that every set ./, is
non-empty and §(R,) =1/|G|. O

Remark 5 We have seen that asymptotically, the sets .#, , have
roughly the same size (with the assumption on the degrees of the
primary invariants) and that the same result holds without assump-
tion on the sets Ug:o///dﬁg’ and the sizes of these sets correspond
to the number of columns in the matrices of the abelian-Fs algo-
rithm, in the homogeneous or affine case. Actually, these sets are
very fast evenly distributed, as we will see in section 7. To perform
a complexity analysis, we will suppose that this is the case.

6.2 Application to the complexity of the abelian-
Fs and abelian-FGLM algoritms

Abelian-Fs algorithm.

To analyse the efficiency of our algorithm to compute a Grob-
ner basis of /5, we have to compare the complexity of the classical
Fs algorithm on / and /4 and the abelian-F5 algorithm on /4. In
order to bound the complexity of F5 we bound the complexity of
the so called Macaulay/Lazard algorithm [15], consisting in build-
ing a row echelon form of the Macaulay’s matrix; this computation
can be seen as a redundant variant of the Fs algorithm. Since the
base-change matrix P defined in section 2 induces an isomorphism
between the homogenous components of same degree of / and /4,



assuming they are homogeneous, so these ideals have same Hilbert
series. Therefore, the index of regularity (homogeneous case) or
the degree of regularity (affine case) are the same. For a good intro-
duction to these notions, see [17]. From the Lazard algorithm [15]
it is possible to derive a complexity bound of the computation of a
Grobner basis of zero dimensional homogeneous system.
Theorem 8 [17] Let ¥ = (f1,..., fn) € R™ be a family of homo-
geneous polynomials generating a 0-dimensional ideal. The com-
plexity of computing a Grobner basis for the DRL ordering of the
ideal (F) is bounded by O(m (n + dmg(F)) co)
dreg (F)

The proof of the previous theorem is obtained by analyzing size
and rank of the Macaulay’s matrix, and by the fact that a row ech-
elon form of a matrix of size (¢,c) and rank r can be computed in
times O(£cr®~?) where @ is the constant of linear algebra. In the
case of an ideal F invariant under a diagonal group G4, we have
seen that such a matrix can be slitted into |G 4| parts, and previous
analysis of the size of the sets .# , in theorem 7 proves that, un-
der parallelization on the computations of row echelon form of the
|G| submatrices :

Theorem 9 LetF = (f1,..., fm) € R™ be a family of homogeneous
polynomials generating a O-dimensional ideal, invariant under a
diagonal group Gg such that a set of primary invariants of Gg
can be chosen with degrees relatively prime. The complexity of
computing a Grobner basis for the DRL ordering of the ideal (F)

is bounded by 0( m (n +dreg (F)> w)
G|\ dreg(F)

Remark 6 In the affine case, it seems that a bound similar to the-
orem 8 could be obtained (see [17], page 53), therefore we could
obtain a similar improvement than in theorem 9.

Abelian-FGLM algorithm.

We are now interested in giving a complexity bound of the abelian-
FGLM algorithm. Let /5 be a zero-dimensional ideal invariant un-
der the diagonal group G4. We have to consider the two parts of the
algorithm to give a complexity estimation : the construction of the
multiplication’s matrices M; , and the loop in FGLM. We denote
by Deg(I4) the degree of the ideal 1.

Theorem 10 Under the hypothesis that the monomials of & are
evenly distributed over the staircases &, (which is verified in prac-
tice), it is possible to obtain the reduced Grobner basis 9<, from

b=, of Iy with O(ﬁDeg(I@f) arithmetics operations in K.

PROOF. We follow the notations of [6].
o To compute the multiplications matrices, we have to compute the
normal forms NF(m,¥<,) for all m € B(¥<,) UM(¥=,). For at
most nDeg(Iy) of these monomials, arithmetic computations are
needed and since the staircases &, have size about Deg(/)/G,

each of these normal forms can be computed with 0((DL(19))2)

Gy
arithmetic operations in K. o]
o In the same way, the loop in the FGLM algorithm presented in
section 5 has to be done at most nDeg(/5) times. The cost of
the linear operations was O(Deg(I5)?) in the original FGLM al-
gorithm [6] but it is reduced to O(Deg(I5)? /|G »|?) here since the
square matrices have a number of lines and columns divided by
about |Gy|. O

6.3 Polynomial complexity

Suppose that g,...,g, are affine polynomials of R of degree 2,
which are individually invariant under the cyclic-n group. Usually,
computing a Grébner basis of I = (gq,...,gn) is exponential, but
we will see that we can obtain a Grobner basis of /¢ in polynomial
time in n and m. With P = (&%), and f; = gf, each f; is invariant
under Dy = diag(&,E2,...,E" 1 1) and f; as Gg-degree 0.

Lemma 2 The support of each f; is contained in
{lvxnvx;%} U {xixnfiv | 1 S l S L(l’l— 1)/2J }

PROOF. Each x; as Gy-degree i mod n, so degg, (xix;) =i+
Jj mod n, and the only monomials of degree 2 having G 4-degree 0
are x;x,_;. The only monomial of degree 1 and G¢-degree O is x,,
and 1 is also of Gy»-degree 0. []

Theorem 11 A Grobner Basis for every monomial ordering of a
system of m equations invariant under Dg = diag(€, ..., E""1 1)
can be computed in polynomial time in n+ m.

PROOF. We just have to linearize the equations setting y; = x;x,—;
foreachi € {0,...,|(n—1)/2]}, and perform a Gauss elimination
on the equations. The result is a Grobner Basis since the leading
monomials of any pair of the obtained polynomials are coprime.
The matrix we have to reduce has m lines and [ (n+5)/2| columns,
and the complexity is polynomial inn+m. [J

Remark 7 Similar results can be obtained for other groups and
systems. This will be discussed in an extended version of this paper.

7. EXPERIMENTS

In this section, we report some experiments that show the im-
provements given by our approach on the computation of Grob-
ner basis of ideals invariant under a commutative group. We first
present sizes of the sets .4y, and &, and then give timings ob-
tained with an implantation of the algorithm Abelian-F4;. A web
page has been made for other softwares and benchmarks, see [9].

7.1 Number of monomials of same G, -degree

in.zor¢
In this subsection, we suppose that G is the cyclic group gener-
ated by the matrix My presented in example 1. Therefore G4 is the
group generated by the diagonal matrix with diagonal coefficients
(E,E2,...,E""11). We want to compare the size of Mg g With
|.#4|/n (recall that n is the order of G4). To this end we compute
the relative standard deviation of the sets |.# | to |.#4|/n, for

Y o (| tag | tal Jn)?
several n and d. The formula is 6, = \/ “0y ‘(‘//[d{‘l/g,‘l Aal/m

The following table presents some values of 6, ,. We see that the

monomials are very fast evenly distributed over g € G. In the same
d/n 2 3 4 5 10 15

0.33 | 0.00 | 0.20 | 0.00 | 0.091 | 0.00
0.00 | 0.14 | 0.00 | 0.09 | 0.00 | 0.01
0.20 | 0.00 | 0.10 | 0.09 | 0.02 | 0.01
5 |0.00|0.09 |0.00]|0.02] 000 | 0.00
10 | 0.09 | 0.00 | 0.02 | 0.00 | 0.00 | 0.00
15 | 0.00 | 0.09 | 0.00 | 0.00 | 0.00 | 0.00

Table 1: Repartition of the monomials under G4

B W] DI

way, the stairs &, that appear in the abelian-FGLM algorithm have
about same size. The table 2 presents some zero dimensional ide-
als together with the size of the group and the size of the stairs.
The final column is the relative standard deviation between |&|

and |&|/Gg].
Problem | D(Iy) | |Gy| | D(I)/|Gg| | Max |&] Oy
Cyclic 3 6 9 0.667 2 1
Cyclic 5 70 25 2.800 6 0.286
Cyclic 6 156 36 4.333 6 0.133
Cyclic 7 924 49 18.857 24 0.045
Cyclic 10 | 34940 | 100 349.40 354 0.0043
Cyclic 11 | 184756 | 121 1526.909 1536 0.00060

Table 2: Repartition of the monomials into &,

From the experimental side, applying the Fj algorithm on the
cyclic 9 problem we obtain, in degree 15, a matrix of size 72558 x



93917; applying the abelian-F; algorithm we obtain 9 independent
matrices of roughly the sane size: 8340 x 10703,8180 x 10544,
8122 x 10484, 7804 x 10171,7993 x 10358, 8042 x 10404,7796 x
10162, 7967 x 10369 and 8314 x 10722.

7.2 Abelian-F, implementation

A first implementation of abelian of the Fj-algorithm [7] has
been made. The algorithm constructs |G| matrices at each degree,
using the normal strategy of F4. Notice that only the construction
of the matrices and the operations of row-reduction on them have
been parallelized, the handle of the list of critical pairs is still se-
quential. Surprisingly, the linear algebra can sometimes be so ac-
celerated that this handling can become the most time-consuming
part whereas it is usually negligible. Therefore we report in the fol-
lowing tables two timings or ratios in each column: the timings are

related to F, f{’”, which is the new abelian algorithm parallelized on
n cores. The first one is the total timing and the second one is only
the parallelized part (that is to say, building the matrices and the
linear algebra parts). The other columns contain the ratios between

Ffj or F; and Ffj " F4 means the standard F; applied on I and

Fff the standard F applied on /4. In each case except table 7, the
group G acting on / is the cyclic group C, generated by the matrix
M defined in example 1, and G is the group generated by the
diagonal matrix diag(&,E2,...,1). Notice that we have to reach
big-sized problems to have a significant impact. In table 3, we con-
sider n randomized equations of degree 3 stable under C,, which
give rise to equations of Gg-degree 0 in /5. The table 4 presents
n equations of degree 2, half of these equations in Iy are of G-
degree 0, and half of Gg-degree 1. In this case, the computation on
14 becomes polynomial in n and the handling of the critical pairs
is the most time-consuming. All computations have been made on
a computer with 4 Intel(R) Xeon(R) CPU E5-4620 0 @ 2.20GHz
with 387 Go of RAM, on a field where X6 — 1 fully split (most of
the time Fgs551), according to remark 3.

Speed-up
(n,d) " IR | RyET"
(83) | 3.46s/2.48s 22027 33.0/45.4
9.3) | 77.04s/6421s | 7.3/8.6 67.8/81.0
(10,3) | 762s/672s 10.0/11.3 | 160.9/182.1
(11,3) | 221625/20425s | 13.0/14.0 s

Table 3: n cubic equations of Gy-degree 0

Speed-up

(md) | E”" | EZETT | R/ETT

(25,2) | 0.25s/0.06s 1.9/4.5 56.60/230.0
(30,2) | 0.58s/0.11s 1.5/4.6 80.79/415.1
(35,2) | 0.86s/0.11s 1.9/8.5 228.5/1755
(40,2) | 1.55s/0.21s 2.0/8.5 300.6/2174
(45,2) | 2.31s/0.30s 2.4/10.7 664.5/5043
(50,2) | 3.96s/0.45s 2.6/13.3 753.8/6504
(55,2) | 6.98s/0.66s 2.5/15.0 | 1207/12570
(60,2) | 10.85s/0.96s | 2.8/17.2 1294/14330

Table 4: n quadratic equations of G-degree 0 or 1

Table 5 presents equations coming from a cryptographic appli-
cation : the cryptosystem NTRU [14]. The underlying problem
is the following: given i € I, [x], we are looking for a polyno-
mial f € Fp[x] of degree n — 1 and coefficients in {0, 1} such that
g = fhmod x" — 1 has also its coefficients in {0,1}. Denote f =
Z?’;Ol fix' and g = ):;.’;1 gix', then the g;’s are linear forms in the
fi’s veritying gﬁu" = 8s(i)- Since the conditions of f; and g; to be
in {0,1} can be written f? — f; = g7 — g; = 0, the system consists
in 2n quadratic equations in the f;’s generating an ideal globally
stable under the action of C,. The speed-up between F; and Ff{’"

is roughly 250 with 24 variables, and the use of Ff{’" has a signifi-

cant impact since we can achieve bigger problems. In this case the
handling of the critical pairs is also the most time-consuming.

Speed-up

n Ff% n Ff{ / Ff/ n Fy / F:zf n
21 | 4.52s/1.21s 4.0/11.9 | 90.15,334.0
23 | 11.16s/1.87s | 3.3/17.2 115.2/686.1
24 | 128s/14.3s 5.2/36.5 241.1/2149.
25 | 218s/31.0s 5.8/32.5 )

26 | 365s/59.0s 6.6/32.6 oo

27 955s/113s 4.9/33.3 )

28 | 1214s/192s 7.1/36.1 o

Table 5: NTRU equations
Table 6 presents timings on the Cyclic-n problem, we see that
Cyclic-11 could be solved in less than 8 hours although it is un-
tractable with Fy. Table 7 is an example of ideals generating by ran-

Speed-up
A T W
8 0.50s/0.40s 2.512.7 7.8/9.3
9 10.21s/7.71s 4.3/54 37.0/48.4
10 334s/290s 13.2/14.8 | 411.0/472.3
1 | 27539s/25454s oo oo

Table 6: The Cyclic-n problem
dom polynomials of degree 3 invariant under the group Cy, x Cy,,
each subgroup C, acting on k variables. We see that the algorithm
is more efficient where k| = kp, which makes sense since the size
of the group is k k.

Speed-up

n | ki ko £k £ JET R | By R
8 8,0 3.64s/2.52s 3.6/4.8 31.3/44 .4
8 4.4 1.99s/1.29s 2.4/3.2 61.8/94.6
8 6,2 2.93s/2.43s 2.2/2.5 76.4/91.4
10| 55 70.0s/43.5s 11.8/16.2 )

10 | 6,4 | 92.14s/76.28s 17.7/19.8 o

10 | 8,2 107s/100s 12.1/12.3 )

10 | 10,0 706s/668s 11.1/11.4 )

Table 7: n = ki + k> cubic equations invariant under Cy, x Gy,
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